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PART ON K 

THEORETICAL MECHANICS 




IXTRODUCTIOX 


1. Moolianiral Motion 

There are a gx'eal many forms of motion. An incalcuhible 
number of bodies are in motion on tlio earth, whicli in its turn 
is rotatinf» about its axis and also travelling around the sun, 
while the sun itself and all its planets are in movement relative 
to the stars, which in their turn are also moving through space. 
But in all these instances we have to do with only one form of 
motion -fhe motion ol bodies themselves. Science has estab- 
lished that heat, light, electricity, and chemical and many 
other phenomena are also forms ol motion. Furthermore, 
life itsc'lf in all its manifestations is a iorm of motion. 

The perpetual movement of matter causes all the natural 
phenomena about us. 

Motion occurs in space and in lime, theretorc space and time 
are inseparable from matter in motion. When a body changes 
its position in respect to other bodies, we say it is in motion. This 
relative change in position of a body is called mechanical motion. 

The science dealing with the laws ot mechanical motion is 
called mechanics. 

2. The State of Rest as a Relative Phenomenon 

The state of rest is a concept we continually meet with in 
mechanics. For example, when a railway bridge is built firmly 
and rigidly to make it immovable, we infer that it is in a state 
of rest only relative to the earth. For actually the bridge is in 
rnotio*! together with the earth as the latter rotates about its axis, 
travws around the sun, and moves with the whole solar system. 

There is no such thing as an absolute state of rest. In me- 
chanics when we speak of an immovable body we have in mind 
its relative state of rest, that is, its immovability in respect to 
some other body, usually the earth. And when we say that the 
headstock of a lathe is fixed we infer that it is rigidly fastened 
to the frame which we assume to be immovable. A body assumed 
to be immovable is called a basic system. 
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3. Fundamental Elements of Meehanics 

The motion of a body occurs in space, therefore space is 
one of the fundamental elements in mechanics. Time is like- 
wise such an element in mechanics. • 

Every poinl of a moving body describes a path of definite 
form relative to a ba.sic system; this path is called, a trajectory. 
A trajectory may be either of straight or curved lines, in accord- 
ance with which the motion of a point is then described either 
as rectilinear or curvilinear. A moving point traverses a definite 
distance, the lengtli of which as covered in a definite interval 
of time will depend upon the speed of the moving point. If the 
point travels ef|ual distances in eq,ual intervals of time, its speed 
will be constant and its motion is then said to be uniform. In 
other cases the motion is sai(t to be non-uniform, or variable. 

If speed changes at an equal rate in equal intervals of time, 
the motion is said to be either uniformlij accelerated or uniformly 
retarded. A change in speed is called acceleraiion. 

In investigating mechanical motion of bodies and their state 
of rest (as a particular case ol motion), another (piantity is met 
with which determines the action of one body upon* another; 
that quantity is called force. 

All these elements will be dealt with in detail along with 
others pertaining to mechanics, as we proceed. 


4. Basie Units of Measure Used in Mechanics 


In order to express quantities in ligurcs, definite basic units of 
measure are required. Such units are: 

the metre, written m, for measuring length and distance; 
the kilogramme, written kg, for measuring force; 
the second, written sec, for measuring lime. 


Units representing other quantities in mechanics are derived 

from the above unils. Speed is represented as a fraction formed 

by dividing distance by time, thus: 

unit of length m . , 

--■r-f-,- - . or - , or rn X sec U 

unit of tune sec 


acceleration is represented 


1 . e. 


m 


or. 


m 

see* 


, ,, , unit of velocity 

by the magnitude _ . .. ^ 

or m X sec“^; and so forth with other magnitudes. ' 

It is sometimes found more convenient to derive certain 
units directly from m, kg, and sec. Low speeds, for instance. 


are expressed as 


mm , 
sec^’ 


km 


the speed of a train or a plane as 5 the 


speed at which a lathe cuts metal as - ; great forces are 

* mm ” 

expressed in tons (ton), etc. 
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In solving problems the units of measure must be brought 
into proper correlation and thenceforth strictly followed to 
obtain correct results. 

niustratJvo Problem I, How much greater or smaller is the unit of 

velocity than the unit of velocity ? 
hr mm 

Solution: to solve this problem, the units must first be reduced to 
a common denomination: since 1 km *= 1,000 m and 1 hr = 60 min, 
it follows that 

^ km __ 1,000 m ^ 
hr 60 mm ’ 

therefore 

. km , m 1,000 m ^ in 1,000 . . 2 

hr imn 60 mm nun ()0 S 

• 

Ilcncc 1 Is 16 times greater than 1 

hr 3 ^ mm 

5. A Mutorial Point and a Solid Body 

Bodies whose inoliori is dealt with in theoretical meelianies 
are assumefi as consistin/{ of a very ^rreat number of infinitely 
small particles. The size ot each particle is imagined so small 
as to approach a geometric point. Etich such particle is known 
as a material point. 

Hence, any body is regarded as being the .sum, or a system, 
of material points. 

In studying motion in meehanirs, the body concerned is 
frequently leprescn ted by a single material point. The inolioii 
of a ship, for instance, may he de.signated as the motion of just 
such a material point. A moving ball attached to a long string 
may also he considered a malc'rial point. 

Accordingly, the coneejil material point may signify either 
a very small particle of a body, or a whole hotly considered as 
a point. 

A material poinl is a body whose dimensions are so small as 
to be iiegligilile with respect to other geometric values involved 
in the given problem. 

Bodies dealt with in theoretical meelianies arc assumed to be 
absolutely rigid and unchangeable in size and shape under the 
influen^’e of another body. 

6. The Science of Meehunics 

Mechanics deals with a variety of problems, hut notwith- 
standing this variety they fall under one of the following classi- 
fications : 

1. Determining the trajectory described by the points of a 
moving body, the position of any one of the points in its trajec- 
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tory, its speed and acceleration, etc., in short, the solution of 
^toblems concerned with the movement of a body as a whole 
or ,of any of its individual points independent of the force 
applied. 

This branch of mechanics is -replied hinemnlirs. Kinematics 
deals with the relationship between the geometric elements 



M. Lomonosov 


of motion and time, incspeclive of the forces acting on the body 
in motion. 

2. Determining the nature at motion oi a body as related to 
the forces acting on the body, or, con\ersely, determining the 
forces causing the motion. This type ot problem is dealt with 
in (he branch of mechanics called kinetics. 

Mechanics also treats of terrestrial bodies in a state of rest, that 
is, a state of equilibrium. Here we seek the condition.s under 
which forces acting on a body are brought into equilibrium, 
for knowing these conditions, engineers can ensure rigidity and 
strength to the structures they are building. 

That part ot kinetics dealing With ei]uilil)rium of forces and 
the consequent state ot rest of a body is known as statics, while 
the investigation of motion ot bodies under the action of forces 
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applied to them constitutes another branch of kinetics called 
dynamics. 

Such are tJie sciences embraced by mechanics, and tlieir fun- 
damentals are taken up in the first part of this book in the follow- 
ing order; statics, kinematics, and rlynamics. ^ 

7. Chief Stages in the Historical Dc\elopmen( of Mechanics 

It took thousands of years for man to find scientific explana- 
tions for mechanical phenomena. The first known attempts 
of the kind were conducted during the 4th century B. C. Imple- 
ments and mechanical devices of the time were extremely simple. 



P. Chebyshev. 

knowledge of mechanics was correspondingly limited and the 
devices known — the lever, pulley, windlass, etc. —were studied 
for the most part from the .standpoint of statics to attain an 
understanding of eipiilibrium of forces. 

Some of the most important work in the tield of statics was 
done by Archimedes (287-212 B. C.), who earned on research 
on the laws of the lever, centre of gravity, and other phenomena. 


2 - Mii 
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After Archimedes, there was little advance in mechanics 
until the l.'ith cenliiiy A. D., when it hcffan to develop in- 
tensively, spurred oli i)Y the transition trom primitive handicraft 
to improved methods ol production. Durinj^ this period Leonardo 
da Vinci (I4.’)2-l,')10) made several discoveries in the field of 
mechanics, while Stevinus (Ii)18-1620) lurther developed many of 
Archimedes’ principles ot statics and investigated the mechanical 
properties ol the inclined plane. 

In the 17th century mechanics was Inrther enriched by Galileo 
Galilei (1.^(14-1612). Galileo’s work in this sphere was carried 
forward by Isaac Newton (1042-1727), who improved the 



JSf. Zhukovsky 


formulation of some of Galileo’s laws and developed mechanics 
to the level of a science. The mechanics of Galileo and Newton, 
now known as dnssual mechanics, formed the foundation for 
the subsequent intensive growth of that science. 

The 18Lh century saw the advancement of a new science 
called analytical mechanics, whose founder was the Russian 
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mathematician and mechanic. Academician I.. Euler (1707- 
1783). 

An outslandinfj name ol the eiijhteenlh century was that 
of the Russian scholar M. Lomonosov (1711-1735), eminent 
fot his discoveries in various spJicres ol science, including me- 
chanics; another major conliihuUon was his discovery ol the 
law of the conservation ol matter and energy. 



S. ChapKgin 

Another amongst the first Russian scienlisis notable for 
their, work in mechanics, was Academician S. Kotelnikov who 
in 1774 published a bdok on equilibrium and motion ol bodies. 

Beginning with the 19th century meclianics made rapid 
strides and its principles were applied with ever greater frequency 
to practical problems. The llussiau scientist P. Chebyshev 
(1821-1894) carried out extensive research on, and created 
the foundation of, a branch of mechanics called the “Theory of 
Mechanisms and Machines”. Russian scientists also contributed 
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enormously to the knowledffe of the meehanics of liquids and 
gases. Amongst them N. Zhukovsky (1847-1921) holds a leading 
position. Known as the “Father of Russian Aviation”, he is 
the founder ot the Russian theoretical school in that field, jais 
works forming the basis of the general science of aerodynamics 
and aviation as a whole. Academician S. Chaplygin (1869-1942), 
one of Zhukovsky's outstanding pupils, solved a number of 
important problems in contemporary super-speed aviation and 
other pressing questions ot mechanics of great theoretical and 
practical significance. 



STATICS 


C n A P T Ti R I 

FUNDAMENTALS OF FORCE, AND AN INTRODUCTION 

TO STATICS 

II. Forees 

Some examples of mcelianieal phenomena are: a stone falling 
to the ground, a tramear ])assing from a rcetilincar lo a eurvi- 
linear stretch of track due to pressure on the sides of the wheels 
by the rails, the deformation ot the sjn iiig and consequent lowering 
of the i)an of weighing scales when an object is placed thereon. 

fu all of the above instances a ch.mge of motion, or, as it is 
called, of mechanical position of a body, is l)rought about by the 
action of another body upon the one in ([uCvStion. In the lirst 
and third ot the above instances that other body is the earth, 
while in the second instance it is the rails. 

In mechanics, action exerted by oiu' body upon another is 
called a force. 

It must be noted that these are instances of the iideraction 
of two bodies (the earth and a stone, rails and wheels, the body 
l)cing weighed and a spring). When body A exerts a force 
upon body /t, body 7i exerts a lorce of e(|ual magnitude upon 
A but in the opposite direction. 

9. Statics 

As has already been said, statics deals with the equilibrium 
of forces. In order to find if a system of forces is in efiuilibrium, 
or whaJ: conditions are required to maintain a given cijuilibrium, 
it is pecessary first to effect either a composition of the given 
forces, that is, to replace all the forces by a simple system of 
forces or by a single force that w'ill exert the same action, or to 
resolve the forces into their components. Hence the laws of 
composition and resolution of forces are of primary import- 
ance in statics. 

Among all forces acting on a body there is always one which 
is manifest by an attraction towards the centre of the earth; 
that force is weight, or gravity. 


21 



Another constant force is friction; let us say we want to shift 
an object aloriff the j,»round. But we know from experience that 
it is not always possible to do this and that the action will depend 
upon a number of condilions, one of the most important befiig 
the resistance of the surface of the ground, i.e., the force of fric- 
tion. All other conditions being equpl, friction will. vary directly 
with the weight ofsthc object; the heavier the body, the greater 
will be the friction. 

The force of gravity and the force of friction are very impor- 
tant factors in solving a great variety of probtems; therefore 
they will also be investigated in this section of the book. 

10. Elements Which Determine a Force 

The action of one body upon another, known in mechanics 
as the application ot a ton e, may be exerted in various directions. 
Hence, direction is the first element of n force. For example, the 
force of gravity wliicli atfocts everything anuind ns acts towards 
the centre of the eartli, i.e., vertically. 

However, tl)e direction of a force is not snfficientMo deter- 
mine the action it wilt exert upon a body. For obviously the 
greater Itic Jorce, the greater the action in the given direction. 

I’herefore the second ctement required 
to determine n force is its magnitude. 

To express the magnitude of a force 
it must 1)0 measured by some definite 
force taken as a unit. 'I’he most con- 
venient way to measure the magnitude 
ot a torce in mechanics is to compare 
it witti tlie force of gravity to which 
all l)odies on earth arc subject. For 
that reason the kilogramme (kg), 
which is tlie w'cight of one cubic 
deeimetre of water, has been accepted 
as the unit of w'eight for measuring 
tbe magnitude of any force in mechan- 
ics. The instrument used for this 
purpose is calted a dgnamometer. 

'Ihe simplest type of dynamometer 
is illustrated in Fig. 1. A spiral .spring 
A, with a pointer D attached to a 
liook on tlie lower end, is suspended 
from a stationary hook B. A strip C 
is fastened rigidly to the upper end of the spx'ing. A mark 0 
is made to indicate the position of the pointer D when at rest 
(Fig. la). When a load, let us say a 5 kg weight, is suspended 
from the hook on the lower end of the spring (Fig. lb), it will 
stretch the spring so that the pointer will finally come to rest 
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at a new position which is then marked S. Thus the force of 
gravity acts on the load and causes the spring to stretch to a 
definite extent. Now if the load is removed and we sub.sequcntly 
stretch I he spring again by hand lill the pointer reaches the same 
figure o, we may say that wc are exerting a force of 5 kg upon 
the spting. And if we 
hang a 2.5 kg weight 
on the spring, we 
would see that the 
pointer comes to rest 
halfway between 0 
and -5. Therelore il wo 
divide the distance 
between O and 5 into 
five equal parts, we 
may then measure 

forces to within one-kilogramme divisions; or by dividing the 
same distance into ten ecjuat pai t.s, we could measure forces 
to within half-kilograrnme divisions. Dynannnnelers constructed 
on the principle of the deformation oi a .spring are called 
sprinCi dynamomelera. 

Fig. 2 shows another type of spring dynamometer used to 
measure forces of targe maimitude, Irom 2 to 5 tons. When 
pulling forces are applied to hooks A and plates B and B 

will be brought closer to 
each other and displace 
one ol the pointers on 
the dial. By hitching such 
a dynamometer between 
a locomotive and .a train 
ot cais, the pulling power 
l'i«- '1 . ol I lie locomotive can be 

nieasnred. 

Finally, the lltiid clerneni of a jouc is its point of npplicalion. 
Let us imagine that llic load G in Fig. d is to lie raised by a lever. 
The magnitude of the loice needed to raise the load wall depend 
upon the distance between the applied lorce and the fulcrum C. 
If the force is applied at point y\i, it will have to be greater than 
if applied at point A. From this it follows that in order to deter- 
mine the action that a given force will have on a given body, its 
point of application must be known. In praclice, the force will 
not act at a geometric point but will bear over a certain area. 
But for convenience in compulation it is assumed as applied 
at one definite point of contact. 

Wherefore, the elements required to'delermine a force are direction, 
magnitude, and point of apptication. 
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II. Graphic Mefhod of Boprcscnling Forces 

The arliori of forces is much easier to iiudersland when they 
are represenled graphically. Let us take a simple example. 

Assume it necessary to represent the pressure exerted on* a 
horizontal plate hy a stationary ball whose weight G — 2.25 kg 
and which is lying on the plate’s surface at a* distance of 
a mm from its front edge and b mm from its left edge. 

The application of the iorce G occurs at the point of contact 
between the flat plate and the ball. Hy drawing a straight line 
I\L at a distance of a Irorn the front edge of the plate (Fig. 4) 
and another straight line J\IN at a distance of b from the left 

edge, we iind the point ol application 
yl at their intersection. At this poinf 
a torce equal to the weight of the ball 
is acting on the plate. Since the force 
of gravity acts directly downwards, we 
draw a vertical line BC through point 
A along the path of the force. Now all 
that remains is to mark olf on the latter 
line the Iorce to be represenited, to do 
which scale must be selected, such as 
10 mm to one kg. We then mark off 
a serlion oj 22 5 mm on the line BC 
irom ])oin[ A downwards to 1), and 
draw an arrow at I) indicating that the direction of the force is 
downwards. 

The line upon which tlie loi*(*e has been laid out (in this case 
line B(.) is called the Unr o[ action oj the force. This is a 
term we shall siil)sef|iient ly make irequeiit use ot. 

Force, as \\e see, is a ([uantity possc'ssing direction. Other 
quantities possessing direction are also applied in mechanics 
(velocity, a(‘celeration, etc.) and are alt called neclor quantities 
or vectors, as dislingiiish(‘d Irom ([uantities whi(*h have no direc- 
tion (as, lor instance, area, volume, (4c.) and which are called 
scalar quantities. 

A vector is deliiiealcal as part of a straight line whose length 
is based on a scale erpial to the value of the given vector, while 
its direction is taken as the direction of this value. 

To show the dir(*ction ol the vector, an arrow is drawn on the 
segment of the line where the vector is laid out. A vector ojccur- 
ring in the text is d(\signated by the same letters as indicated 
on the length of its delineation, except that a vinculum is drawn 
above these letters; for instance, the vector represented by the 
length A I) in Fig. 4 is written in the text as AD, 

A vector may also be designated by only one letter instead 
of two in the text, but printed in bold type. For example, if 
the vector AD has a value of G, it is designated as G. 
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In the above example tlie letter A marks the beginning of 
the vector while the letter D — its end. To denote a vector 
the letter which marks ils beginning is always written first and 
thim follows the letter marking its end. 

If the vector G were to act from points D lo A, then it would 
be written as DA. 

12. A System of Forces and Its Hesultant 

Fig. 5 represents a bodv with forces P^, Pg, and P 3 applied 
at points A, /i, and C\ The aggregate ol font's acting upon a 
body is called a sijsiem oj forces. 

If we find one force 11 exerting the same action upon a body 
as the whole system of indicated forces, 
then that force can be used lo replace 
the system of forces. 

A for(‘c which exerts the same action 
as a given system ol forces is called 
the result anl of forces. 

Forces whose concurrent action can be 
replaced by a resultant ol lor(‘esare called 
the components of the torce. 

The resultant of torces is found through the composition 
of forces. 

13. Two Equal Forces Aefiiu) iti Opposite Oireelions 
Along a Straight Line Connecting Their Points of Application, 

Are in Equililiriiini 

Assume two men holding the ends of a pole and pulling in 
op])osile directions. If the pole shilts lo^^ald one of the men, 
we will sav h(' is pulling il with grealer lorce than the other; 

if the pole does not shift, we will 
Pa r. p ‘Say the l\vo men are pulling with 

— — ^-—5 ^ ecfual force. In Fig. 0, if forces Pi 

and P 2 a|)plied at points A and B 
h are ecpial in magnitude and acting 

in opposite directions along a 
straight line connecting their points ol application, they will he 
in equilibrium and will cause no change in the mechanical state 
of the body. In like manner forces Pj and Pg may be applied to 
one point (Fig. 7). 

Fiorn this it follows that if we add two more equal fones acting 
in opposite directions along a straight line to a system of forces 
already acting upon a body, the mechanical stale of that body will not 
be changed. 



25 



14. The Point of Application May Be Altered 
Aloiiy flic Line of Action of a Force 


Let us assume that a force P is applied to a body at point 
A (Fig. 7) and that at another point, say B, we apply two forces 
Pi and Pg, each equal in magnitude to P and acting along its line 
of action but in opposite directions. As previously explained, this 
will not change the mechanical state of the body, but as a result 
we will have a system of three 
forces P, Pj, and Pg acting 
along one line. liut forces P 
and Pg are equal to each other 



Pi B Pz 



Fir. 7 


Fig. 8 


and in mutual equilibrium and consequently the mechanical 
state of the body to which the three forces are applied depends 
on force Pj alone, which js cfpial in magnitude to P and acting 
in the same direction. In other words, we have altered the point 
of application of force P to point B. 

'I'his property of forces is frequently used in solving problems 
of mechanics.* 


15. Eqiiilibraiit of a Force 

Let us return to Sec. 12 (b'ig. 5), where it was shown that the 
forces Pj, Pg and Pj may be replaced by theii’ resultant Jl! 

Now let us apply force B,, equal in magnitude, opposite in 
direction, and collincar with B, to point 0. On the basis of what 
has been statedin Sec. 1,‘5, ll and Bj are equivalent and conse- 
quently the forces Pj, Pg, and Pj are equivalent to Rj which 
means that a body acted upon by this system of forces will be 
in etjuilibrium. A foice Bj wljich is ecjual, opposite, and colli- 
near with the resultant B of a system of forces acting on a body 
is called the equihbranl of that system. This line of reasoning 


* A clarification is required here. I.et us assume that tw« forces 
P, and P;, equal in magnitude and acting in opposite directions along 
the same line of action, arc applied to a thin bar at points A and B 
(Fig. 8a). Force P, ina> he moved to point B, and force P, to point A 
(h'ig. 8b), but it is apparent that in the first instance tlie bar would tend 
to ftirelch, and in the second would tend to contract and take the shape 
shown in Fig. 8b. Therefore from the physical standpoint the situation 
of the point of application of a force along its line of action is not a matter 
of indifference. Hence, as already stated in Sec. 5, fundamental deduc- 
tions in theoretical mechanics are based on the assumption that a body 
on which forces are acting is absolutely rigid and unchangeable. 
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may be carried further. Let us assume that we have a system 
consisting of Pj, P 3 , and R^. Then their resultant would be 
equivalent in magnitude to force P,, and would be opposite 
anfl collinear with it, while P^ would be the equilibrant. This 
means tliat in a sijslcni of forces in equilibrium, nmj one of the 
forces is the equilibrant of all the other forces. 

Oral Exerase 

What is the difrercnce between the rcsullatit and the equilibiant of 
forces? 


16. Composition of Collinear Forces 

Given two collinear forces Pj and Pj acting on a bodv in the 
same direction at points A and B (Fig. 9o). The problem is to 
compose the forces, i.c., to 
find their resultant. /f J' ^ 

We know by experiment 
that the action of two such 
forces oit the mechanical 
slate ot a body will be th(‘ 
same as the action of another 
force equal in magnitude to 
the sum of the two forces and 
acting in the same direction. 

We can find this sum graphi- 
cally by altering the point 
of application oi force Pj to the end (i of the vector Pj. as shown 
in the figure. Then the resultant can be represented by the vector 
AD. The same result may be obtained it the end ol the vector 
Pj is transferred to point B. Fiom alt ot which ttie resultant 

R - 1\ I 

Or let us take the case ol two opposite lorces acting along 
one line (Fig. 96). Here it is necessary to compose the forces 
P] designated by AC, and P 2 designated by into their result- 
ant, the second force being greater than the first {B.^ ^ Ft). 
Let us assume force P^ to be the sum oi two forces acting in the 
same clirection— the force designated by the vector BE, w'hich 
is equal, opposite, and collinear with P^, and a second designated 
by ED. Forces AC and BE arc in equililirium since they are 
equal, opposite, and collinear. As a result the two forces P^ 
and P 2 are reduced to one force, i.e., to the resultant ED, which 
is equal in magnitude to the difference between them and acts 
in the direction of the greater force: 


R=P,-eP2 




C P, A 




■n 


b) 

Fifi. y 


R-P2'P, 
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If instead of the resultant of two forces we must find the result- 
ant of more than two forces with a common line of action, 
then each direction of forces is first summed up and the resultant 
of the two forces determined as described above. • 

If it be assumed that the forces acting in one direction are 
positive and those acting in the other are negative* then their 
algebraic sum will be the resultant. 

Wherefore the resultant of two or more collinear forces is the 
algebraic sum of their components. 

& 

Illustrative Problem 2. Find Iho rosullant of the folio win live collin- 
ear forces: P, = 400 kg, Pj = — 200 kg, Pi = —350 kg, P, = 100 kg, 
and Ps = —175 kg. 

Solution: the resultant R = 4. p,, _j. 4- 4 =. 400 

— 200 —350 -f 100 —175 — —225 kg, acting in the direction oppo- 
site to Pj and P 4 . 

Illustrative Problem 3. A man weighing 82 kg is standing on floor 
scales and pulling vertically on a rope hanging fioin the ceiling. What 
force is he exciting on the rope if the scales are registering 45 kg? 

Solution: the figure registered on the scales shows the •force with 
which the man is pressing down upon them. This force, which is the 
resultant of the weight of the man and the foice exerted by means of 
the rope (in opposition to the weight of the man), we shall designate 
as P. 

If we take the forces acting veiticallv downward as positive and force 
P as negative (the man is pulling himsell upwards), then we have the 
following equation : 

82 — P = 45, from which P = 37 kg. 

17. Coiislrainls and Iho Reactions of Constraints 

Various kinds of motion occur when bodies arc acted upon 
by forces. Most fre(|uently wc meet with the motion of a body 
whose free choice of po.sition in space is restricted by other 
bodies. Instances of thl.^ type of motion are: the movement 
of a body on the earth’s surface, the revolution of a shaft in a 
bearing, the movement of the carriage of a lathe along the 
guides of its bedway, etc. 

This kind of motion of a body is called reslricled motion. The 
conditions restricting the motion of a Irody are called conslraints. 

The action on a body by other bodies exercising consti^iiit is 
measured by a force called the reaction of the constraint. 

In Fig. 10 the ball rolling down the inclined plane under the 
force of gravity is subject to the reaction of that plane, des- 
ignated by force N perpendicular to the plane KM. 

Or, take a beam lying freely on two supports (Fig. 11). The 
weight of the beam exerts pressure on both supports, while 

♦ The choice of which forces to designate as negative and which 
as positive varies with each case and has no influence on the final result. 
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the supports in their turn exert opposing forces and Q 2 on the 
beam and are called the reaviions at the supports. 

It is important to stress the following: the force excited by a 
bod^y on a support is applied to a point on the support, whereas 
the reactive force of the support is applied at a point on the body, 
with the result that the two forces hove different points of applica- 



Fis^. 10 



Fi^r. 11 


tion. So is it in llie case of the ball on I he iiudined plane when 
the pressure of Ihe ball is cxerled al a poini on the plane and 
the reactive force is applied to a point on the ball. The two 
poiiils are contiguous al point A. In Ihe same way Ihe points 
of application of pressure of a beam are on the supports, whereas 
the points^ of application of the reactions are on the beam. 

Oral Exercise 

A baJl 2 kt? is restinj^ on a horizon lal plate. What is the 

direction of the reaction of Ihe plate, ^^herc is its point of application, 
and what is its inagnitiuleV 

18. Questions for Re\iow 

1. What do we call a force in mechanics and how does it manifest 
itself? 

2. Is there any difference be I ween the line of aclion of a 
force and the direclwn of a forev^t 

3. In what sequence should the elements ch'siqnaiinj^ a 
force be delineated on a drawing? 

4. What quail Mty is a vector? 

5. What is the difference between the resultant of a system 
of forces and equilibrant? 

6. What is meant by the expression Ihe algebraic sum of 
forcesl 

7. What is the difference between the foice that a body 
exerts on a support and the reaction at the support? 

8. What is the direction of the reactions exerted on the 
wheels of a locomotive at rest? 


19. Exercises 

1. Load D, weighing 3.5 kg (Fig. 12) and attached 
by a cord to dynamometer A, is lowered to a table in 
such a way that the cord remains taut. The pointer 
on the dynamometer registers 1.5 kg. To what is the 
reactive force of the table applied, what is its direction, 
and what is its magnitil'(|p? 
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2 A man is standini^ on floor scales and pullinj? on a rope 
suspended from a dynamometer fastened to the ceiling. The 
dynamometer registers 15 kg while the scales on which the man 
IS standing show 05 kg Find 1) the weight of the man and 
2) the magnitude and directions of the reactions exerted on The 
man hy the jilalfoim of the scales and by the rope. 

» 

( H A P T E R II 

COPLANAR S\STE\IS OF CO\CURRE\T FORCES 


20. Finding iho Rosiillant of Two Forces 
Acting nt an Angle 


So fell we hcl^e irucslif^aled systems of foiccs having a single 
line oJ action and whose jesultant is (olhneai wifh these loices. 



ng if 


iSow we sliall take up the question of finding 
I he u sultan I ol two I ok os whose lines ot aclion 
inteiscct at a pond and loim an angle 

I he simplest syskm of fonts acting at an 
angle is oliluiud when the tones ail' of ecfual 
magmlude as shown in Tig If, where loices 
Pj and p 2 aic ctfiial and aie acting at an angle a. 


Since lluie is no reason loi (he lesiillanl to be diiecled closei 


to one foice than to the othei, it should biscc 1 the angle II the 



Fig. 14 

forces were ol ditierent magnitudes, the resultant would remain 
in the same plane and make a cliflerent division of the angle 
formed by the lines ot action of the forces. 
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Let us make tlie following experiment. 

Suspend two spring dynamometers A and B from hooks in 
a stationary horizontal bar as shown in Fig. 14a. Tie their hooks 
to jing 0 with cords of any length. Then hang load G from the 
ring by a third cord. The cords will become taut, the load will 
swing and the pointers of the dynamometers will shift back 
and forth. Finally the dynamometers and the weight will stop 
fluctuating and the whole system will roach a state of equilib- 
rium. 

Now let us see what forces are acting on the ring 0. The spring 
of dynamometer A is acting on it Irom the lott, and the spring 
of dynamometer B from tlie right. 'I’lie weight G of load c is 
acting on it directly downwards. And since the system is in a 
state of rest, the three forces are in e(|uilibrinm. 

Now' let us take a sliect ot cardboard, place it behind this 
system of forces, and witli a jiencil mark jioints a and h the 
points from which dYiiainomcters A and B are hung - and the 
centre ol the ring 0, and also draw' a straiglit line Oc de.signating 
the position of the cord from which I lie load is hung. 

Now w^can delineate on the caidboard all the forces acting 
on the ring and meeting at its centre, bbrsi we draw lines Ou, 
Ob and Oc to represent the line.s ol aclion ol the lorces acting 
on the ring (b4g. 116;, the weight ot the load is known and the 
magnitude ol the two other forces is taken Irom the dynamometers. 
Jfy choo.sing a suitable .scale we can lay ott corresponding lengths 
from point 0 along the three lines and aild arrows showing the 
directions along which the lorces are acting. As a result there 
will be three forces designated on the cardboard: Pj and G. 

expressed by the vectors OAi, OB^. and 

These three forces are in equilibrium. A.ssnming that force 
G is the e(|uilibrant ol forces Pj and Po, we then delineate 
vector OQ, w'hich represents force Jl, c([iial in magnitude to 
force G and acting in the opposite direction. In accordance 
with Sec. 12, the lorce U is the resultant ol P, and Pg. 

If we draw a straight line extending from Aj (the end of the 
vector of force Pj) parallel to the vector of force Pj, and another 
line from B^ parallel to the vector of force P, (the fend of the 
vector of force P.^ we will find that these two lines intersect 
at point Ca, that is, at the end of the vector ot the resultant 
l^Ilence, by thus constructing a parallelogram of the vectors 
OAj, and OB^ of the forces Pj and Pg, we obtain their resultant 
R in magnitude and direction, designated by the diagonal OC^ 
of the parallelogram. 

Such a parallelogram i.« called a parallelogram, of forces. 

Wherefore the principle for the composition of two forces 
acting at an angle may be stated as follows: the resultant of im 
forces with a common point of application and acting at an angle 
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is equal in magnilude and direction to the diagonal of a parallelo’- 
gram, constructed with the two forces as adjaceni sides. 

In the above instance the componenl forces present a common 
point of application (the centre of the rin^j shown in Fiff. Ha). 
But if the forces are exerted at dilferent points, they may be 
shown as applied to a point where these lines ii\lersect and a 
parallelogram with their vectors forming adjacent sides 
may be constructed as shown in Fig. 1 Ic. 

The resultant obtained in this way is called the geometric 
(or vectoriat) sum of component forces. 

This principle of the parallelogram is also employed in the 
composition of other vector quantities acting at an angle. 

It will be recalled from geometry thal any side of a triangle 
is less than the sum of the olher two sides and larger than their 
difference. By applying this to the resultant in Fig. 146 we 
obtain 

I\ ! P, R > P, - P,. 

When the angle under which forces arc acling is changed, 
their resultant will also change: if the angle de(‘reases,,tlie result- 
ant will increase and vice versa; with an angle of 0°, the two 
components will have holh the same line of action and of direc- 
tion and their resullant will be Pi | whereas at an angle 
of 180® their rcsulfanf will be ^P>- Wilh tJiese extreme angles 
between component torces, their geometric sum becomes their 
algebraic sum. This means thal the piinciple used in the compo- 
sition of two collinear forces is par*^ ol the principle ol the paralle- 
logram of forces. 

IHiistrafivc Probloiii 1. "{'wo forces P, and P of equal magnilude are 
acting at an angle of 120° P'ind their resultant (Fig. 15). 

Solution: the paralt Ingram consliueted on the vecLois of these forces 
is a rhombus, for which nasnn the diagonal ()(' bisects angles AOB 
and ACJL I'herefoie " A()(' / COB = 1)0° = / AGO OCB. 


A 



B 

Fig. 15 



It follows that the resultant forms an angF of 00° with each of th? com- 
ponent torces. Furthermore it is easy to see that the triangles OAC 
and one are equilateral, which means that OC => OA = OB. Hence 
the resultant in this case is equal to each of the components. 
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Illustrative Problem 5. A fjroove is bcinj:» cut in a workpiece inacliined 
on a lathe (Fi?. 10). It has been dclermined with a d^iiainoinoLer that 
radially actin^^ force Py = AIJ -- oo kg, and vertically acting force 

= AC = 93 kg. Find the magnitude and the direct ion ol the resull- 
anb R = AJ), 

Solution: since the components are pcipendicular to one another, 
the parallelogram constiucLed on then \ectors will be a rectangle and 
its diagonal can be determined b> the Pythagorean Theorem: 

^ 1 ,>rP =- 108 kg. 

Fiom the liianglc ADC w*' obUiii DC ^ AC, Ian thereloie 
tan =- ^ - 0.392 and the angle ip _ 30°3()' 


21, Hosohiiij) a Foreo iiilo Tivo Coinpoii(^nt> 
Applied nt One Point Jind Aetinp at an Anjjle 


The reverse ol tlie (‘oinposition ol for(‘es is ealled the icsolu- 
lioHy of a iorce into its eomponeiilb To icsolnc a force into two 
components signifies finding two foices whose combined action 
will he the same as the given force, i.e., finding two forces whose 
resultant ifhll be egual to the given four. 

It can he easily iomid that such a problem may liave au in- 
finite number ot soliPions. Lei ns assume il necessary lo resolve 


the force 0 OA into two romponenhs (l"ig. 
two lines, OK and OL, Ihiongh the point ol 
appheathm 0, and lines AL and Ali parallel 
to them, Irom point A, we ol.lain a paTnllclo- 
gram OH AC from which we see that loiees OH 
and OC are coraponenis ol Joree Q. lint other 
lines of action eonld likewise J)C taken for the 
components —say 0^[ and ON. Then \yc 
would obtain the parallelogram ODAK, Irom 
which it follows that the loree Q may be the 
resultant of two other forces 0/J and 
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Therefore the prol)Iem as it is stated is Fig. 17 

indeterminate and additional conditions must 


be included to obtain a single solution lor each sjieeific case, as 
shown in the following examples. 

1. RosoJve force Q (Fig. 18a) into two components P^ and Pg, 
whose lines ot action MN and ST intersect with the action line 


of Q at point 0. 

By altering the point of application of force Q to point 0 
we obtain vector OC - Q. Then we construct a parallelogram 
OACB on that vector by delineating two lines from point C, 
that is, CD parallel to MN and CA parallel to ST. The resulting 
vectors OA and OB will designate the sought component forces 
Pi and P^. 
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2, Resolve force Q 18ft) into two romponcnfs of which 

one, Pj, is defined in magnitude and direction. 

We extend the lines ot aclioii oJ tlie two given forces to their 
point of inlerseclion 0 and construct vectors OA - ^nd 



OB Q. We llien (‘oiine<d B and A and delineate ()(J \\ AB 
and II uUiV, Ihns ohlaining the desired second f*onipi)nent 
P OC. 


Oral Exercise 

(]aii a ;:?ivcn force he resolved info eoTiipoiicnts, each of wliich aefs 
at a right angle to it? 

lllusfnUive Probloiii 6. A vertical load P of 1,200 kg is supported by 
a triangular bracket A/iC. l^lnd the iorces acting on AB and ISC if 
AH — 600 111 in and AC -= 800 mm (Fig. 10). 

Sohilion: the forces acting on the indicated elements are compo- 
nents of force V and directed along these elennents. H> constructing the 
parallelogram BEDE on vector which represents force P, we obtain 
both com])onenls Pi and P . The first is directed Irom point B towards 
point E, that is, from A along the support AB and lends to stretch ihe 
latter. The second component BE is directed lowaids point C, that is, 
towards the point which fixes the element BC and lluneforc lends to 
compress that element. 

By measuring the two components by the same scale as used in des- 
ignating lorcc P, we can find their magnitudes. 

These magnitudes can also be found by calculation, as follows. 

Since triangles A JSC and BED are similar, then 

BE 1^ ^ 600 ^ ^ 

BD P ■ AC ‘ 800 ' 4 ’ 


hence 


i\ - 



Fui tlierniore, 


ED ^ P,^ ^ BC 
Bt)~ P AC 


~ X 1,200 = 900 kg. 

Fooo^ + '«00' 1,000 _ 5 

800 800 4 
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and 


= -| P = ^ \ 1,200 - 1,500 k}?. 

lUustralive Problem 7. Slide-block K (Fij?. 20) whicli is subject to the 
acfton of force P, is moving along a slraiglil horizontal bar Ali at an 
even speed. What reaction does the bar exert on the slide-block? 

Solution: the reaction we seek is perpendicular to the bar, i.e., it is 
directed from it vertically upwards. We resohe force P into two compo- 
nents CE and CF, of which one is perpendicular, and the other parallel 
to AB, The parallelogram of loices CEDE so lormeil is a rectangle, of 
which side CE represents the downward pressure of the slide-block 
on the bar, and side CE repres'UiLs Ihe foice aelmg in the sann* direction 
as the movement of the slide blocks. 





Assuming that force P == 80 kg and tin angle a which it forms with 
the bar is equal to 60°, then h('E ^ 00° a -= 30°. 

From the right triangle DC.E we dej'ive 

CE - CD cos 30° - 80 x 0 866 -- 60.3 kg, 

hence Ihe leaction sought is equal to 69.3 kg and acling opposite to 
force N. 

llluslrative Probloiii It. In Fig. 21, line AB represents the axis of the 
cross section of the wing ol an airplane tjavelliiig horizon tally along the 
line The pressure of the air N i)eipendicular to the wiig^ is des- 

ignated by the vector OC. Find the lining power thal the air exerts 
on the plane. 

Solution: By resolving ]\ into two components, we obtain vertical 
P^ = OD and horizontal Pn — OE, The lirst gives the magnitude of the 
vertical pressure of the air and is equal to the lifting power of the plane. 

22. The Composition of Several Forces Lying in One Plane 
and Intersecting at One Point 

The* principle of the parallelogram can also be employeil 
to solve problems involvini^ more than two component foires. 
By moving any two of the forces alon^ their lines of aiTion 
so as to have a common poini of application aiul consliucLinfj 
a parallelogram of forces, Ihcir resultant can be found. Then 
the next force is moved to the common point of action and 


* This force is in equilibi^m due to the lorcc of friction induced on 
the surface of contact betw'oon the slide-block and the rod. 


3* 
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combined with resultant R to obtain Rj- Thus we continue 
with the rest of the lorees until finally by combining the last 
component with the n'SulLant of all tlie other lorees we obtain 

the resultant ol the whole syste^m. 
L The order in which we combine ^he 

''n forces will have no influence on 

77 o r-X the final result, but hf course the 

partial residtants will differ. 

P, big. 22 sliovvs a system of four 

meeting lorees P^, Pj, P3, and P4 
1 whose hues of intersecting action 

• // 2rV n ^^’1“ point 0 . fly transferring 

V /p the points of application P^ and 

same point and con- 
/ /P 3 siructiiiga])arallclogram Of^jA'Fp 

E we ol)tain our first partial result- 

'■'‘f;- -.i ant R| Ohj. Tliis we combine 

witti lorce P„ which we Iiave also 
transterred to 0, and olitain tlie second jiartial resultant Rj -- 
— OIj. I^rially, by const t acting parallelogram OLiMHj on 
vectors 01 ^ and t>//, of foices R, and Pj, we obtain Ihe result- 
ant R - OM for the whole system ol ioices. 


transterred to 0 , 
== (TL. I^nally, 



Fig. 23 

The forces need not necessarily be combined in this order. 
We could first have combined P^ and Pg and then combined 
P4 with their resultant, etc., and the final result would have been 
the same. 

There are other methods of cornhining concurrent forces. 
Let us take four forces Pj, Pj, P3, md P4 (Fig. 23 ). 
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First delineate two perpendicular coordinates xx and ijij 
through a common point of application 0 (see Fig. 23a). Then 
we resolve each of the given forces into two components whose 
liifes of action coincide ^\itll axes xx and i/j/. By connecting the 
perpendiculars and ^a„ Jrom point A (Ihe end of the vector 
of force Pi) with axes xx and ////, we resolve Pi into two compo- 
nents Oa.v and Ooy. The process is then repeated with the other 
given forces. x\s a result we obtain four components Oa^^, Od^, 
Obx, and U(\ acting along axis and I lie same number of 
components Uby, Oa,,, Ocy, and Od„ acling along axis ;///. In 
short, we replace the given fences by these eiglil forces. 

Now we work oul the algebraic sum of Ihe forcTS acling along 
t;^cli of the axes xx anrl ////. For Ihe forces aiding along axis 
XX we obtain the resultant /i\. - Ob^. -j Or^ --Oa, desig- 

naled by veidor OE in Fig. 23/;. In exaidly Ihe same way we 
find the resultant of forces acling along axis 77 /, i.c'., Hy - ()Vy -|- 
-F Ody - i)by - OOy US dcsigiiatiNl in Fig. 2.3/) by vector OF. 
In this way we reduce all Ihe given foriTs lo I wo, aiding at right 
angles lo^t'acdi oilier. By (‘onsiructing the jiarallclogram OEGF, 
we obtain the desired resultant 11 designaled by vector OG. 

33ie magnitude and direidion ol Ibis i*esultant can be found 

by calculation wilhonl resold ing lo delineal ion. 

b'irstly, designate Ihe angles lormed with axis rr by forces 
Pi, Pg, P,, etc., as aj, ag, ag, elc. From triangle AOa^ we obtain 
OUx - oil (*os /\(a)Sa,; in the same way we find that 
Odx -- Pi cos 0 /)v - Pi cos a,, and P^ cos a^. 

From the same Iriangh'S we lind eatdi vertical coiigionent of 
the given forces: 0( y -- OF. m\ sin Ody P^hmoc.^, 

Oby Fo sin a 2 , and Oriy PjSiuoc^. Hence, 

Px P2 cos 0C2 I P3 cos ocj, Pi cos aj - P^ cos 

and Ry -- P^ sin f P^ sin cc^ Po sin F, sin oci. 

The magnitude of resultant Jl is determined from triangle 
OEG as the hypoleiiuse of a right triangle: 

n- ici. 

Angle a formed bv this resultant willi axis xx is determined 

if 

from the same triangle: Ry ---- Rx Ian a, from which tan a - 

In general, tlie resultant of a system of n forces meeting at 
one point is determined by the following o(iuaLions: 

Rx ~ Ri nos -| P 2 nos t R 3 cos Xg t Pn nos a„ ^ 

Ry Pj sin a, -{-P-z sin x.^ | P3 .sin *3 t • • • [ Pn sin a,i J 

R-\RiyRi,, (2) 

tan X = • (3) 
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Wherefore, the resultant of a system of coplanar concurrent 
forces is equal to the yeometric sum of two forces, each of which 
is the algebraic sum of the components of the system along two 
axes intersecting at right angles. ♦ 

The tangent of the angle f ormed by a resultant and a horizontal com- 
ponent is equal to the ratio of the algebraic sum of they vertical com- 
ponents to the algebraic sum of the horizontal components. 

Oral Hxcrciscs 

1. If f?// / what is the inaKiiilud** and diivction of the 

rosulUuil? 

2. If lix = what wall l)i‘ lh(* direction of the resullaut? 

1lliislr«ativo Problem f). (iiven a system of coiicurnail forces in which 
1\ = 20 Kj*, P, - 25 ki?, P, =- 30 kt>, and P, = 40 (Fi^^ 23). The 

anodes thes(‘ forces form wilh tlie horizontal axis are a, - 70®, ag = 30®, 
a, ^ 20® and a, -- 00®, from wliich the resnltaiit of these forces must 
be found. 

Solution: I\x and H,, are calculaled Ihrouf^li liquations (1): 

Rx = liO cos 70® -I- 25 cos 30® -f 30 cos 20® 40 cos 00® -- 

-- 20 ^ 0.312 f 25 N 0.800 + 30 0.949 40 X 0.5 =» 23 kg. 

R,f - 20 sin 70® 25 sin 30® 30 sin 20® -f 40 sin 00° -= 

20 V 0.94 - 25 ‘ 0.5 4 30 < 0.342 4- 40 x 0.800 = 13.0 kg. 

The magnitude of the resuIlaTit, according to liquation (2), 

R I 23- f' t3.02 -- 20,7 kg. 

and the angle a which it forms with the hoiizonlal axis 

tan <x 0.591, ^Nlience we obtain a -- 30®30'. 

23. EqiiiUbrium of a System of Coplanar Forces 
Intersecting at One Point 

As we have already leanil above, a system of forces is in equi- 
librium if each of its forces is the equilibrant of all the others, 
that is, if each of its forces is eciuivalent to, and opposing, the 
resultant of the other forces. In combining forces according to 
the method shown in Fig. 22 we obtain a resultant OL equal 
in magnitude and opposite in direction to force P 4 and the gene- 
ral resultant is zero, i.e., the system of forces would-be in 
equilibrium. 

For a system of concurrent forces to be in equilibrium, their 
resultant must be zero. 

Let us see what conditions must be satisfied for this to hold 
true. 

Let us return to Fig. 23. As we have already seen, resultant 
R can be defined as the geometric sum of the forces Rx and Ry, 
each of which is the algebraic sum of the components of the 
system obtained by resolving its forces along axes xx and yy. 
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Therefore if the vSystem is to be in equilibrium the condition 
YRI I- Rl --- 0 must be satisfied. Since Rl and R^ are always 
positive quantities, this will be the case only if ^^re 

ea^i equal to zero. 

Hence by employin^^f E([uations (I) we obtain the following 
conditions for the coplanar system of eonverqent forces to be 
in e(inilibrium: 

Rx — Pi cos oci f- 7^2 cos '^2 [' /^j cos ' . . . , cos - 0 (4) 
Ry — sin I Po sin a.> [ P.^ sin a 3 | . . . , /^, sin a„ - 0. ( 5 ) 

Wherefore in order find a coplanar siislern of coiwcrgrnl forces be 
in equilibriiini, it is necessarii and snfficicnl find each algebraic 
of the coniponenls of those forces along two perpendicular 
axes be equal to zero, 

IIIiistra(iv(‘ ProhJom 10 . Given a co])lanar sysloni of convorj^vjil forros 
24n) in vvliicli 1\ 23 ks 4 . V. -= 27.5 V^ — 21.3 J*i — 30 

and — 30 kf». 33i(‘ angles foriiK'd h\' tlu'ir linos of aciio]i with llic 
horizontal axis xx passing through llir poini of intoisrcrKMi of the forros 
arc rcsp(‘cliivcjy — 20'’, a - 0<S'’, or, -- 15°, a, - 50° and ot- - 31°. 
Determine wheth(‘r the s>steni is in equilibrium. 




Fig. 24 


Soliilion: by applying liquations (4) and (5) we obtain 

F<x = cos 20° — Po cos 08° -- P , <*os 15° — P4 cos 50° f- 
+ P5 cos 31° = 23 x“ 0.890 27.5 x 0. 375 - 21.3 x 0.900 -- 

- 30 X 0.515 + 30 X 0.857 = 20.08 - 10.31 - 20.58 - 15.15 + 

+ 25.71 = 40.39 - 40.34 = 0.05 kg 0. 

Ry = P, sin 20° + P2 sill 08° + P, sin 15° - P4 sin 59° - P5 sin 31° 

- 23 X 0.438 + 27.5 x 0.927 + 21.3 x 0.259 - 30 x 0.857 - 

- 30 x 0.515 = 10.07 + 25.49 + 5.52 - 25 71 - 15.45 = 41.16 - 

- 41.00 = 0.08 kg 0. 
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Therefore the system is in equilibrium*. 

In Fiil. 24b tJiis pioblein is solved graphically (the scale used is 
1 kg = 1 mm). As may be seem from the drawing, Rx = 0 and Ry — 0. 


2^. Lilies of Action of Three Non-Parallel Balanced 
Coplaiiar Forces that Intersect at One Point 


Fi^, 25 roprescnls a body under the action of three balanced forces 
P^, Pj>, and P.T Since any one of these forces is the equilibrant 
of the oilier Iwo, it mnsi be cM)ual and opposite to the resultant 
of tlie oilier two lon‘(\s. If we transfer forces P^ and Pg to their 
point ()1 inlerseclion O and liiid their resultant UC. we may 
see that lorce P 3 must have the same line of action as resultant 
tt; in otlicr words, it must pass ihrou/;di the same point 0 at 
wliieh P| and IV, intersect. Wheretore, ij three non-parallel forces 
lijinfi in one plane are in cipulibnunh iheir lines of aclion will 
inteiscil at one point. 




IlliistralU c PrublcMii II. \ man is filing a wnikpicce K held in a vise 
(Fig. 2t)). In ordci that the iiK- mow cwnlv, Jiis hands exert lorces 
and P at eaeh ol its ends (points A and 7^) and thus overcome resist- 
ance R nl the v^orkpiece. In shoit, loict'S Pi and P^ compensate force R, 
and all Ihiee foices meet at point O. 

25. Quc'^lions for Review 

1. What system of foices is a concurrent system? * 

2. Is there' only one solution to a problem in which a fortfe is to be 
resolved into two componenlvS if cither the magnitude or the direction 
of one ol the components is given? 

3. What is the answer I 0 Question 2 if both the magnitude and direc- 
tion of one ot the components arc given? 

4. What is the answer to the same question if the magnitude of one 
of the components and the direction of the other are given? 

* Since our calculations have been approximate, we may neglect 
the quantities 0.05 and 0.08 kg, inasmuch as they arc of no importance 
as compared with the forces given. 
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5. After the successive composition of forces Pp Pj, aud Py, respec- 
tively (Sec. 22, Fig. 22) by means of the principle of the parallelogram, it 
was found that the system was in equilibrium. What is the position of 
the line of action of resultant R, and what is its magnitude? 

Cf. The system of forces in Fig. 25 is in equilibrium. By constructing 
a parallelogram of forces P.. and P^ prove that force Pj is their cqiiilib- 
rant. 

7. Will a s\stem of forces he in equilibrium if only one of the Equa- 
tions (4) and (5) is satisfied ? 

2fi. Exorcises 

Show five torces Pj, P^, P3, P^, and P5 will) a common point 
of appJi(*ation and wdiosc JinCvS ol action form angles of 
1^0°, 270°, and 330°, respective- 

ly, with the horizontal axis (lay out 
the angles counterclockwise), 'he mag- 
nitudes of the lor(‘es are 150 kg, 

P2 - 200 kg, /'3=::= 120kg, P, 1H0 kg, 
and P^ -- 80 kg. 

4. Find (he TCsnUanl of two foiTcsP^ 
and Po, wiTen each is 100 kg and theii 
lines of action intersect at right angles. 

5. Fig. 27 represc’uts a cable lastened al points A and li 
with load K of wei^’lit G siisp.Tcled Irom il in the middle. (Cal- 
culate the force P exerled on cacii luilt ol tlie cable if L 5 m, 
a - GOO mm, and llic weight G oi load l\ 100 kg. 

6. The workpi('ee A in Fig. 28 is being machinerl lengthwise 
on a lalh<‘ by (‘utt(‘r li. A perpendicular force OP of 127 kg desig- 
nated by \ is acting on the cutting edge. b5nd lorccs P^. and P^ 
acting on the cutter in lli(‘ fliredion of the axis oi the workpiece 






and also perpendicularly to it if angle re between the cutting 
edge and the workpiece (called llic main angle in plan) ecpials 35°. 

7. Find the forces acting on supports AB and liC of the 
triangular bracket in Fig. 29 if AB — 800 mm, AC ^ 1,200 mm, 
and P = 900 kg. 
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FiK. :n. 

directed vertic 


8 . Load Q weiffhinfi 200 kg (Fig. .‘50) is suspend- 
ed from joint H between two l)ar& fastened on 
liiriges A and (!. Find the magnitude and direc- 
tion of file lorees acting on llie two bars. 

t). In Fig. .‘51 live forces are applied at point 0: 
1\ -- 20 kg, />, 40 kg, P 3 - -- :i0 kg, I\ == 

;5:5.:5 kg. and ; 5:5.:5 kg. Angles ^ 4.5° 

and 0 C 2 -- 00°. The lines of action of forces Pj 
and P 4 coincide and are horizontal and force P 5 is 
ally downward. Find the resultant. 


(. ir \ !• T 1 n 1 It 

COPLAXAR PARALLEL FORCES, ANT) THE MOMENT 
OF A FORCE 


27, Cninposifioii of Ibiriillel Forces Acfhiji in One 
Direefion 


rhe prmeiiile of the paiallelogram oiivion.sly «annot be 
applied to the comjiosition ot parallel lorees. To arrive at a 
principle for the composition of two iiarallel forces we must 


replace them by two intersect- 
ing forces having the .same 
action as the given forces. 

Let ns a.s.sume vve aie to lind 
the resultant of the two parallel 
forces Pi and Pg 111 Fig. .‘52. 

We connect the points ol 
application A and Ji of tlic 
two forces with line AB and 
resolve Pi into two arbitrary 
components AE and AF, ot 
which the first is directed along 
line AB. We then resolve force 
P 2 in such a way as to make 
its component BG also act 
along line AB and have the 
same magnitude as force AE. 
Then its .second component 



Fig. 3‘2 


BlI will be fully determinate. .Since the components AE and BG 
have been constructed equal in magnitude and acting in oppo- 
site direction.s, they will therefore balance each other, it J;hen 
follows that forces Pi and P^ can be replaced by forces AF and 
BlI which are acting at an angle. 

We transfer the points of these two forces to tlmir intersection 


at Oj, that is, we lay out OiK ~ AF and O^L — BII. Then 
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we resolve each of these forces in two directions: UD parallel 
to AB, and OjZ parallel to the lines of action of the given forces 
Pi and Pj. As a result we obtain four forces OiM, O^N, OiS, OiT. 

n is apparent that triangles O^MK and EAC are equal to 
each other because O^K - AF and the adjacent angles are 
equal. From this it follows that MK — AC, and since MK --- 
— OiS, then O^S — AC, i.e., OiS - Pj. And since the triangles 
are equal, it also follows that AK. 

In the same wav wc can prove that Q^T P^ and - ~BG. 

Therefore, since O^M and are equal and opposite, they 

are in equilibrium. Accordingly, the resultant of forces O^K — - AF 
apd O^L — BH can be expressed bv the algebraic sum of the 
forces OyS and OiT, and since these two forces are ecjual in mag- 
nitude, respectively, to the given forces P^ and P 2 , the resultant 
of forces AF and Bl) is expressed by Fi F Fo. However, the 
action of forces AF and BT) is the same as the action of forces 
Pj and Pg. Hence wc conclude that the residtant of forces P^ 
and Pg is squal to their sum and we have therefore determined 
its magnitude. Now it remains for us to find the position of point 
0 at which the line of action of resultant OiZ and line Ab inter- 
sect. Since triangle OiAO and O^KS are similar, it follows fhat 

; or if ve considei tliat O^S represents the magni- 
tude of force P^, we then obtain = . 

In the same way we obtain the proportion 

013 _ 

~T. 

By dividing the first proportion by the second and hearing 
in mind that KS — TL, we obtain 

OA _ J\ 
on ~ P, 

If we designate as the length of OA adjacent to the point 
of application of P,, and as the length of OB, the proportion 
will become 

b, ~ P, ■ 

We then delineate line A^B^ through point 0 perpendicular 
to the lines of action of the given forces and designate a as segment 
OAi and segment OB^ as h. Since triangles OAA^ and OBB^ 

are similar, we obtain hence, y=*p^> whence it fol- 

lows that 


P^a = Pgft, 
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Wherefore, the resultant of two parallel forces having the same 
direction is equal to their sum, is parallel to them, and acts in the 
same direction, i.e.. 


R =.I\ 1 I\. 


( 6 ) 


The point of application of the resultant divides- the line that 
connects the points of application of the given forces into a ratio 
inversetif proportional to their magnitudes. 

In other words, the line of action ol the resullanl passes 
between tlie lines ot action ot the component forces at distances 
inversely proportional to their magnitude, i.e.. 


'ii 



( 7 ) 



( 8 ) 


IJy midlipJyiii'i the means and the extremes of Kqs (7) and 
(8) we obtain 

J>^a, ^ l\b„ 

l\a - PJb. (8a) 


For some problems Ecjualion (8) may be presented in a more 
convenient torm by evpres.sinq il as a denyatiye proportion: 
a \ b Pt ^ P, 


^ P, abb 

By exchanqinq the means, we obtain p” ! r> -'l~' 

An exrhanj:{c ol (he means in Ecfiialion (8) results in 


(I 

T\ 



Consequently 


a \ b _ b 


, and since P. ^ P., is equal 


to (he resullant l\, then 


a \ b b a 
R “■ 1\ “ P~ 


Oral Exercises 

1. Docs the (Icriviillon of Kqs (0) and (8) depend on the inagniLudes 

of torccs AE and EG (Fig. 32)? , 

2. What will be tlie position of point O, through which the line of 
action of the resultant passes (Fig. 32), if P, and Po are equal in mag- 
nitude? 


2ft. Composition of Parallel Forces 
Acting in Opposite Directions 

Assume it necessary to find the resultant of two parallel 
forces Pj and Po (Fig. 32a) acting in opposite directions when 
^ Solution: we replace force Pj by two forces— force 
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1*2 applied at point B and equal in magnitude to force Pj but 
acting in the opposite direction, and force R which is equal 
in magnitude to the difference and applied at the 

poi«t determined by the ratio ^ • Under these condi- 

tions we may regard force Pj as the resultant of the two parallel 
forces jPj — Pg Po. However, force Pj being Llie eqmlibrant 
of force Pg, it follows that the given system of forces lias been 
reduced to the one force if = i\ — P^. Hence this is the desired 
resultant. In short, the inaunituile of 
the resultant has been found as 

R^P,-P,. (Ga) 

J laving chosen the point of appli- q 
cation of force R so that the dis- 
tances OA and Ali salisly llie con- 
dition 

OA _P^ 

AH ~ H ' t 

we convert tins coiulition into a derivative proportion and 
obtain 

OA 

AH -t- OA “ /t -f IK ■ 

By taking rq to represent OA. and /q to represent OB and 
bearing in mind lliat force Pj is equal in magnitude to force 
Pg and that It is equal to tlie dilterence P^ — P->, we obtain 

£i _ _ 1’- 'ii _ 

/), 1\ P \- P ~h, ' P, ' 

By extending the jierpendicuiars AA^ n and BP^ —b 
from points A and li to the line of action of resultant It. 
we obtain similar triangles AAiO and JiB^^O, from which it 
follows that 

(I, a 

“ 6 ’ 

and Equation (7) may then be exprcsserl as 

IL 

. t> ^ P,' 

from which 

• P^a -- P^b. 

Wherefore, the resultant of two parallel forces acting in opposite 
directions is equal to their difference, is parallel to them, and acts 
in the direclion of the greater force. 

The line of action of the resultant lies beyond the larger force 
at distances from the component forces equal to the inverse propor- 
tion of these latter forces. 
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If it is necessary to find the resultant of a system of parallel 
forces of which some are acting in one direction and the rest 
in the opposite direction, the simplest method is to first combine 
those acting in one direction and then those in the other direc- 
tion, and finally combine their two resultants. 

Oral Exercme 

As tlip magnitude of P, approaches that of P„ what ^vLll be the posi- 
tion ol jjoint O (Fig. 3‘2a) through which the resultant R passes, provid- 
ed the points of application of P, and V, remain the same? 


29. Itesolution of a Force into Parallel Components 


The resolution of a force into two jiarallel components is just 
as indeterminate a problem as the resolulion of a force inlo 
components directed at an angle; additional conditions must 
be given in each individual case, such as the points ot appli- 
cation (or lines of action) of both components, or the point of 
application (or line of action) and magnitude ot one of the com- 
ponents, or the poini of application of one of I he components 
and (he ratio ol their magniludes, etc. The probleifi will then 
become determinate and can be solved by applying the cijuations 
used in the two loregoing sections. 

I.et us assume it necessary to resolve force P (Fig. 33) into 
two components Pj and Pg acting in one direction, with the magni- 
tude of force P, given. The distance between the action lines of 
forces P and P^ is equal to a. The magnitude of force Pg is found 
from Kquation (6): 

/>g P -- P,. 

The distance x between its line of action and force P is found 
through Equation (8), according to which /\r/ PgX, whence 




Fig. 33 



Illustrative Problem 12. A load G weighing 1,200 kg is travelling along 
a beam resting on two supports A and B (Fig. 34). Find the bearing 
loads Pi and Pa exerted by the load on each support if i1 comes to rest 
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at a distance a — 1,500 mm Irom the lelt support. The ItMigth of beam 
L = 4,500 mm. 

Soluiwn: as the load moves, the bearing loads on the supports change 
and when it is at the extreme loll, its enliie weight will rest on support 
A. As it moves from lelt to right the heai nig load on the left support 
decreases while that on llie right inereasts and* at the extreme right the 
entire weight of the load will be borne by support B. 

Therefore force G is the resultant ol th(‘ rom])on(Mits P, and V. acting 
ill one direction, ami so bv applMiig Kq. ( 80 ), we line! that, in the given 
position of the load, 


P 


Gu 

L 


:^ 0 () > 1,500 
1,500 


400 Lg, 


and 


l\ - 1,200 100 - 800 Kl 


The reactions a I I he supports are ecpial to I*, ami V 111 magnitude 
and act m the opposile direction. 

JM). The Ceiilre of Coplaiinr PiirallH Torees 

(iivcMi a sxsiem ol coplannr [mi ailed loices Pj, P^, P 3 , uinl P 4 
(Fig. .45). J>v coniliiniiig l()r(‘cs P, and P, a))])li(‘rl at points .4 
and /i, \\c‘ find tlu’ in si partial h‘suI aid K, aiiplicfl at 
After connecling poiid 0i and the point 
ol applica tioii C o\ force P j, w e c onibine 
this lorce with llj and ( hereby obtain 
the second pailial lesiillanl 15y 

going Llironoli (he same i)ro(*esh with 
this force and llu' last eoni])()nent P,, 
we oblaiii the revSnllaiil It ol tlie entire 
system, with the point oJ application 
at 0. 

Now let us assume llial all Ihc gi\en 
foices arc rotated alioiil I heir points 
of applicalion through a Ireely-chosen 
angle a in their plane, as indicated 
by tlie dolled lines. Since P^ and Pg 
liave not changed in magnitude and 
their points of application remain (he 
same, the point of applicalion of 

resultarft also remains the same. The point of application 
C of force P 3 likewise remains unchanged, from wiiich it follows 
that the point Og of application of their resnJIant is also 
unidiaiiged. lly carrying this line of reasoning to its conclusion 
we see that the point ol application 0 ol resultant 11 of all 
the forces also remains Die same. 

If all the forces in the syslem are rotated through the same 
angle, their resiiltanl will also rotate through the same angle and 
its magnitude and point of application will remain unaltered. 
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The point of application of the resultant 0 is called the centre 
of parallel forces. 

Wherefore, the centre of parallel forces remains unchanged no 
matter what their direction if they retain their magnitude and 
points of application. 

31. MonioiiC of a Forec in Respect to a Point 

We know from experience that it is easi(\st to jjet a work- 
piece ^nipped in a vise if we apply pressure on tli(‘ handle as 
far as possible from the axis of rotation 0 of tlie screw (Fi^. 36). 
A greater force ^\ill ha\e lo be applied at point than at A 
to produce an equally tight grip. Hence the rotating action of 
a force wilh respect to the axis ol rotation 0 depends not only 
on the magnitude and direction of I he for(*e, but also on the 
clislance of the line ol acdioii of force P Irom I hat axis. 




The quanlitv used in mechanics to measure Hie rotating 
action ol a force is called I he moment oj a force. 

Assume a force I* to be applied to a body (Mg. 37). From 
any freely-chosen point 0 we extend a line OA perpendicular 
to "the action line ol the Jorce. 3die product of the magnitude 
of the lorce and the lenglh of the perpendicular is called the 
moment of the force P with respect to point (). Jty denoting M 
as the magnitude of the moment, we then obtain 

M Pp, (9) 

in which P represents the magnitude of the force, and p is the 
length ot the perpendicular connecting point 0 with the line 
of action of the lorce. 

The point 0 with respect to which the moment of lorce has 
been taken is called the moment centre, and the distance p from 
the moment centre lo the action line of the force is called the 
arm oj the force wilh respect to the said point. The product of a 
force and its arm is called the moment oj the force with respect 
to a given point. 

Since force is measured in kilogrammes and the arm in units 
of length (m, cm), the moment of a force is expressed in kilo- 
gramme-metres (kg-m) or kilogramme-centimetres (kg-cm). 


48 


From what has been said it is apparent that the larger the 
magnitude of a force and the larger its arm, the greater is its 
tendency to produce rotation with respect to a given moment 
centime. If the moment centre coincides with the line of action 
of the force, the moment of the force will be zero since its arm 
will amount to zero. 

Let us assume that force and arm produce the moment 
Ml, and the second force P2 and arm produce the moment 
Mg with respect to the same point, "riien M^ l\Pi ^^i^d il/g - - 
— - FgPg. Furthermore, let us assume that the two moments 
are equal, i.e., that P^p^ PiPi- From tliis it follows that 

^ Pl . 

Pi Ps 

Wherefore, when niornenls of forces with respect to one and the 
same point are equal, the magnitudes of the forces will be inversebj 
proportional to their arms. 

In order fully to determine the aclioii of a foice 011 a body, 
it is necessary to take into consideration not only its magnitude, 
but also til# direction in which it tends to produce rotation. 
Thus in Fig. 37 the mutual positions of the force and the moment 
centre indicate (hat they tend to pjoduce clo(‘kvvise rotation. 
If force P were acting in the oi)posite direction, or if point 0 
were on the other side of the action of the fon‘e, the moment 
would tend to produce countercloc^kwise rotation. 

Hereafter we shall call a moment positive il it lends to pro- 
duce clockwise rotation, and negative if it tends to produce coiiuter- 
clockwise rotation. 


Oral Jixcrc ises 

1. Will a inoinenl of force with n\specl to i gi\eii tnoinetil centre 
change if the point of the force is altered aloio its lino of achon? 

2. On whal line are points silualed willi re 
spect to which the nionicnts of the foice are 
zero? 

3. Can lorces of different niagnitude pro- 
duce equal inoinents with respecl to one and 
the same centre? Under whal condition? 

Illuslralive Problem 13. A workpiece is 
being niachined on a lathe by means of a 
cutter A .»(Fig. 38). Tlie distance / from I he 
cutting edge to the base of the tool is (K)mm, 
the vertical componentP of the pressure exerted 
on the cutting edge by the workpiece is DOG kg. 

Find the moment of force P with respect to 
point B where the cutter is fastened in its 
support. 

Solution: the moment tending to rotate the cutter (the “bending 
moment"*) is found from the equation M = PI = 900 x 60 = 
= 54,000 kg-mm = 5,400 kg-cm. It can be seen that as the length of 
the moment arm p increases (the [distance from the cutting edge to 
the base of the tool), the bending moment will also increase. 
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Ulustrativo Problem 14. In the preceding example, P is the force the 
workpiece exerts vertically upon the cutler and causes the reaction P' 
of the cutler on the workpiece. This reaction is equal and opposite to 
the force P. Find the moment of the force P' with respect to point 0 
on the axis of Ihc workpiece it its diameter 1) SO in in. 

Solution: in this case the arm of the sought moment is equal to 

and the moincnl A/ = =900 x 40 = 36,000 kg-mm = 3,600 kg-cm. 

Under the aelion of this moment the workpiece (together with the 
spindie with whieli it is tightly joined) will tend to twist. This is called 
torque. 


32. Momonl oi a Resultant 

Assume we have two parallel forces Pj and Pj acting in the 
same dircclion and that their resultanl R has been found 
(h'ig. ihi). Let ))S Ircoly choose a point C as Ihe moment cenlre. 
The moment of the resullaiit R with respect to Ihis point will he 

Mjf - Re = (l\ t P^)r. (a) 

Let us express the momerils of the eomponeut forces in respect 
to the same point (): 

Mr^ - J\(a -c) ^ -l\n [- I\c: 

A/;. P,(h , r) P.,b i P,r. 

fly adding tlie mcmheis ol llie right and left parts of the 
two equations wc obtain 

yl/,. 4 yl/,., P,b I\n \ | P.,)c. 

liy applying Jsquatioii (8) we derive 

P^b - Py<i ^ 0 . 

Therefore tlie sum ot the moments of the component forces 
is equal to {P^ (- P^t. IhiL as may be seen from (a) above, the 
moment of the resultanl is also equal to (Pj + P^c, the moments 
having been taken together wilh their algebraic signs. 

11 is easy to see tliat we would have arrived at the same solu- 
tion no matter w'here we had taken the moment centijes in the 
same plane (say at L'j. C 3 , etc.). 

If there had been more than two parallel forces, then by com- 
bining them in succession and applying the same principle as 
above for each partial resultant, we would finally find that the 
moment of the resultant is also equal to the algebraic sum 
of the moments of all ils components. 

We have therefore ju'oved an important relationship for 
moments of forces in general, and in the particular case for paral- 
lel forces acting in one direction. In more detailed courses on 
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theoretical mechanics this relationship is proved to hold true 
for any distribution of forces in a plane. 

Wherefore, the moment of the resultant of a coplannr system 
of lorces is equal lo the algebraic sum of the moments of the compo- 
nent forces with respect to one and the same moment centre. 

This may be expressed for an n number ol forces by the follow- 
ing equation : 

Mu - Mp^ Mp^ Mp^ I ... ( Mp^. (10) 

In using this equation it mnsl be l)oriie in mind that the al- 
gebraic sign of the moment ot eacli iorce must be relained. 
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I'lg. 40 


Illustrative rroblein 15. Find tin TCMilt.iiit of the paialkl forces 
P, = 30 kg, Pi — 53 kg, and - 70 kg, using r.qii.dioii ot inoinents 
(10), tlie distances between tlioir linos ol loice being <i. — 80 nun and 
«2 — 250 min (l^ig. 40). 

Solution: the inagniLude of rosultanl It -P, + - !>. -- 30 f 

+ 70 53 — 47 kg and, tonscqnenllj, is directed upwaids. 

Let us take Ihe moment cenlie on I he Iiiu of action of force P, and 
let X denote the unknown arm of the lesiillant. 'rhen the equation of 
monienis is -Rx = P„a, — P, (a, H u,). lioiu whuh, aftei substituting 
figures for the letters’ they represent, we find x — 401 min. 

33. The Couple 

Let us now return to the composilion of two parallel forces 
acting in opposite directions. As has already lieen sliowm in 
Sec 28, the resultant of two such forces is equal to their diflerence. 
Now leT us assume that the two components are equal in magni- 
tude as illustrated in Fig. 41. In this case, according to Equation 
(6a) the resultant is zero. However, a Jipdy under the action of 
two such forces would not be in equilibrium. We know that such 
forces would tend to produce rotation of the body. A good illus- 
tration of such a system of forces is shown in Fig. 42 — two hands 
turning a reamer. 

A system of two equal parallel forces acting in opposite di- 
rections is called a couple. 
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A couple possesses no resuHnnl. 

A couple is characterised by Llic inai^iiitude of the forces con- 
stituting it and by the dislance ])eL\\cen their lines of action. 
The distance between llie action lines oi the forces forming a 
couple is called the ann of the couple. 




The a(*tion of a coujde on a body to which it is applied is di- 
rectly proportional to the magnitude ol the forces composing it 
and to the length ol its arm. This action is measured by the 
mornenl of ilic couple and is the prodiud of the maLmitude of 
one of the iorces and the arm ol the couple. TluTclore if we 
denote the arm ot tlic couple in Fii;. ^11 as a and its moment as 
M, we obtain the im)ment ol the couple as the expression M — 
= P^a or, in general, the equation 

M Pa. (11) 


The mornenl of a couple, just as the moment of a lorce, is 
measured in kg-m, kg-cm. etc. In oider to determine the action 
oi a couple, it is necessary to know not 
only I he magnitude of its mornenl, but 
also I he dueclion in whi(‘h it Lends to 
rot ale the body. Just as with the moment 
of a Joree, we shall consider the moment of 
a couple to be positive if it lends to pro- 
duce clockwise rotation, and negative if 
counterclockwise. 

Fig. 4J represents a couple and Po ^ where 

the moment of the couple M PiU PoU. The moments of 
forces comprising I he couple with respect lo an arbitrary point 
0 lying in the plane ol the couple are expressed as 



Mp 


l\a. 


and 


Conihining these two iiiomeiits, we obtain 
Mp, + Mp, - — Pifli H - Pz (fli + a) - Pifli Pjfli + PjO. 
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Since forces and Pg are equal in magnitude, then 


and 




Mp, r Mp^ l\(L 

d'hiis, the algel)rau‘ sum of the moineiils of forces P^ and Pg 
with respect to point 0 is equal to LIk' Tnomenl of llic couple. 

Wherefore, the niomeni of a couple is ('(pial in mngniliide and 
possesses the same sign as the algebraic sum of the moments of the 
forces comprising it with respect to anij point hjing in the plane 
of the couple. 

A couple can be balanced onlij bij another couple which is equal 
in moment and opposite in sign. It (unnol be balamed bg one 
force. 


Oral Hxercisrs 

1. (iiv(‘ii (oupli's, th(* :oMii of oju‘ of which is onc-litlh tho length 
of the anif ol Ihe other. Wlial would be llie inlio between the lorees 
eoinpribiim tin* eonples it the inoiinMits of tJie (‘ouples weje ecpnil? 

2, Tile arm of one couple is ni ‘imc's less Ilian that ol a s(*(‘oiui couple. 
The iiiagnitiide ol Ihe .areis comprisim; lie* tirsl ciuiiile is n Imnvs greater 
than that of the second. Whal llie nilio ol llu mornenls ol the two 
coujiles? 


31. Equilibrium of a (!oplaiiar SyNteiii 
of Parallel Forces 

Let us see what eoiidilioiis a system ol paiallel foiees in a 
plane iniisl satLsiy for a body to witieh Ihcy are applied to he 
in equilibrium. 

Assume a syslem of parallel lon‘es l\, P3, Pj, and P^ as in 

Fig. 41 a, As has already been sliowu, llu' magmliide of the 
resnltani of foreos Po, P 3 , and P, is ecjual lo llif^ sum of tliese 
forces. Hy eoiiihining them in siua-essioii w(' oblain tlie line of 
action of resultant Up 'Dieii we eojnliiue lorees P^ and P4 acting 
ill the opposite direelion and obtain the other partial resnJtantlL. 
Let us assume that Ug is equal and ()|)posile in dircndioii to tlie 
first resultant Up The system is therelore reduced to two equal 
and opposite forces and its resultant is z(‘ro, which means that 
it is in equilibrium. If (he sum of the forces acting in one direc- 
tion would not he equal lo the sum of the forces acting in 

the other, or, in other words, it tlie algebraic sum of all 

the forces would not he zero, the syslem would not be in 

equilibrium. 

Jn Fig. 4Ab another system of forces is represenled. Proceed- 
ing as before, we obtain resultant Uj of forces P^, Pg, and P4, and 
then the second partial resultant llg of forces P.^, P5, and P^. 
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These two resultants are also equal in this case, but their lines 
of action differ and they form a couple. 

We therefore see that if a system of parallel forces is to be 
m equ’’'briuin, it is not enough for the algebraic sum of fooies 
to be equal to zero; another condition that must be fulfilled is 
that the system is not reduced to a couple, i. ,e., that the 
moment ot the couple equals zero. 

How can it be determined whether this second condition is 
satislied? 
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It will be leealled fioin the pieceding section that the 
moment of a couple is eijual to the algebraic sum ol the mo- 
ments oi IJie ioHcs comprising the couple with respect to any 
point lying in its plane. This means that the obtained moment 
of the given couple will be equal to the algebraic sum ol the 
moments of iorces Iti and Rg. But Rj is the resultant, ot the 
group of forces 1*1, Pg and P4, while Rg is the resultant of the 
second group of Pg, Pg, and Pg, and it has been proved in Sec. 32 
that the moment of the resultant is equal to the algebraic sum 
ot the moments ot the component forces. Hence the moment 
ot the resultant R, is equal to the algebraic sura of the momenjs 
of the forces Pj, Pg, and P4, and the moment of the resultant 
is equal to the sum of the moments of the forces Pg, Pg, and Pg. 

We then come to the conclusion that the moment of the couple 
to which the given system may be reduced will be zero if the 
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algebraic sum of the moments of all the forces Pj, P^, P4, P^, 
and Pg is zero. 

Hence a system of an n-amoiint of coplanar parallel forces 
will be in equilibrium under the following conditions: 

1) *the algebraic sum of all the forces must be zero, i. e.. 

Pi \-Pz f P 34 -- +Pn -- 0 ; ( 12 ) 

2) the algebraic sum of the momcnls of all the forces with 
respect to any point in ihe plane of tlic system must be zero, 
i. e., 

Mp. -I M;. 4 0. (13) 


i3oth of I hose oojulilions must bo sulisfiod simulldnconslij 
for a system of parallel forces to be in e({uilibi iiim. 

Assume (he lever Ali, with its fulcrum al 0 ^Iba), to 

be acted upon by forces and at its lefl side and by force 
P at its right. For the lever to b(* in cf|uilibrium llie conditions 
expressed in Eqs (12) and (13) musi l)e 


satisfied, "^le forces P, Qj, and and 
the reaction of the fulcrum II are acling 
on Ihe lever; (hen if the forces ailing 
downwards are regarctod as positive, Fo. 
(12) becomes 

P-\ Qi I Qz Ti 0 . 

from which/? -7* | (7, ] Q^. 

We have thus (Icicrniiiied tlie reaclion 



of the fulcrum. Now let us determine 
the magnitude of force P by applying 
the second condition required to obtain 
equilibrium. By taking point 0 as I lie 
moment centre, Ecj. (1.3) becomes 

Pb QiOi - Q./i.i 0, 
from which P 



If all Ihe forces were applied on one ' 

side of tjie fulcrum (Fig. 457i), we would I'if,'. 4.a 

have 


Qi-\- Qi — P ~R ^ 0, from which 1^ -f /? - t Qz- 

To determine force P in this case, we will write the equation 
oPmoments with respect to point 0 as follows: 

Qi^i + Qz'^z “ Pb ■- ^ from which P 
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and the reaction at the fulcrum R — Qj Qt — P — Qi f- Oz — 

Qt^i -t QtOt 
b " 

Now lol us lake another example. 

Fiff. 40 represents a beam lying horizontally on supports A 
and Li with one end extending beyond its support as an over- 
hang. Forces P;,, P 3 , and P^ are acting downwards on the beam. 
It is reejuired to find the reactions at the supports Ri and Rb. 

From Eq. (12) we obtain one equation with two unknowns: 

f?,, 1 Rn I 1 f F*. 

First we will del ermine reaction Hb by taking the algebraic 
sum of the moments with respect to point A \ 

P,a 4 (a -j h) I (a \-b\r)-n^(a\b^c\d)l- 

\ l\ (a \ b \ c \ (I e) - 0 . 

Alter finding Rb we itcseit it in tlie first equation] and 

lind R^. 




IllustratiK* Prohloni IG. 'llu* hcaiii lying on suppoits A nncl in 
Fig. 47 is af1(Hl on by loicos Pi 200 kg, P - 300 kg and P^ = 250 kg. 
Find the reactions at the sii])porls Ri and if - I in, n. = 1.5 rii 
and (1 -= 2 in, and the disLnice L l)tlA\een ilie sii])porls - 5 in. The 
weight of one linear in ot the beam is 20 kg and ils length 5.5 m. 

Solulion: the liearn is in equilibrium under the action of forces P,, 
P , P„ of its own weight acting diicctlv downwards, and of the 
reactions al the snp])oils. FirsI ^^e must determine reactions nnd 
l\[i caused by foiees Pp P , and P . 

Since the read ions ad upswiids, Fkp (12) bt'comes 

/>, -f P, 4- />, p'a R'n = 0, i.e.,ff'A -f Rb 200 + 
i 300 4- 250 -- 750 kg. 

We obtain the second equation by icducing to zero the algebraic sum 
of the moments with respect to any point in the plane of the forces. 
For the sake of siinyilicity we will take point A as the moment centre, 
with respect to which Ihe moment ol rcadioii Ri is zero: 

/^Ui-f Pj(n, -f a,) + d 1- “ R'bT^ = 0; 

substituting numerical values, we obtain 

200 X 1 4- 300 X 2.5 F 250 x 4.5 - R'b x 5 = 0, 
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from which 


Ru = 415 kg and R'a = 750 - 415 - 335 kg. 

If we had taken the moment centre on the line of action of force 
the equation of moments would have become 

R'a > 1 + 300 X 1.5 -f- 250 X 3.5 - 4 Rb - 0, 

from which 

4Rb R\ ^ 1.325. 

In solving tins equation in combination with the equal ion R'a + Rh 
= 750, we would have obtained the same result. 

The weight of the beam itself is 5.5 \ 20 _ 110 kg and is distributed 
equally between the two supports. Hence the full reaclion Ha at support 

A is 335 -f- ~ 390 kg and the naelion Wn at sup])ort R is 415 -f 

55 ^ 470 kg. 

35. The Moment of a Force in llespeet 
to ail \xis 

Fig. 48a reprcsciils a \erfical shall 00^ capahh* ot revolving 
in ils horyings aiul ha\ing al ils upper eml an (dhow OA I’orining 
a right angl(‘ AOOi wilh Ihe sliall. M i)()inl A force P is applied 
AvJiicIi, jiisl as Ihe axis oi the elj)o\v, lies in the plane MN and is 
perpendicular to Ihe axis ol shall 00^. Fiuler (he action of this 
force Ihe shaft liegnis (o levolve. 


A' 




No\v let ns assiune that force P does not lie in the plane MN 
but acts at an angle with it (Fig. 18/?). Let us resolve this force 
into two components: AC in the plane of rotation of elbow OA, 
and AD lying parallel to the axis of the shaft 
It is obvious thal force AC will tend to make the shaft rotate, 
whereas force AD will tend to push tlic shaft downward in line 
with its axis (to avoid this the lower end ol the shaft is con- 
strained by a thrust bearing). It is evident that in the first case 
(Fig. 48a) it is the entire force P that rotates the shaft, while in the 
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second case it is only one of its components. In the first case 
the tendency of the force to produce rotation is measured by 
its moment with respect to point 0, which is equal to Pa and 
where a represents the arm (Uie length of the perpendicular 
OB extending from rotation centre 0 to the action line of tTie 
force). In the second case the tendency of force P to produce 
rotation is measured by the moment of force with respect 
to the same point 0, and is equal to P^r/i in which represents 
the arm of tlie force with respect to point 0, Component P^ of 
force P is a projection of force P on i)Iane A/ A', perpendicular 
to the axis 00^. The moment of force P,, equal to PiO^. will be 
the moment of force P with respect to the axis. 

It will be found that if a force lies in a plane perpendicular 
to an axis, its moment wilh respect to I he axis will be equ^ 
to its moment in relation to tlic point where the axis intersects 
the plane. From Fig. A^h it is apparent that the moment of force 
P decreases as the angle CAB in(*reases. For that reason it is 
of greater advanlage to apply a force so that it will act in a plane 
perpendicular to the axis of rotation of a body. 


Questions for lleview 

1. What is a iTionirat of forco with rcs[)c‘cl lo a poiiil? 

2. Is it possible Lo solrct a point in iclalioe to wliicli the moment 
of force wiJl be zeio? ts there only oik* sucli point? 

a. What is the relation between Llie j}ioinents ol the resultant of a 
system of paratlel forces and the moments ol ils eompoiumts? 

4. What conditions must a s>slein ot parallel fon^es salisfy if it is 
to be in ‘^qiii librium? 


‘17, Exercises 

to. (jiveii two parallel forces P^ and Po acting in one direction 
(Fig. 49). 'Idle distance / between their lines ot acLioji is 120 mm. 
Find the line of action and the magnitude of the resultant if 
— 48 kg and P^ - 144 kg. 

11. Solve Problem 10 with Pj and P^ acting in opposite direc- 
tions. 



Fig. 49 


t 

m 


500 

- ISO 250- 

I " 

500 






m 


Fig. .“50 


ri8 



12. Find the line of action and the magnitude of the result- 
ant of the system of parallel forces shown in Fig. 50 (forces are 
denoted in kg, and lengths in mm). 

13. Find the resultant of the system of parallel forces repre- 
sented in Fig. 51 if Pi — 100 kg. 000 kg, Py — 800 kg, 
P4 = 300 kg, and a — 300 mm, b --- 

= 600 mm, and c — 200 mm. 

14. A beam lying freely on two sup- 
ports A and B (Fig. 52) is urulor (he 
vertical action of forces — 300 kg, 

Pa ^ 300 kg, P3 - 1 50 kg, and P4 - 210 kg. 

Find the reactions of the supports 
caused by these forces if Ui - 1.8 ni, 
aa*=0.9 ■ 


L = 6 rn. 


in, <73 - ().!) in, I - 4.5 m and 


( t ‘ 


- g 

, ■ JIj g. 


' , 


Fig. f)l 


PjIp, 


15. The fulcrum of le\cr AB in h'ig. 53 is a( point Cf and is 
under the action of forces Pj 120 kg and P, - 60 kg. The 
distances between the lines of action of Ihese forces and Ihej fiil- 





Fi'4. r)2 Fig. .'i3 


cram are Oi — ,360 mm and r/a — 375 mm. Whal must be the 
magnitude of a torco P3 applied at end li of the lever to keep 
the lever in e([iiilibiium if its length / 960 mm? What will 

be the ri'aclion R of the fulcrum (a.ssuniing the lever itself to 
be weightless)? 


CIIAI’TLH iv 

CENTRE OF GRAVITY, AND STABILITY OF BODIES 

• 1 

38. Centre of Gravity, and Centre 
of PnraBel Forces 

The force of the earth’s attraction (gravity) acts on all the par- 
ticles of a body. Gravitational forces always act on the particles 
of a body in a line directed towards the centre of the earth 
and therefore converge. But the angle of deviation from the 
parallel is extremely small, amounting to only one second along 
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a meridian on the earth's surface for two points situated M m 
apart. And since bodies with which en^dneering mechanics 
is concerned are infinilesimal as compared with I he radius 
of llie earth, the forces of gravity acting on their particlej are 
considered paraJleJ. 

When we combine all the elemenlary graviljitional forces 
acling upon all the particles of a body, we obtain their result- 
anf. d'liis resullant of tlie forces of gravity acting on all the 
particles of a body is called the weight of the body, Tlic point of 
applicalion of tliis resullant is called the centre of gravity of 
the body. 

It will be seen that the centre of gravity is also the centre 
of parallel forces, and as already explained, holds true no mat- 
ter what the direction in which the forces act if only they remain 
parallel. From this it follows that the centre of gravity of a body 
reinains uindianged irrespective of the ])osition of the body with 
regard 1o the earth's surface. 

.‘Uh Outre of trravily of Certain Kodies 
of Simple Form 

In many engineering calculations \\h(*r(‘ (he weight of bodies 
must be taken into account, it is necessary to know the exact 
position of the centre of gravity. Iji some cases it is very easy 
to line! the centre of gravity. 

Let us investigate several instances where bodies are of simple 
geometric form. 

1. The centre of gravity of a sphere coincides with its geometric 
centre. The truth of this statement is apparent from the fact 
that the resiiltani of all the elementary gravitational forces 
acting on the particles along one diameter passes through its 
centre, which is also the centre of the sphere. 

2. I'he centre of gravity of a right circular cylinder (Fig. 54). 
Let us make a cut ihrough any arbitrary point 0 perpendicular 
to axis OiOz- daking a particle in this section wc then choose 
another particle M.y on the same diameter and at an equal dis- 
tance from the centre 0 of the section. It follows that the result- 
ant of the elementary gravitational forces acting on these two 
particles passes through the centre of the section. Following 
the same procedure with respect to any point of the cylinder, 
we come to the conclusion that the centre of gravity of the whole 
cylinder lies on its axis OiUo and at half its altitude at point C. 

d. The centre of gravity of a right regular prism (Fig. 55). By 
reasoning as in the case of the above right circular cylinder, 
we reach a similar conclusion, i. e., that the centre of gravity 
of a right regular prism lies on Us axis and at half its altitude. 

But there is one important factor to be borne in mind. It is 
evident, from what has been said, that we assume the elementary 
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gravity forces acling on the particles as being equal in 
magnitude. This presupposes that the body is uniform 
throughout. Such a body is known as homogeneous*. If this condi- 



tion is not salislied, the process of finding llic ccnirc of gravity 
becomes complex, as may be '’ccn from Die following example. 

lllu^^trativc ProlUcin 17. r>() irprosoiils a cvlindncal shall with 

a leiif^th L = 1,000 iiiin and nnuk* of two matrriaJs of diffcnnil spccilic 

gravity. Along ils length / - 500 mm it is madi‘ of aluminium with 

a specific gravity y, 2d> g/cu cm, while the rtanainder of its Icnglli 
DB is made of steel with a specific 
gravity ~ Vim\ 

the centre "of gravity of the shaft. 

Solution: if the shafl were hom- 
ogeneous, its centre of gia\ily 
would be on its axis and halfway 
along its length, i.e., within section 
D at a distanct / = 500 mm from 
its end. But in tlie case in hand it 
will be necessary to determine the 
weight of each component of the 
shaft before finding its true centre 
of gravity^ 

By first* denoting the i i of the 
cross-section of the shaft as F, the 
weight of its aluminium part AD will then be expressed as fy, — =- 

*= 2.6 FI g, and the weight of its steel part DU as G, = FI y — 7.f^5 FI g. 
The point of application of the first force Gj is Ci in the middle of AD, 
and that of the second force Go at point in the middle ol DU, The 
distance between points Cj and Gj is 500 iiini. In order to find the overall 
centre of gravity C of the shaft we must find the point of application 

* Henceforth it shall be assumed that a body is homogeneous unless 
the contrary is stipulated. 
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of the resultant of the two already obtained parallel components, as 
follows: 

~ from which a — 3b; and since a i- b — 500 mm, 

then a = 375 mm and b = 125 mm. 

Jlence the sought centre of gravity C of the shaft lies at a distance of 
/ 

c = - 7 j -f a =- 250 + 375 = 625 mm from its left end. 

A 


-iO. Centre of Gravity of Wane Figures 

Fig. 57 represents a homogeneous disc of uniform thickness, 
i. e., a cylinder of small height as compared to its diameter. 
It is apparent from what has already been said that the cen];re 
of gravity of the disc lies in the centre of its middle section MN 
dividing its thickness in half. Therefore instead of the whole 
disc we may deal with its middle section, where we may assume 
all the material of the disc to be concentrated. Hence we may 
regard the centre of gravity of this disc as tlie centre of gravity 
of the material area ot a circle. In exactly the same way we may 
regard the centre of gravity of a triangular plate AfsD (Fig. 58) 
as the centre of gravity of its middle section, i. e., as the centre 
of gravity of the area of a triangle; and so forth with other plane 
figures. 

Now let us consider methods of finding the centre of gravity 
of a number of plane figures. 



Fit,'. .'■>7 
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1. The eentic oj gravity of the area of a eirrle lies in its geometric 
centre. 

2. The centre of gravity of the area of a triangle lies at Ihc inter- 
section of its medians. 

Given triangle AfiD (F'ig. 58). We delineate median BE 
connecting vertex B with the midpoint E of its base AD. Then 
we delineate segment KL at any arbitrary place parallel with 
base AD. Since the triangle BKL is similar to BAD, then 
KC.^ — CjL. Hence the resultant of all elementary gravity forces 
acting on all the particles lying along segment KL is at point 
C’l, the intersection of median BE with that segment. 
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Following the same procedure with respect to any other linear 
segment parallel to base AD, we see that the- centre of gravity 
of the triangle lies on median BE. 

Now let us dtdincale another median AF to the side DD. 
Using the same method as with median BE, we find that the 
centre of gravity also must lie on this median. P>om this we 
conclude that Ihc crnlrc of gravily of the area of a triangle lies at 
the inlerseclion of its medians. 

In geometry it is proved that the point of intersection of the 
medians of a triangle divides them in a ratio of 1:2, i. e., 
CE — \I2BC and CF — Xj'lAV,. l''iom this it follows that the 
centre of gravity C lies at a (list ance CE - 1 l‘.iBF or CF -- 1 /‘iAF, 
i.e., at a distance of one-lhird the 
l?ngth of a median from the side to 
which it has been (h'lineated. 

.‘1, The centre of gravity of the area of 
a parallelogram (Fig. 5h). 

Delineate,, diagonals Al) and BE. 

The diagonals of a parallelo,gram are A 
divided ifl their inidpomts by Ilnur 
point of inlerseclion. llcmce .sc'gment 
AC of diagonal Al) O'’ a median of tri- 
angle ABE, and segment Cl) of the same diagonal is a median 
of triangle BDE. For this reason the centres ot gravily C^ and 
C 2 of the..e two triangles he 011 I he diagonal AD, and the centre 
of gravity of the whole parallelogram lies on this same diagonal. 
In the same way we can prove that the centre of gra\dty lies 
on the second diagonal BE. 

Where! ore, the centre of gravity of the area of a parallelogram 
lies at the point of inteiseetion of its diagonals. 

Obviously this deduction also riders to the rhombus, the 
rectangle, and the sejnare, since all these are lorms of the 
parallelogiam. 

4. Knowing how to lind the centre of gravity ot the area of 
a triangle and of parallelograms of all types, we can find the 
centre of gravily of any figure Lhal can be dividt'd into such 
elements. 

Let us assume we want to find the centre of gravily of the area 
of a freely chosen quadrangle (Fig. 60). 

We first divide the quadrangdc into two triangles ABD and 
ADE by the delineal ion of diagonal AD. We then delineate 
medians to the midpoint of side' AD, mark the centres of grav- 
ity Cl and Cg of the areas of the two liiangles and connect 
them by means of segment CjCg. Next w^c diviile the quadrangle 
with a second diagonal BE, forming triangles ABE and BDE. 
By repeating the above process^We also obtain segment 
The desired centre of gravity is found at the intersection of this 
segment and segment C 1 C 2 . 
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Illustrative Problem 18. Find the centre of gravity of the try square 
shown in Fig. 61. 

Solution: the centre of gravity of the plank / of the square lies at the 
intersection of diagonals AJj^ and BD, and the centre of gravity of leg II 
lies at the intersection of diagonals DL and KM, The centre of gravity C 



of a, whole square lies somewhere on (jne C . In order to find point C, 
we must divide line C^C, so a*) to obtain a laho invc'rsely proportional 
to the weights of ttu two sides of (he sqnaT(^ or, since the square is 
homogeneous, inversely proportional to Iheir volumes. The volume of 
plank I -- (;i0() - 40)' < ,‘1() x 5 .30, 0t)0 eu mm, while the volume 
of leg II ^ 120 X 40 < Ih 72,000 cu mm. 15y dividing lh(‘ segment 
Cfio in such a way as to satisfy the condition 

C C 72 

~ obtain the centre of gravity C. 


41. Practical Method of Determining 
the Centre of Gravity of a Plate 

Let ns assume it necessary to lind the centre of gravity of 
the flat plate of irregular oiillinc as shown in Fig. 62. We sus- 
pend it from its corner A by I he cord KA and when it comes 

to rest it will he in a state of equi- 
librium. The weight of the plate will 
1)6 equal to the reaction from the cord 
at point A, These tw^o forces have a 
common line of action which coincides 
with the vertical line AD and on which, 
therefore, lies the centre of gravity. We 
then delineate this vertical line AD on 
the plate and then suspend the plate 
Fig. G2 from some other point, let us say 
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corner B, and following the same piocedure we delineate the 
vertical line BE on the plate Siine the centre ot gravity must 
he on both BE and AD. we com hide that it JSiusl be at point 
C o| then intersection 

42. The Stability of a Bod} Ilsuiiiy a Point or an Axis 

as Support 

Make this expcnment take some poinUd object, let us say 
a centie-punch, which is tnc il in ichlion lo its longi- 

tudinal axis ind stand it vciiKalls 
on its sliaip end upon a hoii/)ntd 
siiilace MN (Fig bin) In this posi 
tion the weight (i ol ihe punch, ai)])lu(l 
at its centie ol giaxiLv ( , will lx ecjual 
to the leaction at the hoii/onial pi iix 
But we know that il we Ihus stand 
the punch \ Cl tic tdlv, the moment wc 
release oui hold it will hegin 1c) I dl 
This IS expyined In the t u I th it when 
the axis ol the punch U iws its veiticul 
position, a ^moment ol lorcc caused i)> 

Ihe weight G is indue c a whn h tc iids to 
rotate the pumli about its pond of 
support A (Fig () ib) 

J his position oj a body, iii which 
the slightest toue is suilicic nt lo upset 
its e([uihbiium, is known as the slaie 
of unslable equilibrium 

'Ihe (haiadenslu of //us slate of 
unstable equilibrium is that when ihe bodif leaves this position its 
centre of qiaviiij is lowered 

Let us investigate another example I lie lull icpiescnted 
in Fig bl is made ot two matcnals of ddicicnt spccilic gravity, 
the specific gravity ot the m ilc'rial ol segment I\ lx mg the 
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greater. The centre of gravity of the ball will therefore not be 
at its centre 0 but at some other point C lying on the radius 
OD which is perpendicular to the separation plane AB (Fig. G4a). 
In the position shown in Fig. 64a the weight G of the whole 
ball is equalised by the reaction from the point of support applied 
to the ball at point J). 

If we liirn the ball so that it takes (he position shown in 
Fig. 64/;, we will see that its weight G induces a moment equal to 
Ga in respect to I he poini ol support 1)^. which will act in such 
a direction that the centre ol gravity will ])e lowered when we 
remove our hand, therelore the ball will be induced to turn back 




until it reaches ils original position (Fig. 61a)* in whicli it will 
be again in a slate ol e(|uilibriuin. 

A position lo which a body returns alter IJie iorce whicli 
has disturbed its equilibrium has ceased to act, is called fi state 
of stable eqinlihnuin. 

It IS ( haraeterislic of this state of stable equilibrium that its 
centre of qravitij is raised under the influence of the force disturb- 
ing Us equilibrium. 

If this ball be placed in the position shown in Fig. 6dc‘, it 
will be in the position of unstable equilibrium similar' to that 
of the centre“pun(‘h shown in Fig. iylia. 

Finally, ii a body is given support at ils centre of gravity, 
ils weight w^ill lie equalised by the reaction from the support 
no matter whal position it is in. For example, the ring (Fig. 65) 
suspended at the point of intersection of two cords in its middle 
plane will remain in a stale of equilibrium in any placed posi- 


* Actually Uic ball will assume this position only alter rolling back 
and forth several times. 
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tion because its centre of gravity will remain always unchanged. 
In the same way a homogeneous l)all in any position will remain 
in a state of oqiiilibriiim when placed on a horizontal plane. 

^ position in wliich a body remains in equilibrium, no matter 
what its position with respect to a support, is called a slate 
of indifjcrent equilibrium. 

It is charartcrislir of indifferent equilibrium that the centre 
of gravitij remains at llie same beiqUl no matter what the position 
of the body. 

All the al)Ove classes of e(|uilibriuin refer to a laxly suj)porlc(i 
at one point. Now let ns examine a case when a bfxly is siq)p()rle(l 
on a fixed axis around which it can Ireely rolale.' Vssunie that 
the plank /i in b'ig. Obu is fastened to a shaH Ireely supporled 
m bearings'^k If we nio\c the plank so llial its posilion bicoin(‘s 
as shr)wn in Fig. (ib/x its centre of gravity will ha\'e been dis- 
placed higher. If lei I to ilself, under llu‘ action ol the moment 
ol its weight (la, the plank will rolat(‘ back, and alter swinging 
back and forth a fe\v lim(\s will take up its original ])osition (b^ig. 
bbn) which is Ihererore a sl(d}le posilion. If we ari*ange the i)lank 
in the i)05gtion shown in l"ig. tibr, a slight force* is all that wall 
l)e n(*eded to start it |•olaling and jIs centre ot gravity wall droj) 
until finally the plank lak(‘S a stable |X)silion. riu'relore its 
original j)osili()n A^as one ol instability (b1g. bbr ). 

binally, if the plank wa'n* h(‘ld on I hi* slnafl in such a w'ay that 
its centre of giavily coincided with the axis of the shaft (Fig. 
bOd), it wonhl always be in a stale of indilTer- 
enl e([nilibnum no matter w'hat its position. 

As wa* shall see later, it is ollen necessary 
for machine parts re\'olving about a lived axis 
to be arranged in a slate of indilferent eejnilib- 
rinm. Idiis pj'ocess is known as balancing. 

Jllii^trali\c rrohleiii UK iq^. (>7 slin\vs a li^liL 
rod snspoiidi'd on a\is 0 and liolding a disc K wiiose 
w'cight ih a 5 kg. This peiididnin is pullt^d lo 
the position shown in the figure and I hen released. 

Find the magnitude of the force acting on it at 
the instant it begins to swing to a posilion ol 
stable equilibrium. "Jdie centre ol the disc is at a dis- 
tance a ^ 200 mm from the vertical, and ()(^ ^ 

- / =- 340 mm. 

Sot at ion: we will neglect the weight of the rod and consider that the 
centre of gravity of the pendulum coincides \Aith Ihe ecu I re of disc C. 
\Ve then resolve the force of the weight G into com [)on<‘n Is C .G, acting 
along the rod, and (JD perjiendicuJar lo il. As is aj)parenL from the 
drawing, component cannot induce the 'peiidulum Lo swing, but 
the second component Cl), wiiich is tangen* to the an* described by the 

^ The bearings are not shown in the drawing. 
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radius OCy will induce ilie displacement of the centre of gravity of the 
disc in the direction of llie position of stable equilibrium. 

Since / CAD == / AC D = / EOC, therefore A CAD A CEO, 
hence CD : CE — C A : OC. Accordingly, the component we are seeking 


P - 


CA CE 
OC 


Ga 

r 


5 X 200 
" 340 " 


2.94 kg. 


If the 9 ngle of inclinalion a had been given instead of distance a, 
we would have loiind magnitude a ^ EC from the right triangle OEC, 
whose leg l'(J - OC sm a. 

3'his ])iol)Itjn <‘an be solved more simply by applying the deduction 
made in Sec 31: the moinent oi toice d with n specl to axis O is equal to 
Ga, and the moment ot component CH is yejo (jIs line of action inter- 
sects axis O, and its aim is /.eio). Whence (nt - P/, fiom which P 
the resuK we have already oblaim d. 


The Stability of a Body on a Horizontal 
Surface 

Fig. 08 represents a body K with its base supported on a 
horizontal snrtaee MN. If we rotate it al)ont edge E, its centre 
of gravjiv will rise and deserilie the are TC,. Jf wr take our 
hand away, the l)odv will rotate in reverse^ about the same edge 
E and reinrn lo its original position ABDE which is accordingly 
a position of slabdilij. In this position the weight of the body is 
ecfualised liy the reaction Iroin the surface. This will be the case 
till we place the hofly in position indicated by the 



Fig. ()8 Fig. (39 


dotted line and in wdiich its centre ol gravity is on (he vertical 
plane passing through edge E, If we take our hand off the body 
while it is in this position it will begin lo rotate either to the 
right or to the left and the centre of gravity will drop until 
it reaches the lowest point possible. Wherefore position A^B^D^E 
is one of unstable equilibrium. 

het us investigate under what conditions a body will main- 
tain a position of stable equilibrium: assume that a parallel- 
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epiped of weight G is standing on its base KLMN on a horizontal 
surface (Fig. 69). Assume we apply a force P to the body with 
the line of action lying in the middle plane ABDE. In respect 
to •edge NM this force will induce the moment Pa, in which 
a = EF and is the arm of the force P. The tendency of this 
moment to tilt over the parallelepij)ed al)()ut the edge NJM is 
counteracted by the moment of force of its weight G which 
has the same edge jNM for its moment c(ailre. ddie arm of (his 
moment b Eli and is loiind by consl riicliiig a perpeiulic ular 
to the line of aedion of tli(‘ forct' of gra\ily Iroin point E, The 
condition that must lie satisfied for the i)arallelepi])ed to main- 
tain its ecpiilibrium is that the algtdiraic sum ol these two 
pjoments with respect lo point E be ecpial to zero: 

Pa Gh 0. 

The moment of force P is the filtiiuj nimnnit, wlnle the moment 
of force G is 11ie slaiulihj moment. 11 Pa (rb. the block will 
rotate round edge Ail/, but il J^a<^(il) it will inaiidain its 
stable j)o.^tion on the snrlace. 

If Pa < Gb, Hum P , from which we sei' llial liie greater 

the moment of slaliililv and the shorter tlie arm of lorce P with 
respect to axis tlie more stable the body will \n\ 

In calculating the slability ol (aanes, dams, retaining walls, 
smokestacks, etc., there must ahvays be a del ini I e leservc of 
stability wldch is expressed by the ratio 


in which il/^; is the momeni of stability, and liie tilling 
moment. This ratio is called tlie cocljicicnt of stabilihj. It is 
apparent from wJiat has been said (hat ilus (‘oidTicient must 
always be greater than 1. 

However, from the aliove il must not be thmight that the 
weight of a liodv always contribnles lo its stability, h'ig. 70a 
represents a body AIB)E which will overturn alioiit the edge 
E under the action of its own weight G which induces a tilting 
moment Ga, Jii order to keep the body in the position showm, 
a force*must^ be applied which wall indu(*e a moment equal in 
magnitude and acting in the opposite direction. II is seen that 
the body will fall over l)ecause the line of action of the force 
of gravity intersects the supporting surfa(“e beyond the base of 
the liody. 

In Fig. 70b the body is similar in height to that of Fig. 70a 
but is stable because the action line of the force of gravity passes 
through the supporting area within the base of the body. Whereas 
the body in Fig. 70c has the same area of support as that in Fig. 
70a but is also stable because its centre of gravity has been lowered. 
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Wherefore, a bodij on a horizontal surface is in a position of 
stable equilibrium if the resultant of all the forces acting on it, 
including Us own weight, inlcrsecls the area of support within 
the configuralion of the base. • 

The greater the area of its base and the lower Us centre of gravitij, 
the more stable the bodij. 




JJliistrativr Prolilom liO. Tfu* Ci of a wall A BDE which is rcctan- 

fjular ill cross scclion 71) is cxpicsscd by vcidoi ( 4 1' and Uio Mn*alcsL 

wind pressure i)\ vcclor A L, both \ colors bcinj^ drawn lo Uie sanu scale. 
(Jieck Ihe stabiJilv ol 1 he wall. 

Soliihon: we displace I la* loicc of wind yircssnrc aloni* its line of aid ion 
to lh<‘ ccnlrc of ma\ilv (! and llun constriicl a paialU'lojp am of loiccs 
(in this case a K'clanj^lc) on Ihi' vcclors of loices T and (A Sinci' llic aclioii 
line of the ifsiillant Jt inlcrsecls the snpporlini> aica Ar^ within llie 
configuralion of the base, the wall will inainlain ils condition of stable 
cqiiilibi-imn. 


Queslioiis for Ile\iew 

1. Will the cenires ol •iravily of two homosyeneoiis bodi(\s, bolh of 
similar shapi' and dimensions bill made of materials possessinj^ differ- 
eiil specilic j^ravilies, be m the same posilion? 

2. Will the centres ol mavily ol two cylinders of similar dimensions, 
one homo^^meoiis and Ihe other made ol horizontal la>ei‘s of materials 
possessinj^ dilferenl specific f^ravities, be in the same position? 

3. A reclan^nlar Irame AJiCI) has two sides AJ) and /iC'tmade of 
one malerial, and Ihe olhei- hvo sides A B and CD of a material of differ- 
ent specilic i^ravily. Will this fnime have the same cenlie ol y;ravity as 
a fiame made entirely of one material? 

4. Will Ihe rinjy in bdiy. ho retain ils condilion of indifferent equilib- 
rium if the poinl ol intersection of Ihe cords by which il is hung does 
not lie in its mid lie plane? 

5. W ill the inelal si rip in Fit;. Ohd be in a condition of indifferent 
equilibrium if II geomeliic axis of the shaft to whieli it is lixed does 
not pass thiough the midpoint of its width? 
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45. Exer(*i^es 


16. Find the centre of fjravity of the area of a trianffle ABC 
witji sides AB 120 mm, B(J 00 mm, and A(] - 150 inm. 

17. The trian^^de in Kx. 16, made in Dio form ol a frame, is of 
liomogeneoiis wire of uniform eross-secdion. Find its centre of 
gravity. 

Ifiiit U) sulufion. Draw vectors at Die centres of gravity of 
the sides, proportionale to their lengths, then lind Die centre 
of Diese jiarallel foices. 

18. I'iru) tlic centre of gravity ol a trapezoidal ])lale ABC.D 
(Fig. 72) whose dimensions a 60 mm, h 20 mm, and c = 

- 10 mnF\ 


A 

Fie. 12 1m I f. 7a 




10. vSolve similai'Iy for I'lg. 7.8, Iml with diiiKMisions a 
- 60 mm, h 20 mm, c 20 mm, d 10 mm. 

20. Solve similarly loi h8g. 71, hut with dimensions n 


-- ()0 mm, h 20 mm, c 

- 20 mm, (I 10 mni. 

21. hdg. 75 shows a disc 
with two bosses ol ecpiat 
size on oil her sides l"ind its 
e*enlre of gravity. 



B 


<1 

1 


<4 

a — 

C) 


Fig. 74 



Fig. 75 


22. The cast-iron disc A in Fig. 76 has a boss whose centre 
of gravity is at a distance a 290 mm from the axis ol the disc. 
Find the weight of the load K fastened to the disc at a distance 
b — 420 mm from the same axis and (>n the same diameter in 


♦ Exercises 18 to 20 are to be solved by the method given in Sec. 40, 
item, 4. 
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order to keep the disc in a state of indifferent equilibrium in 
respect to its axis; the dimensions of the boss d “ 80 mm and 
c 100 mm, and its weight y - 7.25 g/cu cm. 




28. h8g. 77 represents a pillar with a bar fastened to its top, 
forming an angle a *80' wilh the horizontal and subjected 
to the action of ton'c 1^ 200 kg. Tlie pillar is square in cross- 

seelion willi one side a 0.5 m, ils height h 4 m, and c -- 
- 2t)0 mm. Kind I he lilling moment of the pillar \rith respect 
lo edge l\ and also ils eoellieient of stal)ilily if 1 cu m of the 
pillar weighs 2,200 kg. 

Ilinl lo soliihon, Itesolve force P into vertical and horizontal 
componcnls. 


(• ri \ P T P R V 

I UICTIOX 

Uu llarinfiil Frielioiial llesistanee 

We know from (»xperi(*iiee thal I he amount of energy recfuired 
to pull a h^ad across a surface depends on the character of the 
surface: it is much easier [o pull a loaded sledge over packed 
snow than over bare earth, or a carl over an asphalt road than 
over a eol)bled road, etc. Imu* whenever an object moves in re- 
spect to another against vhiidi it is pressed with a certain force, 
it gives rise to a forc’e opposing the motion. This force is called 
I rid ion. • 

Hence Ihc resistance to the mol ion of two bodies in roniact with 
one another is determined bjf friction. 

Let us assume that a workpiece is being machined longi- 
tudinally on a lathe. If there were no friction between the car- 
riage and the bedways, the force transmitted to the carriage 
by the feed mechanism would be expended on the cutting proc- 
ess alone. However, part of this force is exerted in overcoming 
friction, which means that more power must be expended by 
the motor. Accordingly, friction is called detrimental resistance. 
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When a body moves and encounters the resistance of a sur- 
rounding medium like air or liquid, this kind of resistance can 
also be considered detrimental; and the faster the body moves 
the^ greater will be the resistance. There are also other forms 
of detrimental resistance. Wheieupon it is very important to 
know what measures can be taken to counteract resistance, 
and in particularly friction. 

However, it must be noted that altlioiigh friction is accepted 
as detrimental, it is frequently a necessity, as we shall see further. 

M. Sliding and Rolling Frielion 

There are seveial lypes of Iriclion. Let us illustrate. 

‘Imagine a point on the carriage ot a lathe located on the sur- 
face where it is in conlact with Die bedway. As the carriage 
moves, this poini will ( oincide with a 
countless number of points on the 
bed way lying on a siraighi line along 
which the carriage moves, d'his kind 
of movement is called slulinq and 
the friction arising from it on the 
contiguous surfaces r railed si uhiiq 
friclion. 

The movement ol a wheel on a rail (Fig. 78) is an entirely 
different matter. Assume that at a colain moment point A\ 
on the wheel will come in conlact with point K, on the rail. 
After an inlervab two otlier points will (‘ome into conlact, let 
us say L| and L„ llien points i\/j and and so on. If the seg- 
ments of the arcs Aj etc. are e(|iial to corresponding 

segments AoLa, etc., then this kind ot movement is '‘ailed 

rollinq. Characteristic of rolling is that each ])oint on one of 
the contiguous bodies comes into contact witli a detinite point 
on the other bodv, and the resistance that llius arises is known 
as rollinq fnriwn. 

If the arc segments etc., are not e(|ual to segments 

AgAg, etc., we would then have a c()mbination of rolling 

and vSliding and the friction produced will also be of both kinds. 

Sliding friction is sometimes called iriction of the first type, 
while rolling friction is known as friction of the second type. 

We thus see that sliding and rolling are two entirely different 
kinds of movement, for which reason in each case the resistance 
is likewise different. 
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Oral Exercises 

1. Name the kind of friction produced in each of the following 
instances: 

a) a shaft revolving in the bushings of a bearing; 

b) the spindle of a lathe revolving in roller or ball bearings; 
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c) the rotation of a workpiece n^ninst the dead centre of a lathe. 

2. Whal kind of frirlion is developed between the wheels and the 
f'round when the wheels turn wilhouL niovinf^ a ear? 

48. Basic Laws of Slidnuj Friclioii, 
and file Cocfileieiit nf Slidiiuj Friefiou 

0 

Friclioii is a (*oni])lo\ i)liysi(*al ])lienoin(‘iion and the amount 
of i( produced in each case (h^pends on a nuinljer of factors. 
Lot us examine several of the factors which apf)ly I o slidin/^ friction. 

Make tlie followin.ij simple e\])erimi‘nt. IMace a known weight 
on a small S(|uare plate lying on a horizontal surJace (h"ig. 79). 
Attach a spring dynamomelcu' to the plate by a cord and put 
the whole in motion by pulling the dynamometer. 11 will reejuire 



a definite force to make the plate move al an ev('u speed; the 
dynamometer will indi(‘ate this fori'e whicdi will be t‘([uaJ and 
opposite lo the l()rc(' of resistance lo I lu' motion, that is, to the 
force of sliding Inclion. It will also Ix' s(hmi that al the instant 
just before the plate begins to mo\(‘, the dynainoiiuder will 
indicate a givater fon'c than wtum the |)la(e sitbsixpienl ly b(‘- 
gins to move smoothly, b'riction is caused by the pressari‘ of 
the plate on the supporting surface, i. e., i)y th(‘ weight of the 
load and the plate acting ])erpendiculai*Iy lo the supporting sur- 
face and called normal prcssnrr. 

The following laws of sliding friction have been established 
experimentally: 

1. Total fricLion is proportional to normal pressure. Jvxperirnents 
show that the force of fiiction F increases or decreases in exactly 
the same proportion as the sum weight Q of the plate and the 
load. This means that the force of Irictioii (‘omjuises a certain 
part of uoriiial pressure and can be expressed by the .equation 

-Q- A or F IQ. (tl) 

The factor / represents the eoejlietenl of sliding jrietion, or 
the coellicienl oj Iriefion of the first type. Whereupon it may be 
said that the force of sliding friction is e(pial to normal pressure 
multiplied by the coefficient of sliding friction. 

Since forces Q and F are expressed in the same units, the coef- 
ficient of sliding friction is an abstract quantity. 
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2. Let us repeat (lie cxperiineiil but with a laifjer plate. If 
we choose the load so that the wei.i^dit of the plate and Ihe load 
is the same as before, we shall see no chanife in the force neces- 
sary^ to move the plate, 'fhis means that the force of friction is 
the same as in the first experiment. 

Wherefore, Ihc jorvc of friclion docs jiol depend on Ihe urea of 
conlacL 

Lliis can l)e exi)resscd dillerenlly. If we represent the area 
of coiita(‘t in the iirsl exi)criincii[ by -.S’l cm-, and in the second 
experiment by cm-, then the force r/ actiii.L( on 1 cni^ and 
(*alled specific pressun% can be expressed in the lirst case by 

qi and in tlie sci'ond case 1)V q* ^ • 

Wherefore, Ihc force of slidinq friction docs nol depend on spe~ 
cific pressure. 

3. (lonliniiinif onr experiments willi lhe])lale, we lind that the 
amount of friction will chan^a‘ if either Ihe j)late or Ihe liori- 
zontaJ supportini* snrf.ace are of dilferenl mal(‘rials. h'or exam])Ie, 
if we ns(‘ a planed sn])|)orl ini^ siirlace in one (‘ase and a j)olislied 
SLirfacT in Uie second, it is obvious that in lh(‘ laibu* case there 
will be l(\ss Irichon. h'nri herinore, there will he less friction 
between lnl)iical(‘d surfaces than h(‘l\\(‘(m dry on(\s. 

Wherefore*, if noruud pressure is unrhdnqcd. iolul friclion 
will depend on (he mulcnal of Ihe conholinq bodies, Ihc finish 
of Ihdr srrfiKcs, and Ihe nature and arnounf of luhricalion. 

1. h'inally, fatal fiution docs ni/l depend on slidinq ocloeilip 
alfhouqli the force ncccssarq at the start of slidinq is qrcatcr than 
when rnoincntiun (retained motion) has been achieved, as has 
already heeii staled at tin* bc^>innin^. b'or whi(‘h reason a dif- 
fenmtiation is made* l)e*tween static and Innctic Irichon. 

Approximate e*oe‘llicie'nl valuers of shdintf Irie'lion for elitJeient 
materials unele*r vai’ie)us (‘onelitions are oiycoi in Snpple*ment 1. 

Orifl /ixernscs 

1. Knowini? niilynoniKil pressure, is it pe)ssil)lr lo r'-Uihlisli Itie amount 
of friclion that can be (Jeveloj)ed? 

2. What must be known in order to lind llie aniounl ol friclion Itiat 
can be developed? 

Illustrative Problem 21. What force will be necessary lo slide a wooden 
box weit^hinj:’ 1,200 over horizontal pine boards if tin* coefficient of 
friction f — 0.30? 

Solution: rising Tuf. (II) we obtain 

F - 0.3 X 1,200 - 300 

The force required can be no smaller than this, bul it will take a 
somewhat j^reater effort to start the box movin^^ 

Illustrative Problem 22. To a solid cast-iron block is applied a force 
P = 2 kg along the same line of movement wdiich causes it to slide at 
a constant speed on horizontal guides; weight of block (} -= 20 kg. 
What is the coefficient of friction? 
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Solution: using Eq. (14) we obtain 
^ “ Q G ~~ 20 


= O.l. 


Illustrative Problem 23. A cast-iron block with a weight G = h kg 
is moving at constant speed along a horizontal cast-iron surface under 
the action of force P =- 23 kg (Fig. 80). Find the coefficient of friction 
if the force P forms an angle a — 14® with the vertical axis. 

Solution: Ihe force of friclion is the result of the action of normal 
pressure and which is the sum of the weight of the block G and the verti- 
cal component of force P. First we must find this component. F’rom 
A ABC we obtain Q — 7^ cos a. 

Hence the full normal pressure (1 + G = P cos a -f G. It 

follows that the force of friction F ^ QJ = (P cos a -f G)f. When 
speed is cons1ant» the motive loice T P sin a and is equal to the force 
of friction, i. c., • 


{P cos a -1 G) f — P sin a, 


from which 

P sin a 

~ ' P (‘OS a 1 G 


23 sin 14° 

23 cos 14° f 12 


23 < 0 242 


23 / 0.07 H- 12 


- O.K). 


A 




Tlliislrafive Problem 24. F'ig. 81 represents a block K sliding at con- 
stant speed down an inclined plane AJU) under its own weight G. Find 
the coefficient of friclion when u -= 400 mm and h = 100 mm. 

Solution: reserve the force G into two components: Q perpendicular 
to the inclined surface AD, and P parallel to AD. The force of friction 
F — - fQ and is equalised by the component P. We must determine this 
component. 

b'rom the similarity of triangles EIIC and ABD we evolve 

, from which P = Q — • 
ha ^ a 

Since this component is equal to the force of friction, we obtain 

from which the coeflicient of friction / = — == i?? = 0.25. 

' a 400 
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49, Dry and Fluid Friction 

The force of friction depends on the condition of contacting 
surfaces. If the surfaces are dry they will come into direct con- 
tact with each other as shown in Fig. 82; no matter how smooth 
the surfaces seem to be, they will always retain irregularities 
whose magnitude will depend upon polishing precision. Under 
the action of force Q these iriegularities will undergo delorma- 
tion, the protrusions ol one surlacc scfiieczing into the hollows 
of the other. This interlocking of contact surlaces will give 
rise to cohesion and resist the relative motion ol both surfaces. 
Such resistance is called drij fnciion. 





FW, 82 ri^. HU 

Now let us assume there is a htyer ol lubiicant between the 
contiguous suilaces as sliown m b"ig. tSIl If the layer a is thick 
enough, it will completely separali' the snitaces AH and CD 
and their irregularities will not come into contact with one an- 
other; instead ol resistan(‘e between snilace ii legnlarities, there 
will be interaction between the particles of tlie lubricant. This 
kind ol friction is called fluid friction. II is easv lo iindei stand 
that in this case there will be less lesistancc^ to r(^J<ili\e movimient 
than in the case of dry friction. 11 is also obvious that there will 
be less heat produced and less wear ol c'ontac ing ma(‘hine parts. 
That is why lubricating directions lor macliiries must be strictly 
observed. 

As shown by experiment, the thickness ol the lubricating layer 
ranges Iroin 6.005 mm lo 0.05 mm. 

l^lienomena connected with fluid friction between machine 
parts were first thoroughly investigated towards the end of 
the past century by the outstanding Russian scientist N. Petrov, 
the author of the Hydrodynamic Theory ol Friction now used 
in calculations concerning lubrication ol major contacting parts 
of machinery. 

Such calculations for determining the iorce of friction must 
take into account the mutual speed of contacting surfaces, nor- 
mal specific pressure, and the thickness ol the luliricant as w^ell 
as its viscosity (which latter characterises the adhesion between 
particles). 
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Fricfion is sometimes intermediate between the dry and 
fluid kind; this occurs when the luliricatin^ layer does not com- 
plelely cover the irre^nilarilies of conti^fuous surfaces, in which 
case it is callerl either senu-dri] or spnii-jluid friction, depending 
on which il more closely a])proximales. 

# 

50. Coeflfinoul of Kolliiig Fri(*lioii 

There is one leal lire that flislinifiiislies rolliiiii^ from sliding: 
siiuT 1 heoreiieally a eylindei* comes into conlacl with n ilat 
surface along a slraighl line, and a hall and a Hat surlacc touch 
a I one point, great pressure developes a I Ihese places on both 

bodies and deforms them 
there, d’he schematic diagram 
in Fig. 81 shows how a cylin- 
dir is ilallened along arc* ab 
as il rolls over a straighl 
siirlace. pressing inlo IIk' 
suppoiling j)lane and de- 
\ eloping a ridi^e in ironi 
whi(‘h resisls the rolling of 
the cylinder. There are also 
oilier lacdors I hat (‘ause 
resislance lo rolling, one of 
which involves irregii lari lies 
on both coni acting surfaces 
(the larger Ihe irregularities, 
the greater Ihe rcvsislance). 

Now Jel us see how lo delermine the amoiinl (T ivsislance 
developed to rolling, d he roller re|)resenled in J^dg. 8d is under 
the action ol load Q (whicli inclinles its own weight), and also 
of force 1* acting horizonlally at a height li abo\e tli(' su])[)ortiug 
surface. J]y transicrriiig bolh Ihese lorces to point A the point 
where their lines ol action inlersect \\e construed our jiaral- 
lelogram of forces and obtain the resultant U reiiresented by 
vector A7T If the roller is to lie in eepiihbrium, some other force 
must be applied lo eepialise the resultant K. Such a force is the 
reaction i\ of the supporting surface acting normally to the con- 
tiguous surfaces (that is, perpendicular to their tangent) at point E. 
For forces 11 and X to be in eejuilibrium they must be eejiia] in 
magnitude and opposite in direction. Hence forces R and IV 
are equal in magnitude. 

We resolve iorce N into two (*omporients FF and E(t, acting 
horizontally and vertically, respectively. It is evident lhal tri- 
angles EIIG and ACD are congruent. Therelore EE is equal in 
magnitude to force P, and E(t lo force Q. Wc thus obtain two 
couples, P and EE, and Q and EG, These couples must be in 
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equilibrium, and Hieir moments must be equal and have opposite 
signs. The moment of the first couple is Ph and is positive. The 
moment of Ihe second couple is Qk (wliore k represents tlie distance 
between the poini of application of reaction ;V and the vertical 
plane passing through tlie axis of the roller) and is negative. 
Since tlie eejuation of these moments is P/? -- Qk, we find the mag- 
nitude of force P needed to ovenanne the resistance to the motion 
of the roller as follows: 

y- (15) 

The magnilufle of arm k of the couple will depend, above all, 
on the hardness ol Ihe materials of which the two (‘outiguous 
i)oTlies arc made and also on the <‘ondilion of their surfaces. 
Accordingly, (he !tiagni(ude of k is taken as the (orUiciciil of 
rollinfl fnrhon. As distinguished Irom the co^d'licient of sliding 
friction, if is a (Icnonunaic (iiutnlilij cxpn^ssrd in linrar iiniis 
(cm, mm). II got\s willmul saying lhal k and h must J)olli })e 
given in the sam(‘ iiiiils. 

If force l^is ajiplied al the level ol (‘enlr(‘ (), llnm in Va[. (15) 
h will be ecjiial lo tlu‘ ladius II of llu‘ roller and 

Po - A . (IG) 

Hill ir I'orco I* is ap|)li('(l af point M al Ihe liei^lil li, wliicli lat- 
ter is e([iial to rliameler /), llieii 

Pu A-g. (17) 

From whal has ])e(ui said it is evident that tin' harder the con- 
tiguous ])odies and the more polished their surfaces, the smaller 
will J)C the coellicieni of rolling friclion. 

Coefficients ol rolling frirlion for a f(‘w juahaials aiT given in 
Supplement J[. 

In order lo find the foret* necessary to move a wlnadod vehicle, 
it is necessary to lake into aciount t]u‘ sliding friclion devel- 
oped between the wheels and their axles in adciition to the roll- 
ing friction develo])ed between the wheels and the road (or 
rails). In solving proldems of this kind a lormula is used exju'essing 
the relationship between the tractive effoi t P and normal pressure 
N acting on the axle, which also makes allowam^e for both roll- 
ing and sliding frictions: 

( 18 ) 

The coefficient / is called the general cocljieienl of friclion. 

Oral Exercises 

1. What is the chief difference between the coefficient of sliding fric- 
tion and the coefficient of rolling friction? 
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2. Is it more advanta^'cous in rolling to apply the motive force P 
nearer to the supporting surface or farther from it? 


Illustrative Problem 25. A wooden drum together with its contents 
weighs 1.2 tons. What force P must be applied to it at the height of its 
axis to keep it rolling at a constant speed over a liorizontal wooden ‘floor 
if the diameter of the drum i) = 1.5 m. 


Solution: by expressing the weight of the drum in kilogrammes and 
its radius in cenlinielres and applying a coefficient of friction of 


0.08 cm, we find IJial P -- 0.08 x = (.3 kg. 

If the same load in a woodem box is pulled over a wooden floor and 
the coefficient of sliding friction lor wood upon wood / ?=« 0.5, then the 
force needed would l)e 


P 1,200 X 0.5 = 000 kg. 


Illustrative Problem 2(1. It is well known that the dimensions of boc>ies 
alter with changes in temperature. I'his factor must be taken into account, 
among other things, in planning sleel bridges. 
Since a bridge inusJ have two supports (or 
“chairs”), one ol I hem must be made mo\able. 
Fig. 85 represents schematically such a movable 
chair: between llie lower immovable shoe A and 
the upper shoe /f, attached to the^ bridge gird- 
er, cylindrical rollers are inserted.^ 

Assuming the force Q transmitted by the 
bridge to the support to be 200 tons and the 
diameter of the rollers d to be 150 mm, and that 
all elements of the support are made of steel, 
find the force of resistance P developed by the 
support when the l)ridge lengthens in the suinincr 
and contracts in winter. 

Solution: in the given case the rollers aie moving along two surtaces 
ah and cd- Since both shoes are of the same inalerial, the coefficient of 
friction is the same for both, and the sought force of resistance P is 
equal to -f F.,, with representing rolling friction on surface ah, 
and F, that on surface cd. Using Kq. (17) we obtain 






Q + 3G .2(; + 3fi' 

A T — A , > 

d d 


where G represents the weight of one roller. 

The weight of the rollers are neglected since they are insignificant as 
compared with force U; by taking k — 0.005 cm, we obtain 


P k 


2Q 

d 


0.005 X 


2j<_20(k0J^ 

15 


= leo 


hg 


acting along the length of the bridge. 


51. Function of Friction in Nature 
and in Engineering 

As we have already said, resistance caused by friction is con- 
sidered undesirable only in a comparative sense. For without fric- 
tion it would be impossible to walk even on a level surface or 
for locomotives to move on rails. Nor would any object stay 
put on an inclined surface nor nails hold boards together, etc. 
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In engineering, friction plays a double function. On the one 
hand it is detrimental because it creates added resistance to 
the motion of machine parts; to overcome this resistance it 
is ngcessary 1o expend additional energy which could otherwise 
be used for the work of the machine. On the other linnd Iriction 
plays a positive role, lor without Iriction, nuts and bolts would 
be useless, belts \v()uld not tiansmit rotational motion, etc*. 

Therefore, we must reduce tindion between moving machine 
parts to a imiiiumm and increase Inction to a inaxiimim in other- 
parts where it is desiiablt^ 

52. Questions for lte\ieu 

Is Blocks B and C an J\ing on llic lioii/onla] sin Luc A 8(9- 

The lorcc of fiiction IxTwccn B and A is npicscnliul hv F,, and between 
B and C by F . \ lone I* is acting on block 
C. Stab how the two blocks will inoxc* m llu 
lollowing time cases* 

a) when foue V is k^ss than F bill inon' 
than F,; 

h) when foice V is li ss lh«m F, bill inoie 
I ban F ; • 

c) when loi((‘ V is Jess lhan iilhei F^ oi I" . 

2. In Tig. 84, will loi<( V slide I he loli i 
iiKstead ol jolhiig it? \\ hal would h' »Kcessai\ 
to slide the lollei? 

5*]. Vj\ reises 

24. To maintain the (onslani speed ol 
horizontal snriace, it leijuires a lo kg loice applied in the di- 
rection ol lh(^ moving load. What is the c-oc Hicienl ol ti‘ietion? 

25. If there were no rolleis lictween shoes 1 and li in fllus'ra- 
tive Problem 20 (Fig. 85), liow much great ei' would loi(‘c P lie, 
considering that the eoeJlicienl ol diy liKdion ol steel upon steel 
/ --- 0.15? 



4 

bi‘j. St) 


a 120 kg load o\(‘r a 



26. A force P is applied to a block of weight (i -- 20 kg In one 
case force P acts upwards at an angle a - 55^ to the horizontal 
(Fig. 87), and in the other downwards (Fig. 88). What must 
be the value ot P in both cases to keep the block moving at a 
constant speed if the coefficient of iriction / - 0.25? 

27. A steel sliding block of weight G — 10 kg is rising at a 
constant speed between cast-iron guides (Fig. 89) under the 


6 - 5018 - 
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action of force P which forms an angle a — 30^ with the 
vertical axis. Find the magnitude ot force P if the 
^ guides are lubricated (/ — 0.08). 

28. What would be the solution to Exercise 27 
if the steel block were sliding downward at a 
constant speed? 

29. A load on a steel plate is *being moved 
over a wooden surface with tlie aid of steel rollers 
wliose diameter 100 mni (h^ig. 90). Find the force 
P re([uired il the (‘ombined weigh! G of tlie load 

i and the steel plate ecfuals .300 kg, tlie coeflicient 

Fig. 80 ot fiiclion between the plate and tlie rollers 

h 0.00.^ cm and the coeltiident ol friction be- 
tween the rollers and the wooden suriace 0.23 cm ft he weight 
of the rollers is to lie neglected). 

.30. Wliat must he the angle a of the inclined plane in 





h’lg 00 FiJ. 01 

Fig. 91 so that the cylinder, whose radius is U, will roll down 
at a constant speed under the a^dion of its own wtught it the 
cocffu'ient ol rolling friction equals A? 
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KINEMATICS 


' II \ l> l' I H \ I 

Till-: TICVJKCTOIIV OF A FAUTICLF 

i)isi’la(;e\ik\t v\i) ti.mi: 

Fiiii(hiiueiU2)ls of Kiiirinafirs 

Assninc il ucH'rvSsnrv I o S(‘l a laUic lor 1 lu' loiio'il udiiial inarhiiiiu^ 
of a sliall. Tins inusl ])0 doru' so llial corriMd mlfmo speed and 
feed are assured willi a oi\eu (liirdviiess ol Ihe einp. i.e., so lliaf 
the iminlau- of re\ (did ions are h aiisinil h^d lo ilie shafl 

and Ihe euUei ad\auees (lie reipiirod dislaiK'e duriiiij e‘aeli 
revolution. This opeialhiu is aeromplislu'd bv selliuL; llie de\iees 
that aeluale th(‘ spin lie and lie* cairiaoe (holh driven by 
the motor). 

In eloin^j[ all this no ealenlations aie made (‘oneruann^/ the forces 
acting on Ihe various parls of Ihe la Una Fn other words, the 
problem is solved through kinrinatics, lhal Ijrarndi of imadianies 
wh’u'h treals ol motion independeul of the lon'es eausino it. 
For kimMnati(*s (hads with s|)aee arni lime as insejiarable from 
mo I ion. 

In order to delermine the ])osition ol a body in spare it must 
first be known how lo delermiiu' Ihe posilion ol any one ol 
its points at a ^iven momeni ol linn*. IduM-eton in orthu' lo 
study the rnolioii ol a body as a whole, it is lirsi necessary Lo 
establish Ihe kinematic relalionshi[) behveen Ihe ehmienls of 
movement of one of its particles. For Ihis purpose kinematics is 
subdivided into Idnemailrs of a particlv and kiueumlics of a hodij. 
\Vc shall see, however, that il is sulticient in many cases to 
know only the motion of one particle in order to solve problems 
concerning the motion of a body as a whole. 

55. Trajectories and Their Influence 
on Principal Types of Slolion 

A moving point occupies different positions in space at differ- 
ent moments of lime. A continuous path described by a point 
in motion is called the trajeclonj of the point. The form of trajec- 
tory is one of the factors serving to classify its motion. 
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If the trajectory is a palli confined lo a plane, it is (‘lassified 
as coplanar, d'he palh described i)y a poinl on the rim of a wheel 
rolling alorijLf a slrai.i(lil tra(*lv, or by a point on the cutter of 
a lathe, are each exaini)les ol a coplanar Irajectory. If the {jath 
does Jiot fall into one plane, il is called spatial. An example 
of sucli a palh is a point on a nut being screwed -onto a bolt, 
or of a point on (he culling edge of a drill. If llie path is a straight 
line il is called rcctiiirwar as distinguished from curvilinear 
(when il rles(‘iil)es a curve), (airvilinear mot ion may be of dilferent 
kinds accordiiig to the shape of the cui\’e described by the 
parti(‘]e: il is (dreadar if the path is a (drclc or a segment of a 
cii-cle; or it may be elliplical, helical, etf‘. 


Oral l^xrrrisc.s • 

1. Xaino I ho Kind ol motion lor a poinl on eaeli of Ihe following 
i loins : 

a) Iho ri'volving si)iiKliv‘ ol .a laliio; 

h) lli(‘ enlior ol a lallK* duiin^ longiludinal lood ; 

c) llio eullor ol a lalho whon w irkin*-* wilh a L<’m])lato; 

d) a drill clamiiod lo Hk' tailsIooK ol a lalho \\hilo li is drilling. 

2. (ii\o o\am])i(»s ol (‘lh(‘r Kinds ol molion. « 


lllijsirnlhr IVohloni 27. Assimio Ihal a slraiglil liiu' On, tangential 
lo a <’iirli‘, lolls on Uio (‘ii omnfori'iico of Iho cirolo witlioiil sliding. lUot 
tho oiirvo Iraood h\ ])onil () on lh(‘ lino (IMjj. 02). 

SolnlKni: assnmo liislly thal jioinl O is in oonlaol wilU Iho circle; 
after an inhu'val of limo sonn* ollior point n on Iho lino will come in 

oonlaol wilh jioinl / on I In' <‘ircJo, llion 
])oinls /» nid ? wiJI coinoidc, olc. Fnnn 
I his il lollows lhal (In' so‘’nionl of llio line 
0(1 is (‘<picd lo aic O/, Iho lino soginonl nb 
is o([iial lo aro /,?, and so cm. 




Wc lluMi plol aifs ()/, /;^ 2.1, t'tc., on the circli'. Sinn- a tangent is 
perpondiciilar to llio radius of a circh* at iho point of coiilaci, wc delin- 
eate i)or])ondicidars lo Iho radii a I points I, t'b etc., and then plot 
Im,, , 3/77., olc., equal lo arcs O/, 0/4 01 + 12 -h etc., thus 

obtaining poinls ni , /n,, olc., lying on the palh of poinl O. 11 will 
bo found more convenionl lo divide the circmnforeiice inlo several equal 
segments and then lay oiil iho required number of segnicnl lengths on 

the resi)ective tangents. , xi. 

Since only Ihe chord of an arc can be measured with a compass, the 
greater tin* number of segments into which we divide the circumference 
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the more precise will be the curve we conslrucl. The curve thus obtained 
is called the involute of a circle, or a developed curve. 

Accordingly, if a strai;^ht line can roJJ without slipping round the 
edge of a disc in the way we have already described, its |)oinls will describe 
trajectories in the form of involutes of a circle. 

An involute of a circle can I)e cozislriicled in another way: take a 
flat disc O (Fig. IKl) arid fasten lo it one end of a thin string, lo the other 
end of which a sharp pencil is lasteiied. I'hen wind the siring round the 
disc and place it on a slieet ol papei Avilli the pencil al point A. Holding 
the disc firmly in place on the paper. I)egin !(► diaw a line witli the pencil 
while unwinding the strinL^ ke(‘ping it laul all the lime. 1'he curve obtained 
will be an involutt*. In the ])osi'iion shown in l"ig. 1)3 the pi iicil has drawn 
the segment AK of tin* imoiiilc*, tin' length M f< of I lie string being equal 
to the length of the arc M A. 

involute curves are wideh used in m.uhiiu' engmei'ring, parti(‘U- 
larly in designing gear whc'cls. where* the piDliU^s ol tin* ti‘elh are in most 
cases obtained thi’ough sueh (‘iiive^s. 

56. DeferniiniiKj the DKtaiiee Tra\ersed hv a Point 
Aeeordinc) to Its Po'^itions on the Trajeetory 

A Irajectory alone is no! sufluaciit to (‘oin])lclcly dciiiie the 
position of<^ particl(\ \Vc niiisl also know ils (lis[)lac'MU(‘iil during 
a given interval oi lime and also ils dina^tion; Hint is, we are 
interested in ils cnrrenl loca- 
tion on, the lraje(*loi v. 

Assume (he eiirve .\/f(hd‘>. 

94) to be the palli described 
by particle il/. \Ve shall cahai 
late the displaceimml of the 
particle at diffenml inomenls slartmg Iroin any l“i\(‘d reference 
point 0, called the oiiqin. 

Lei ns assume lhal al moment /„ llie moving ])ai‘li(*le was 
at point Mq, a distaiu’c of Uo I’rom tin* orioin (), and at nuanent 
<1 was displaced from right to left and is at point My a distance 
of from the origin but in the o[)])osile dii(‘clion. ImiiI hermore, 
let us assume that the particle agmiii (dianges ils direction and 
moves from left to rigdit and al moment / . is at i)oinl (). It lollows 
that during the entire lim(' interval llu* pailicle M lra\ersed 
a distance equal to (he sum of the arcs 

(1q f (i^ 1 2r/^. 

Since a particle may occupy positions of (*f|nal distance on 
either side of the origin, ils dis])lacemenls must be identified 
by algebraic signs; if a displacement lo I In* right of the origin 
0 is considered positive, then one to the lelt will be negative. 

Illustrative Problem 28. Point M is mo\ing iiloug a rccLiliiuar path 
at such a speed that its displaconu'ut s from the origin at all moments 
of time satisfies the equation .s = 2o It 1/", in which .s is the dis- 

tance from the origin expressed in centimetres and t is the time in seconds. 
Find the positions of the point on ils path at moments of time to ^ ^ 
h ^ 1 sec, /2 ~ 2 sec, /, " 3 sec, /j = 4 sec, and /s = 5 sec (Fig. 95). 


Hi 0 % Ho 
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Soluiion: assume point 0 to be the origin. To find the initial displace- 
ment from the origin when = zero, we suhsUtute zero for t in the 
equation, ajid find I hat .s,, — 25 ein from point O. I'his means that at 
fhe first moment, A/ wns at posiLioji A/p or 25 cm to the right of origin 
O. Substiluling t, 2, 5, 4 anci 5 see for t in the equation, we obtairf the 
resi)e(‘tive (Jisplacenien Is 2<S cm, .s - 23 cm, ,Sj— 10 cm, Sj= --11cm, 
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Ml, 0 
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• 

and .Sr, to cm. Then h( us ])Jot pnsilions U,, M , U j, 57, and 

oJ the moving pjaril al lliose momenls. Positive displacements are 
laid out to llie right of tJie ojigm and m‘gativ(‘ ones to the leJt. 'Pile dis- 
tance travel sed by lli(‘ point in li\e se(‘onds heconus in tins case A/qA/, -1 
t M yAU - '>1 hi I s, f 28 25 -f 28 H 40 - 71 cm. In Fig. 

05 displacements aie laid out .it a scale ol 1 : 10. 

57. IMoKiiiji a Trajeclory Accorclinji (o ()ii\cH 
(]oordiiia(cs 

It has just been deiiionsl rated that in order to find the posi- 
tion of a moving particle at any moment it is ne(‘essary to lay 

olf its displae(‘inent on the Irajcadorv Irom llie origin. 

'The ne^t (jiieslion is, what inlormalion is inaaled to plot the 
trajeidory itsell? 

Assume line AB (Fig, Oti) to rejiresinl a (‘oplanar trajeelory. 
Delineate a\(‘s Or and Oij ])(‘rpendicular to eaeh other. At ti 
certain moment of tinu* /„ the moving part tele will be at tlie 
initial ])osition A, I lien at moment it wdll lie at position Mj, 
at moment /o at position M^, etc*. Now from /I, A/^, Mo, etc., 
])loL the perpendiculars A/p/j, M^Oo, etc., to axis (h\ and 

perpendienlars MJ)o, etc., to axis Oy. It will he found 

that the lengtlis ol these perpendienlars determine the position 
of the moving jioinl al a definite moment. 

Therefore by using two axes perpendimtar to eaeh other, 
we are able to plot the Irajeclorv if we know the length of the 
perpendienlars. bhieh seginenl ol these perpendienlars, giving 
the distance of tlie particle Irom the axes Ox and Oy, is called 
a coordinate, and the axes themselves aie coordinate axes, Eaeh 
segment Oa^^, Oa^, Oa,,, elc., which iiuliimtes the distance of the 
particle from the axis Oy, is called an abscissa, while tlie axis 
Ox is known as the axis of the abscissae. 

Linear segments Ob^, Ohi, Obo, etc., indicating the distance 
of the particle from axis Ox are called ordinates, and axis Oy 
is called the axis o[ the ordinates. In short, by delineating the 
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abscissa and tlie ordinate of the inovinf{ particle for a j^iven 
moment and constructing perpendiculars, we find the position 
of the particle at that moment at the intersection of the pcrpen- 
diciflars. Then by drawing a smooth line through the points 
thus acquired, we obtain the path of the mo\ing partiele at the 
chosen scale. 

lllustruiive Problem 2J>. A paitirle is inoMni; aloim a liajectorv detcr- 
niiiicd by coordinalt's fioni IJio (ujualions 

jc ^ 2i- and ij -= , 3/, 

in whicli Iht* coordinates x and // arc ^ivcn in ccnliniclics, and the time 
( in seconds. IdoL the trajectory for (he tiisl li\e siconds. 




Soluhon: iirsl we delint'ate tln‘ cooidinale axes Ox and O 7 97) 

and itum cahnlale (he coordinates loi llu* iniliat moment / - I) and lor 
the moments at (he end of Ihe Jiist, second, tliiid, (dc., seconds. Siili- 
stilulm^ 0 toi / in tlie e({uations ^;i\en, \\c liml that x 0 and ij — 5 cm. 
llsin^^ a scale ol 1 : 10, we delineate Irom point O the se'^ment OMq “ 

5 mm on axis Oij. Then substituting one second for / in the ( (piations, 
we obtain x, 2 cm and //, 8 cm. Accoidmf>ly, b> usin^ I tie scale 

chosen, w<' lay out abscissa Oti, 2 mm, and on th(‘ ptupendieular delin- 
eated to (7, WT' lay out the ordinate - «S min. As a result wi‘ obtain 

the second point on tlie lia|tclorv. ih'peatin^ this piociss lor all 
live seconds wt obtain six points on the lraJe(‘(oi>. Hy joinings' all these 
points bv a smoolh cuive, we obi am the som^lit trajectory*. 

It must be noted that whtm the trajectory is known, the ])osition of 
a particle at any inomeiiL duiin^lhe interval / ^ 0 to / =;:= .5 st‘c eau be 
found. Thus, if we want to deteimine the position ol a paiticle at / — 

4.5 sec, \\v can calculate llie abscissa x-~ 2 ^ 4.52 40 5 ji 

toscale(Ou4 5 -= 40.5 mm), and then delineate the perpendicular at point 
U4,. Ilenco, point 5 is the required position of the moving' particle. 

58, Tho Displaeeinont-Tiinr (Jrapli 

It is frequently convenient to represent the displaecment of 
a movin^f partiele from its orit{in in relationslii]) to lime by means 
of a rectangular system of coordinates, 

* If the points in any part of the trajectory are found to be loo far 
apart to draw a smooth curve, it will been necessary to take some inter- 
mediate value, such as / == 2.5 or 3.5 seconds, etc. 
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Assume tlmt the path of particle M is represented by curve 
A/? at a dciiinte scale 98a). Points M^, M^, M^, etc., will 

denote the positions of particle M at moments 1^, t.,, etc. 
The initial position is and the origin is point 0. *■ 

By employing a rectangular system of coordinates Ot and 
Os at a suitable scale (Fig. 986), the axis of the- abscissae Ot 




will represent the time ol displacement, while the axis of the 
ordinates Os \\ill represent tlie distance ol displacement of par- 
ticle A1 troiii the oiigin O. Aifer laying out the intervals ol time 
denoted by /,, etc., we chart perpendiculars to tiiem, repre- 
sijnting the displacenient ot the nioxing particle from the origin 
h fct |he coriJLsporiding moment ol time. Displacements to the 
right ot point 0^^’ig. 98a) .will be regarded as positive, and those 
to the lelt as negative. Positive values are plotted above axis 
Ot (Fig. 986) and negative ones below. By joining the points 
found in this \xay (/»„, m^, m^. etc.) by a smooth line, we obtain 
a curve which instantly shows the displacement of the moving 
particle from origin () (Fig. 98a) at any moment of time from 
t -- /o - 0, to / /,. 
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The curve acquired in this way is called a displocemeni curve 
(Fi^. 1)86) and shows ffraphically the displacement of the moving 
particle from a fixed point of reference. It illustrates that at the 
initial moment when / 0, displacement is represented by the 

ordinate 0/77„ and, according to the chosen scale, is ecjual to arc 
OMo in Fig. 98/7; displacement then increases at moment 
/g where it is equal to llie ordiiiale d'hen it diminishes to 

zero at moment (in Fig. 08(/ point coincides witli 0, that is, 
particle M passes tlirouLih point () as it moves from right to 
left), and suljse([uently llie particle, (‘onliniiing to move in the 
same direction, passes into the area ol negative displacement 
and at moment l-j reaches its greatest distance l^rn^ from the 
origin, equal to tlie length ot arc OM^ as showm in V\u. 98a. 
Af this moment the point (dianges its /lire/dion and approaches 
the origin and at mouKuit aligns with jjriint (). 

Thus we see that ordinates corresponding to positive dispUu'e- 
ments lie aliove the axis ol llie ahsiassae, wliile ordinates corre- 
sponding to ni'gative dis[)l‘icemenls are helows 

The distance ol the particle Jrom tin* origin can he determined 
for any in}#^!! ol lime on Ihe displaceimait cnr\e. For example, 
at the nnjrnent ot linn’ /,, it is (‘\])ressed hv ordinate 

The displa(‘emen1 ^*ur\(* also makes il [lossihle to determine 
the increment of displacxnnent of tin* parMcde dining any inlerval 
of time. Th(‘r(‘l)V il is also known -is Ihe (iirnc of the Irajcrlonj 
or the (UsphncturiiNinir (iniph, 

(Juestioiis for He view 

1. Nanu lh(‘ kind ol IrnjocOn'v oe|)I.niar or s]>{ilicil) d/sciihcd by a 
point on the loliownii^ ihans. a) Ihe cJim k ol a Inlijc, i>) IJie rhiiek oJ a 
drilling machine, (') llic pulh > oi a nicH-liinc looj, d) a dj«‘ slock when 
culling Ihreads l)> liand. 

2. Nhiiin* Ihe kind ol lja|/<(oi\ (recliliiK'ai’ m ( in \ iliiusii ) desciibcd 
by a point on tlie loJIowim’ ibans- a) Ihe Jacnig lool on a Jaihe, b) the 
ram of a sha])ing imuliine, c) Uie load screw ol a lathe, and IJie haJf-nut 
in Ihe apion. 

3. What is the displacement fioin llie li\(d icl(‘nne(‘ point ot amoving 
point for a niomenl ol Imie when Ihe dis])la( ‘onen I ciij\(‘ intersects 
the abscissae iLxis'? 


• (50. Exercises 

31. Draw the involnie of a circle, 10 mm in diameter, generated 
by a straight line rolling oin e aronml the circle’s eireumferenee. 

32. A particle is moving in a rectilinear trajec tory in such 

a way that its displacement s from tlie lixed reference point 
satisfies the er[nation s 20 , 7/ 3/-, in which .9 is expressed 

in centimetres and / in seconds. Fsing a suitable scale, plot the 
path of the particle at moments -- 1 sec, =- 2 sec, - 3 sec, 
^4 = 4 sec, and -= 5 sec. 
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33. The trajectorv of a movin^^ particle is determined by the 
coordinates x - 10/ and ij -- 10 f ()/, in which i is the lime in 
seconds. Plot llie trajeclory. 

34. Uescribe the motion of the particle represented i)y •the 
displacement curves in Ki^s 99 and 100, statin|[{ a) whether Ihe 
particle is movirif^ iiuTSsantly or whether at some ' interval of 




time it is Jiiotionless with resf)c(‘l lo the oriifin, 1)) at what inter- 
val of time it approaches Ihe oiii»iiiiii l]i(‘area ol posili\T displacc- 
menl, c) at what interval of time it ap|)roaclios the origin in 
the area ot negative displacemeni . d) wind her oi* not I In' particle 
passes through Ihe origin and at whal momeid, (*) a! whal moment 
of lime Ihe parlich* is lurthest from the origin 


(. II \ 1* i i ii \ i[ 

liECmiXEVU AIOTIOX OF l\ FAiniFLi: 

(*1. Fjiifonn AFotiou 

The simplest kind of motion of a paiiicle is when its 1raje(‘tory 
is a siraight line, in which instance the particle is said to have 
rectilinear motion. Bui as we have already noted, a knowledge 
of the shape of ils Irajectory is not sullicient to tully did'iiie the 
motion of a point. It is also necessary to know its displacement 
from its origin, i.e., Irom its lixed point of relerence. 

Assume that a particle in traversing a rectilinear trajectory 
AJi (Fig. 101) is at the initial momcnl at —a distance of 
OMq ~ Sq from Ihe origin (). As il nio\es to the right il comes 
to point at momcnl ifp a dislance o( and at moment 

/g at point Mo a dislance of OMo -^ 2 ’ from the origin. Accord- 
ingly, during the interval of time the particle covers 

a distance and during the interval of time I 2 — a 

distance s^- - Dividing the distances traversed by the corre- 
sponding intervals of time we obtain - and • 

‘1 *0 ‘2 U 
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Let us assume that the above ratios are equal: 


/, /„ ■ /, i, 

• 

This would mean thal the distances covered by the particle 
are equal durinf/ equal intervals o[ time. When this is true, 
Lhc motion is said to be unijonn, and the length of the path 
traversed by the parliele increases as many times as the eorre- 
spondin;:? inteivals ol lime In l)rief, we may say that when a 
particle possesses unifonn motion the distance it tiiwrrscs is dirccllij 
proportional to the time expended. 
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If t^ -^‘2 •‘^'i ''I N)’ when 

a particle possessed uniiorm motion, the distances d linveises dnruuj 
eijiial intervals of time are cfiiud lo each other. 

(52. Wlo(*i(y and Uisplaeement 
AVlien Molioii U Unifonn 

Let s desiqnale the ‘‘cneral displacement of a particle poss(‘Ssiiif/ 
nnitorm motion lor a ifi\en interval ol* lime / A(‘(‘ordim(ly, the 
greater the dislaiu'C s traveased and the h ss time expended during 
this displacement, tlu' fast(‘r will he the motion or velocity. 
Then if we desigiiale velocity as i\ we obtain 

« - -f ’ (19) 

that is, vclocitij of uniform motion is expressed bif a quotient 
obtained when the distance traversed bq a particle is divided bij 
the time expended. 

If al the initial momeni the particle is a1 a distance .s,, from 
the origin, and at the end of the interval of time / is at a distance 
s from the origin, then its velocity will be expressed as 

( 20 ) 

From this equation we obtain 

^ - *^0 "h (21) 

in which Sq represents the displacement of the particle from the 
origin at the initial moment. If the position of the particle at the 
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initial moment is taken as the origin, the displacement Sq 'will 
be zero and the distance traversed will be 


s — vl. 


,( 22 ) 


Wherelore, the distance traversed bij a particle engaged in uniform 
motion is equal to its vclocitg multiplied bij the timenn which the 
distance is covered. 

Siiico (iislnrire is measured in iinils of Icn^Ui, therefore veloe- 

. , unit of Joiif^th 

ilv IS (‘vpressed as -v; — r.-..-- • 

* unit ol I line 

If the metre is taken as the unit ol length and the second as 
the unit of time, velocity is expressed as if leiiglh is in 


kilometres and time is in hours, velocity will be 

Velo('ity may he converted from one unit into another, as for 
example: 


Kni 1,000 in __ 1,000 ^ 

lir ~ 00 mill 00 00 st'c ' ^ 


Velocify is determined nol only liy its numeri(* ** at value but 
also by its duedion. d'lien'fore velocitij is a vector quantitij*’^. 
In the (‘ase of re(‘tiliucar motion, velo(‘iLy is directed alonj( the 
trajectory in the direedion of motion. 


Illiisfnilive Probloin :10. A 1,000 imii slnill is hoing nmeliiiiod on a 
latJio. If the spiiulk' execiiU's SOO revoliilioiis per miiuilo and the teed 
is 0.2 mm per M'Voiulion, tiosv iomf will it take llii* cutU^r to pass down 
tlie eiiLiri Jenelh ol (he sliaft? 

Solution: liist the velocih ot I he culler must lie Jomul. \1 800 rpm 
the culler mo\(s al lh(‘ laU of 0 2 « 800 100 mm per min, that is, 
its velocilN is 

mm 

jy - 1()0 

mm 

'Co execute the whole opemtion, the cutler must move aloim the length 
of tli(» bedw^av lor a dislnnce .s - J,000 mm. Accordingly, the required 

, s 1,000 .r 

lime t =r — ^ ; = (j.2.) mm Omni 15 sec. 

V 11)0 


(>3. The Graph llliis(ra(in{j| Displacement and Velocity 
for Uniform Motion 

Let us consider how to plot a gra])h expressiu^f the relationship 
between displacement and lime for uniform motion. 

Delineate a rectaii^ndar system of coordinates with the time 
axis Ot and the displaccmcni axis Os (Fip. 102f/). Lay out on the 

* We know’' from algebra that = ab~ therefore velocity may 

sometimes be expressed as m x sec"^, m x iiiin"’, etc. 

** Vectors of velocity are designated just as vectors of force (Sec, 11). 
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ordinate axis the segment OA representing at a definile scale 
the (lisplacemenL of the moving particle at the initial moment 
from the fixed point of reference. Then bv applying Ii([, ( 21 ), 
calciilate the displacement .s of the particle froni the origin at 
moments etc., and construe! a dis])laceinenl-time graph 

as was shown before. We will thus iind that the line j)assing 
through points A. etc., is straight. Kmin this it follows 

that to construct tlie line All, it is siillicieiit to lay out llie linear 
st'gmenl 0/1 representing I he displace- 
ment Sq ot the particle at the 
initial moment, and the ordinate 
of one other moment. Hy thus (‘on- 
nccling the l^^o points with the line 
ylfi we obtain in grai)hic lorin the ^ 
relationship given in (21). 

With such a diagram it is ])ossil)l(‘ 
to determine Joi‘ any gi\cfi moment ^ 
the disphnaanent ol the mo\ing 
parti(‘le Irom the origin and I In* 7, 
distance it iiascoA ered. Foi- instaina*. 
its dis[)]aceiuent at monuai! /, is ^ 
represented by Die ordiiiab* /,/n>, and 
the distance c()\ered in the inl^a- b 
val of time ly /o JS sliown by ^ 
segment f^my. 

Now let us lake another re(* 
tangiilar system ol coordinates l’i‘4. 102 

(Fig. l() 2 /d where I lie axis Ot rep- 
resents lime as Jielons and the ordinate axis Ov sliows vehxalv, 
all at an appropriate scale (ordinate (hi). 

Since the V(‘locity is iinilorni, il can lx* illiislialctl ])v a stiajght 
line ab from [loint a jiarallcl with Oi. 

These grai)hs ilhislrate an instance vslieri the particle is moving 
in the same direction as its initial displaeemeni as laid out 
from origin, amt when (he movement is positive. In (his case 
the disjdacement ot llu* particle has in(‘n*ascd Inmi the origin. 
But it motion were in the opjiosilc dire(*1ion, its veloeily would 



Fig. 103 Fig. 104 
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be negative and Eq. (21) would take the form 

A- - So vt. (23) 

Accordingly, Hic displacement of Ihe moving parlicle fron\ the 
origin would flirninisli with time (Fig. 103) and its velocity white 
remaining constant would become negative; hen(;e the linear 
segment representing it would be constructed liclow axis Ot 

(Fig. tot). 

Since I lie (lisplacement-lime relationship in ex])ressed by a 
straight line, uniform motion ohcijs Ihr jiiincipir of the straight 
line. 

Oral Ixc/dscs 

l)jsplacoin('nt-UriiF graphs loi Iwo pailiolos Jiaviii^ uniiorni motion 
arc plotted at similar scalt's bolli for lime aiul clisplacemon 1. The line 
AB for one particle lorms a ^»reater am*le wilh hori/onlal line AC (Fi^I. 
102n) than tor the olh(‘r. \MiaL can be said aliout the vilocilies of these 
I wo pa I tides? 

IllimIraUve I’rohleiii Jll. A workpiece 2,800 mm is beinu matOiined 
on a planer \Mlh a cutting s[>eed of ^^^21 m mm and a spt'cd on the 
return slioke ol Px -80 in mm. (’onshnd lln (hspkn i muil-time and 
vel()(“il>-lime t^raplis • 

S mm 
ZOOO 
2500 
7000 
1500 
1000 
500 
0 

zrmm/sec 
a 
300 

200 
100 
0 


1 

Fit;. 105 

Solulion: at the velocities indicated, the lime required for the cutting 
stroke 

I 2.8 2 . 2 ^ 

/(s — ^ ^ “15 ^ ^ 

9t 




while the time required lor the return stroke 

2.8 7 7 

Us ^ ->:r = — ndn — k GO see == 5.G sec. 

dU /o 7o 

delinen Le axes O/, Os and O/, and On KK")). On the Ot axes 

we lay out the lime at a scale ot a mm I s«‘(‘; on axis O.s we lay out 
displacement at a scal(‘ ol 1 : 100; and on axis Or we lake a scale of 
1 mm = 20 min see lor Uk* ^eloeil^. 

At the end ol llie en-OiUi si eond, disphu enu ni ot anv iiarticle in the 
\Norkpiec‘' is 2,800 mm liom the oii^i^m lOan, poiiil 70. Alter this 

the workj^iece moves m the (‘p^iosite direclion, and m 13.() sec' is at its 
initial position at point J a 

Velocity V - 21 m mm dot' mm sec and is lonslant lill the end 
of lh(‘ eii^hth second (lU)inl b m Fit^. lOa/)), alt<‘r wlmh it clnmj^^es in sij^n 
(the planer^ ttdijc' begins to move in IIk* opiiosile diieilion). 

(i1. Variahle (or \oii<-('iiiforiii) illolion, 
iiiid \\ci*;Mjcs of Wlo(*i(> and Acccloraliou 

WJien a |)cU'li(‘Ic t“()\(‘rs dilic'ronl dislniKcs in (‘t|unl inloi’vals 
of time, it is said to van(il)h\ or non-uiujoi ni. motion. 

Lei .s'l repi'csoTil the displactmieid oi a pnrlicle Irom lln‘ oriqin 
at Ihe moi^enl /,, and show ds disiilactaiUMil at momenl 
TJien llie dishiiite covered dnrmo lli(» interval ol lime iy 
will 1)0 (‘qiial lo - .s,. 1^\ diMdini^ liiis divSlanet^ bv 1li(‘ rorre- 
spondiriq lime interval, we oblain a \e)o(*ily enlled average 
velorilij for tiie i>Jven Jiilerval c)t lime: 


Aclnally in the oi\(‘n example the particle does iiol travel at 
a conskml veloeily dnrmi; the erilirc' limt* interval. Average 
veloeity /y, is merelv llu' spi‘ed at which the particle would 
traverse the same rlislaiice (v, ,Sj) in llie same interv^al of time 
(/ 2 --/j)itil moved al a niiilonn speed. Tluaetoie averar^e veloc- 
ity docs nol oivo lh(‘ aclnal velocihes al vvhirdi the particle 
moves al various momenis of lime. Neverl heless, in engineering 
it is othm necessary lo luiovv averaije veloeily. 

Variable motion (lillers Irom average veloeity in Dial it refers 
to a verg small inlrrval of liiiir; liciice the actual velocity of a 
particle having variable motion is instantaneous tor the given 
moment. Bui if from a given moment of time L the motion 
should bdeome uniform, the instantaneous velocit y at that given 
moment would be equal to its succeeding unilorm motion. 

From tliis it is apparent that the smaller the iiilerval of time 
in Eq. (24), the closer will the average velocity be to instantaneous 
velocity. 

Since the velocity of a particle possessing variable motion is 
not constant, it is continually receiving a cerlain acceleration 
which may be either positive or negative. In the first instance 
velocity will increase, while in the second it will decrease. 
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If al nioinonl /[ the vehnily is and a( moment it is pg, 
the dijfererKe in oiloiilii Pi divided by the interval of lime 
/g — tj will lx iqual lo Ihe average aiieleialion foi tlinl mtcival 
of lime 




V p, 

L - /, 


(25) 


Jiisl as wj(li \(‘l()(ily, (he srnallei lh(‘ iriteivdl oi tune ii, 
the (loser will he the a\eiai{e a( celei.ilion lo irislanlaneoiis 
aeeeleral ion 

Similar lo \el()(ilv, acceleialion is a \e(lor rjiianlily And it 
the siL(n oi ar celei <ilion is Lh(‘ same as llial ol velocily, il will 
liave Ihe same direi lion as Ihe molioii II, on the (onliai>, its 
siiJii ditleis, llien its diu(lion will he opposile lo the motion 
As we see irom K(| (2a), adehnation is e\j3iessed hy 


nnil ul J( 11 
ninl oi tinu 


Hint ol lime 


iiinl ol 1( n‘nh 
(iinil ol tinn )- 


dims, il \elotilv IS expiessed as m s( ( , lh(‘ measniin^y unit 
of adeleralion will lx m/s(H^ m S( c " (lo he read inclns 
pel sciond pn saoiid) < 


lllustrntive ProbJeiii aii. I ht lain ol a slnpin^ inachnic, inoMiig iion- 
unifoi nil\, ( oni])k Us a ( ailing shoIv( oi tOO min in 1 2 ) st ( cIiMdiiij^ 
1 20 s( c into S t qu li inUi \ nis il \\ is ionml iliiL clLiiinL* lh( iiist inteival 
the ( utt( 1 moV((i a (list nut of s, 22 inni, m tin stioiid inl(T\al it 
ino\((j s s, - 71 22 10 mm, m Uk thud iiit(i\<d il moved 

Ao s tsU 71 () 1 mm, m tin iouilli ml(i\ai the mo\tnnnl 

was S4 s, — 200 lit ()() mm I md Uk a\(i n^t \eIo(it\ ol Ihe^ 
lam loi the entiK 1 2 ) s( t tind linn loi ( u h ol lli loin ((]ii<il mUi\als 
ol the ^^IVell time 

Sohilion lh( avtna^^v \elo(ih ioi tlx eiilin 1 2 ^ se c will he 

i\n 120 mm se( 10 2 m mm 

Foi tin tiist mtel^al ol time /j 
22 < 8 

^ ^ 1 11 mill St ( Hi) m/mm 

hoi lhe‘ b((oiid inlei\al ol Imu I 

^^avt ^ I ^ dl4 mm /sec — 18 82 ni/inm 
For the thud iiitei\al ot time / / 

Vav 3 = ^Ty^ ‘tOJ mm/b(c -= 24 10 m/mm 
For the loiirth iiUci\al ol tiiiic 

Vai 4 = ^ "122 mm sex -= 2) 34 iii/min. 

L 2«) 

Thus we see that the average velocities foi scpaiate intervals of time 
greall> diffei nol only liom each olhei, but also fiom the aveiage 
velocity for the entire stroke of the lam. 
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65. Uniformly-Variable Motion. 

Velocity and Acceleration 

The simplest form of variable motion is that which is uniformly 
valuable, i.e., when the change in velocity is equal for like inter- 
vals of time. To express this in another way it may be said that 
variable motion, in respect to which acceteration is constant, is 
uniformly accelerated. 

Let us see how the velocity of a uniformly-accelerated particle 
is determined for a given moment. 

Let the velocity of the moving ])arlicle at the initial moment 
be Vq. If the acceleration is a. I hen the increase in velo(;ily during 
the interval of time t will be at. Hence, the velocity at the end 
0 ^ the interval will be 

V, v„ t at. (26) 

If the initial velocity of the particle 0, the final velocity 
will be 

a, - at. (27) 

But it imisL be borne in mind that acceleralion may be either 
positive or negative. If it is positive, it will have the .same direc- 
tion as the motion, and the motion is then known as constant 
acceleration. If it is negative, its direction will be opposite to the 
motion and the motion is then said to have cnnslanl dccclernlion. 
In the latter case, acceleration is written with a negative sign 
in Eq. (20). 


Oral Hxcrciscs 

1. How (loos the velocity of a niovinf^ point that possesses unitornily- 
variable motion cliaiif^e it acceleration is jiositive? 

2. Plow does it change if acceleralion is negative? 

Tllustrativc l*robloin A train travclJing at a velocity o.f 45 km /hr 
began going downgrade and increased ils vekeity to 54 km/lij* in 
1.5 min. Find its acceleration. 

Solution: applying Kq, (2()), inilial velocilv ^ 45 km/hr " 
= 12.5 m/scc and the interval of lime / ~ 1.5 min — PO sec; velocity at 
the end of this interval will be 

= ^^00 — ^4 km /hr 15 m/sec. 

Substituting for numerical values, we obtain 

15 = 12.5 + a X 90, from which a == 1-^— - = 0.028 m/sec'^. 

66, Displacement When Motion Is Uniformly 
Accelerated 

Having found how to determine velocity at any given moment 
for a moving particle possessing constant acceleration, let us 
now find its displacement. We shall begin by expressing Eq, (26) 


7 - 5018 ■ 
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graphically to show the relationship between velocity, accelera- 
tion, and time. 

We shall use the rectangular system of coordinates 01 and 
Ov (Fig. 106), with time as the axis of abscissae and velocity as 
the axis of ordinates. We have already seen (Fig. 1026) that 
when motion is uniform (which means that velocity is constant) 
the velocity-time graph is a straight line parallel to th^ time axis 
Ot. When motion acquires constant acceleration, this line will 

be sloping and form an 
angle with axis 01. 

At the initial moment 
when t -- 0, the velocity 
ol the particle will be e([ual 
to Dq. Therel ore we delin- 
eate the linear segment 
OA on axis Ov, thus rep- 
resenting to scale the 
magnitude ol the velocity 
at that moment. When 
motion has acquired con- 
stant acceleration, the 
increase in velocity will be 
proportional in time, 
lienee, after calculating 
log. 10() the velocity for a certain 

moment of time, we con- 
struct the perpendicular at the corresponding point on the 
abscissae axis and on it we lay out the velocity to scale. 
Then we plot a straight line through point A and the point 
obtained, thus constructing a velocity-time graph which expresses 
the principle for changes in velocity. 

In order to lind displacement s of a moving particle during 
a given time interval /, we divide this time interval into several 
equal parts (Od de ef — ...). Then by adding the initial 
velocity and the final velocity for each of these parts and dividing 
the sums by 2, we find their average velocity. In this way we 
calculate that during the time interval Od there is uniform motion 

with velocity expressed by the ordinate t j during 

the time interval de velocity is expressed by the ordinate n^ni^ — 

= ^ — , and so forth. 

Then we delineate a straight line through point /n^ parallel 
to axis Ot. In the resulting rectangle the base Od expresses the 
interval of time in which the motion takes place, while its alti- 
tude Hi/Tii shows the velocity. Accordingly, the area of the rectan- 
gle, measured at a corresponding scale, will give the displacement 
of the particle moving uniformly during the interval of time 
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Od. This area is equal to the area of the trapezoid OADd because 
/jj/Tjj is middle line. 

Therefore the displacement of the particle during the time 
interval Od is represented by the area of the trapezoid OADd. 
In the same way we can prove that its displacement during 
interval de is represented by the area of the trapezoid dDEe, 
etc. 

Hence the path traversed by a particle posse.s,sing constant 
acceleration during tlie time interval as shown J)y tlie linear 
segment OC, is given at a corresponding scale l)y the area of the 
trapezoid OABC bounded by tlic ordinates C(|ualling the initial 
and final velocities, the velocity curve (when I he motion has 
constant acceleration, by the line AH), and the lime axis. 

Oti this basis we may say that displacement 

s - /; 


and if we replaee Vi by />o I obtain 

S = oj f ■ (28) 

From Fig. 10(5 we see that coinptment is expressed by the 
area of the rectangle OAA^C, and the second component ^ by 

the area of triangle A /Mj, inasmuch as A, Z1 rep resen Is the increase 
in velocity aL, while AAj is the time /. 

Therefore, the displcicernenl of a particle possessing constant 
acceleration is equal to the product of the initial veloritg and time, 
plus half the product of the acceleration and the square of time. 

Sometimes in determining displacement it is more convenient 
to use a different equation derived from Eq. (28) as follows. 
From Eq. (26) we evolve 

/ T' 3- . 

a 


If we substitute this value for / in Eq. (28), then 


from which 


s 


= V 



2 a- 


S 



(29) 


Accordingly, the displacement of a point is equal to half the differ- 
ence of the squares of the final and initial velocities divided by 
the acceleration. 

It should be understood from the above that the value of 
acceleration must be inserted into these equations with the 
correct sign : if the motion possesses constant acceleration it will 


7* 
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have a plus sign ; but if it is constant deceleration, then the sign 
will be minus. * 

If at the inilial moment of the interval of time from which 
rclerence is taken the particle’s speed is zero, then ao = 0 should 
be used in Kqs (28) and (29), in which case 

s - -f * ' 

and 

(31) 

If the particle moves with constant deceleration and stops at 
the end ot t seconds, then Oi 0 in E(|S (26) and (29). 

The same units of measure must be used on both sides ifi all 
equations. Let us lake E([. (28) as an example. If the left side is 
expressed in metres, the tirst member of the right side will be 

in X sec m, and the second member X sec^ — m. 

sec sec* 

We thus give aJI the members of the ecfuation the same units of 

measure. " 


Oral Exercises 

1. What will b(‘ IlK" direelioii oi line A 13 in Fig. 106 when motion 
possesses constant deceleration? 

2. Aie all the members ol Kq. (20) in Ihe same units of measure? 

Illustrative Problem a 4. Wliile Iravellmg at a speed of 45 km /hr a 
train began going downgiade at a f'onslanl accdeiatiou and covered 
the entile 2,500 m ol downgiade m two minutes. Whal was the train's 
acceleration on the downgiade and at what speed was it travelling when 
it reached level track. 

Solulion: the Irain’s imliaJ speed =- 45 km /hr =- 12.5 ni/sec. By 
employing Eq. (28) we obtain 

2,500 = 12.5 \ 120 f , from which a = 0.139 m/sec*. 

Hence the tiain's acceleration a = 0.139 m/sec= and when it reached 
level trackage it was travelling at a speed of 

0 = 12-5 -f- 0.139 ^ 120 = 29.18 m,sec = 105.1 km/hr. 

fllustrative Problem 35. A tiain was Iravclling at a speed of 72 km /hr 
when the brakes weie applied. It then travelled with constant decel- 
eration for three minutes belore il came to a dead stop. Ho^ far did the 
train travel fiom the time the brakes weie applied till it came to a dead 
stop? 

Solution: employing Eq. (26) in which the final speed vt = 0, we deter- 
mine the acceleration a: = 72 km /hr = 20 iii/sec, and t = 180 sec, 

whence we derive 0 = 20 + a x 180, from which a = m/scc*. 

Now Eq. (28) can be used to find the distance the train travelled after - 
braking : 

s = 20 X 180 - = 1,800 m = 1.8 km. 

9x2 


100 



lllastrative Problem 36. A train was travelling at a speed of 54 km /hr 
when its brakes were applied, from which time it travelled 900 m with 
constant deceleration before it came to a dead stop. How long did it 
take the train to stop after the brakes were applied? 

Station: wc find acceleration Irom Kq. (29): 


If Vi — 0, Vo = 54 kin hr == 15 in Sec, and s 900 in, we obtain 
a = — 0.125 m/see*. By using l^q. (20) in which vt =~ 0, Vo — 15 in /sec, 
and a = - 0.125 ni/See-, w‘ oblain t = 120 see - 2 iniii. 


67. Vortical Motion Under the Force 
of Gratify 

m 

The vertical motion of a hodv’'- under I lie force of t»ravil y is 
an example of rectilinear mofion willi conslanf acceleration. 
When a body is thrown upwards with a eerlaiii initial velocity its 
motion will be evenly retarded, i.e., its velocity will gradually 
diminish; and when ii has reaehed a eerlain height the body will 
pause for an instant and then begin lading with constant 
aecelerationT Aceeleratioii due to gravity is always I lie same 
— 0.81 m/sce^ and is designated by the tetter q. 

In order to apply ociuations (Ihi-.'ll) dediiecd for uniformly- 
variable motion, the aeeeleralitui of gravity q is used instead of 
acceleration a, and with the appropnaie sign as a prelix. 

A body projected vertically upwards with an initial veioeily 
Vq will acquire constant deceleration inasmuch as the force of 
gravity acts in (he opposite direction, in which ease q must be 
used with a minus sign and E(f. (2(5) will lie 

vi I’o - gl (32) 

The height h which a liodv thrown upwards will reach from 
the initial momcnl, is found Ihrougli Kq. (28) as lollows: 

(33) 


while Eq. (29) gives 


e, _ 

2q 


When the body reaches its highest point, its velocity iq becomes 
zero and accordingly Efj. (32) becomes 

Vo = 


* The motion of a body may be iTgarded as the motion of its centre 
of gravity and the body considered a material point. 
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from which 


t = (35) 

Wherefore, the lime consumed for a body to rise to Us Highest 
point IS equal lo its initial velocity divided by the acceleration of the 
force of gtavily. In this case Eq. (34) becomes ' 

/« = I (36) 

iroin which 

4 2q}u 

or 

1'%/'- (37) 

Wlierefore, initial velocity is equal lo the square root of twice 
the product of the height multiplied by the acceleration of gravity. 

When a body is fallinq lieely, its movpinonl coincides wilh 
(he direction of qravily acceleration, lor whicJi reason it then 
possesses constant at i cleralion, and f>ravity accelerJftion g must 
thorelore be used wjtli a plus siqn. 

II the initial velocity of a lalhnf( body is zero, then v^ — 0, and 
Kqs (27), (30) and (.31) respectively become 

ih ql. (38) 

h (39) 

( 40 ) 

From ]iq. (40) we obtain 

of - 2qlu 

or 

Vi ]l2(Jh. (41) 

Wherefore, the velocity of a body at the end of its fall is equal to the 
square root of twice the piodiicl of gravity acceleration multiplied 
by the height of the fall. 

A comparison of Eqs (.37) and (41) will show thq.t Wj = Vq. 

Wherelore, the final velocity of a foiling body is the same as Us 
initial velocity but opposite in direction. 

Fig. 107« shows the displacement-lime curve of a freely falling 
body with an initial velocity Pq — 0; the time axis 01 is divided 
into equal segments each of which represents 0.5 sec, while each 
division of the displacement axis Os represents one metre. Using 
Eq. (39) and taking succeeding numerical values of t as 0.5 sec, 
1 sec, etc., and g as 9.81 m/sec^, we will find corresponding displace- 
ment of a body from its initial position, i.e., 1.226 m in 0.5 sec, 
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4.905 m in 1.0 sec, 11.036 min 1.5 sec, and 19.62 m in 2.0 sec, 
etc. By constructing the ordinates for these moments of time, 
we then obtain a number of points to connect with a smooth line 
OA^ which is accordingly the displacement-time curve. If, for 
example, it be necessary to find how far the body fell in 1.75 sec 
after the initial momeni, we find the point on the axis of abscissae 


that represents the moment and 
construct a perpendicular to it to 
find its displacement. 

Fig. 1076 is a velocity-Hmo 
graph. As is apparent from E(f. 
^^8), velocity changes in direct 
proportion to time, i.e., the rela- 
tionship between velocity and time 
is expressed by a straight line. Let 
us then employ Eq. (38) to iind 
the velocity at some given moment , 
for instance, at the end ot the first 
second 9.81 X 1 “ 9.81 m/scr 
and plot a ?clocily-lime graph to 
a scale. Since the velocity at Ihe 
initial moment is /cto, 'vedeJineatc 
0/J Irom the origin through Ih.e 
point obtained. Thisis the \elocily- 
time curve. 

Illustrative Problem 37* Inorn what 
height would a body fall it it takes 
ten seconds to reach the giound, and 
what IS its velocity at the final mo- 
ment? 

Solution: from Kq. (:}9) 



h 


9.81 < J.0^ 
2 


400.5 111 


And from Kq. (38) 

Vi = 0.81 \ 10 — 98.1 m/sec. 


68. Question’s for Review 

1. What is the difference between non-uniform motion and uniform 
motion? 

2. State the law governing the displacement of a uniformly-moving 
particle from the origin. 

3. State the law governing the change in velocity of a particle possess- 
ing uniform ly-variable motion when its initial velocity is /cro. 

4. When is acceleiatioii considered positive and when negative? 

6. What kind of motion has a body when projected upwards? 

6. What kind of motion has a freely falling body? 
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69. Exercises 


35. A workpiece is being machined on a planer Vhose cutting 
stroke is 1,500 mm. It takes the machine nine seconds to complete 
a cutting and return stroke. Find the velocity Ue, of the cutting 
stroke and velocity of the return stroke if the latter is twice 
the former. 

3(). One minute after leaving the station a train had travelled 
450 in with constant acceleration. Find its acceleration a and 
velocity i>. m 



37. A tiain is travelling Irom A to D along the strftch of track 
represented in Fig. 108. Its initial speed at A is zero. It takes the 
train 5 minutes to cover the level stretch ot track AB which is 
2,250 m in length, and 2.5 min to cover the downgrade BC which 
IS 3,000 m in length. On reaching C on the level stretch, the brakes 
are applied and tlie train stops 2,500 m beyond, at D. Find the 
deceleiation on stretch CD, the time it takes the train to get 
from A to D, and its avenge speed lor the whole distance. 

38. What height will a stone reach, and how much time will 
its entire Ihght take (upward and downward) if it is hurled verti- 
cally upward with an initial velocity Oq - 39.24 m/sec? 

.39. Draw the disiilaceinent-time and velocity-time graphs for 
a body hurled vertically upward with an initial velocity = 
= 19.(52 m/sec. 


1 II M’Tl. a VIII 

THE COMPOSITION OF SIMPLE MOTIONS 
OF A PAIITICLE 

70. Coinpouiiil Motion, 
and Absolute and Ilelntive Motion 

Let us assume that an overhead crane (Fig. 109) is transporting 
a load along a factory shop. The crane travels the length of the 
shop 111 the direction of the arrow A. At the same time the erane’s 
crab, to which the load is hung by means of the hook K, is moving 
athwart Ihe overhead crane in the direction shown by arrow B. 
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It is seen that the motion of the load is the sum of two motions at 
right angles to each other; the motion of the overhead crane 
with respect*to the earth, and the motion of the crane’s crab 
with respect to the overhead crane. Hence the motion of the 
load is compound and its nature depends upon the motion of the 
crane and its crab, i.e., upon component motions. The motion of 
the overhead crane in respect to the earth is called absolute mo- 
tion, while that of its crab in re.specf to the crane is known as 
relatioe motion. 

If t]||» crane moves a distance KA in respect to the earth and 
the crab’s hook simultaneously moves a distance K H in relation 



to the crane, it may be said that the disiilacemcnt due to absolute 
motion i.s equal to KA, while the displacement due to relative 
motion is equal to Kli. 

Since all bodies arc actually alway.s in motion, tliiui all kinds 
of motion dealt with in mechanics arc relative and in each individ- 
ual case we arbitrarily assume one or another body to be mo- 
tionless. .In most instances the motion ol a body is measured in 
relation to the earth and we call the motion ol that body absolute. 
Thus in the cited example the mo\ement of the load in respect to 
the overhead crane is relative motion, while the movements of 
the crane itself and the load relative to the shop is absolute 
motion. 

In this example the motion of the load is conditioned by both 
absolute and relative motion and it is such compound motion 
that we most often have to deal with in machines. However, 
mechanics is also concerned with the motion of bodies that are 
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not connected with each other. For instance, let us assume a train 
leaves a station. Sul)se(fuently, after a sufficient lapse of time, 
another train will he sent out after it along the same track so that 
the two trains will at no time approach each other closer than 
safety permits. In solving such a problem the thing that interests 
us above all is the relative speed of both trains and ■the distance 
between them. 

71. The Composition of Uniform Coillncar Motions 

The simplest case of compound motion is that of two collinear 
components having cither the same or opposite directions. 

Fig. 110 represents two bodies 1 and 2, in contact along pljine 
AB. At the initial moment, point M, on body 2 is in contact 

with point on body 7. Let us 
assume that the two bodies are 
moving at the same time in such a 
way that at moment t point M-^ has 
moved from lott to right for a 
distance .v, in respect to*an immov- 
able surlace, and point il/j has 
moved a distance .fg Irom right to 
left in respect to point In other 
words, the displacement ol point A/j 
dne to absolute motion from left to 
in vnjvnijL;iicii V • I i;y Oj, and displacement due to relative 
rnotion from right to left is* indicated l)y ■So. What is the resultant 
displacement of point Af.^? 

To answer this question we reason in the lollowing way: 
assume that point A/, was not displaced in respect to point M^, 
in which case its absolute motion would also be equal to Sj and 
would be acting from left to right. Itut since point A/j was ac- 
tually displaced in respect (o A/j from right to left for a distance 
.Sj, then its displacement in respect to the immovable plane, that 
is, its resultant displacement from left to right, becomes 

.■? Si - Sj. 

Obviously if both displacements had been from left^to right, 
the resultant displacement of point would also h*ave been 
from left to right: 

s=-.Si I .s,. 

By considering displacement from left to right as positive and 
displacement from right to left as negative, and assuming that 
both displacements had been from right to left, we would compute 
as follows: 



rirrhl Ic rloci c 
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*1 -t- ( - ««) - (Sj + ««)• 



By resorting to the same reasoning in dealing with any number 
of component motions, we would find that in compound rectilinear 
motion the absolute displacement of a point is equal to the algebraic 
sum of the component displacements. 'Phis can be expressed by the 
following equation: 

s — Sj *2 ”1” *3 “I" • • • + ^n» (42) 

in which each component displacement must he prefixed with 
its proper sign. 

Assume tliat all component displacements liave uniform mo- 
tion and occur within a certain interval of time /.We shall denote 
their velocities as aj, . . . v„. Whereupon - v^t, Sj = v^t, 

a — v^t...,s„ — v„t. By substituting these values for the displace- 
lifents in Eq. (42) we obtain 

s v^t f vd 1 v^l I- . . . -t />„/ (Vi I I a, I a„)/, 

from which - aj | a^ | ag I . . . J a„. 

s 

However wliicli is Ihe velocity ol the compound motion 

and also iiiiiform. Ai'cordin^ly, 

»’2 I <’3 I • • • I I’n- 

Wlierclore, i/ Ihe (omponenh o/ compound motion me (ollinear 
and unijojin, the velocitii of Ihe (ompound motion is equal to the 
algebraic sum 0 / the velocities of ihe components. 

Oral Exercises 

1. If a pailicle possesses two kinds ot motion, can ils absolute displace- 
ment be /eio at any momeiil, and under wliat conditions? 

2. At a certain momcnl, point M, on body 2 in Fig. 110 is in contact 
with point il/, ol body /, aiLei which point moves from left to right 
for a distance .s,, and point nnnes from right to jelt for a distance 
s, in lespecl to point A/, during thc same interval of time. Find the abso- 
lute displacement oJ 711 and its diiection in each of the following four 
cases: a) when Sj > s„, b) when < s , e) when s, = s^, d) when s, 0. 

TllustraUve rrolilem 28. Town E is situated 22.5 km down the river 
from town A. A boat makes the trip lioni A to B in 1.5 hr, and from 
-B to A in 2.5 hr. Assuming the motion of llie boat to be uniform, find 
the velocity of the current Vj, and the vehnity of the boat with re- 
spect to the water. 

Solution: velocity V 2 represents the velocity of the boat in relation 
to the water, irrespective of whether Ihe water is flowing or standing 
still. Therefore in moving with the current, the boat moves with an 
absolute velocity, in respect to the bank, of -f v . Jn moving against 
the current the absolute velocity of the boat is a> i\. Hence wc have 
two equations : 

(^i Vj) X 1.5 = 22.5 and (i?o - y,) x 2.5 22.5. 

By solving these equations we obtain = 3 km /hr and V 2 = ^2 km/hr. 
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72. Thp Composition of Rectilinear Uniform Motions < 
Which Are at an Angle to One Another 

Now let iis learn how to combine rectilinear uniform motions 
when they arc directed at an angle to one another. 

Assume that we have set the longitudinal feed of a lathe so as 
to give the carriage an axial displacement of AB (Fig. Ill), and 
as it moves we actuate the eutterwith a constant crosswise move- 
ment by turning the handle of the cross feed. Thus all points 
on the cutler receive two motions — the absolute longitudinal mo- 
tion of the carriage and the relative crosswise motion of the cross 
feed. Let us investigate the motion of apex 
A of the cutter. Assume that during a certain 
interval of time the apex and the carriage are 
disjilaced to position while in the rela- 
tive motion f»f the cross feed the apex is 
displaced to po.silion Nj. Let us assume that 
these two displacements are successive: apex 
A is first longitudinally displaced for a 
distance AAf, along the axis find then it 
moves a distance A/jAj -- ANj crosswise. 
As a result of these two displacements, 
apex A reaches point Aj. 

'I'lius position which has been taken up by apex A of the 
cutter, becomes the vertex ol the ])arallelogram AM^A^Ni (in 
this ease a lect angle). 

Similarly we laid that during the next interval of time the 
poini ol the cutter is displaced to jioint A^ which is the vertex of 
the parallelogram AiM'^A^N'^, and so forth with subsequent 
displacements. 

We shall prove that the displacement of the cutter’s apex 
from position A to position A^ is rectilinear, i.e., that the diago- 
nals AA^ and AiAo lie on the .same straight line. Assume that 
displacements AMj, AN, and MjM^, occur in equal 

intervals of lime. Then - AM^ and -- AiN^. 

Since AjMj Jl/jilL and Al'^A.^ - NjNg, therefore the triangles 
A1M2A2 and AM, A, aie congruent and A2A,M2 = zl. AjAM,, 
that IS, the linear segments AjAj and A A, lie on the same 
straight line. It also follows from the similarity of the same 
two triangles that these two linear segments are equal to each 
other, which means that point A in its compound motion receives 
equal displacements in equal intervals of time; in short, it is clear 
that the compound motion is as uniform as its components. 

By dividing the displacements by the time which they con- 
sumed, we obtain the velocity of each one. Hence, if AM, represents 
the velocity of the absolute motion and AN, the velocity of the 
relative motion, then the diagonal A A, will indicate the direction 
and magnitude of the velocity of the resultant motion. 
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Wherefore, the resultant motion of a point having two rectilinear 
uniform motions is rectilinear and uniform. 

The resultant displacement of a point is equal in magnitude and 
direction to the diagonal of a parallelogram constructed on the basis 
of component displacements. 

The resultant velocitii is equal to the diagonal of a parallelogram 
constructed on the basis of component velocilies. 

It can be proved that if the components of a motion have an 
initial velocity of zero and are uniformly accelerated and rectilin- 
ear, the compound motion will also be uniformly accelerated 
and rectilinear. 

Illustrntivo Frohloiii .‘19. What should ho tlio lalio botwoeii the volo^ ' 
ities of the longiludinal lood v, of a lallio and the cross feed v, in ord^ 
t(t cut the triincatod cone A BCE shown in iMg. 112c/ If D =■ 80 inin, 
d = 60 inni, and I =-~ 100 iniii? 

Solution: lh(‘ velocity ot longitudinal disjdaconu'n I ol the culler added 
to the velocity of its crosswise displacement will give the \clocity of the 
compound motion towaids the cone, i. e., will be ticLualed along the 
diagonal ot the pajallelograni A^h\E^E conslrnel(‘d on the bases of 
component velocities AJ^^ and A^E. (Fig. 



From the similarity of triangles AiF^E^ and AFE it follows thkt 

-^1^1 trom which, after subsLilutinf’ the numerical values 

AF BF 

AF = 100 ^ihm and EF = = - 2~ "" 


_£l— 

100 10 ’ 


from which 


Vi _ 100 

10 


== 10 . 


Hence the ratio of longitudinal feed to cross feed should JJe 

Dlustrative Problem 40. The plunger K under the action' of, Ad f/ 
in Fig. 113a is in reciprocating motion between fixed guides, at a veloO* 

iW 



Ity ■= 60 mm /sec. T^e^e is a roller in the groove AB of the plunger 
to which is fastened a sliding follower M that slips up and down* Be- 
tween immovable guides. Find velocity v, of the follower if^the groove 
AB forms an angle ABC with the line of’motion of the plifttger and if 
BC c= a = 120 mm and AC = b ~ 30 mm. 


Solution: the resultant motion of the follower M may be regarded as 
a compound motion ; the absolute motion of the block moving from left 
to right during the given moment, and the relative motion bf the roller 
in the groove of the plunger. We therefore construct a parallelogram of 
velocities on the bases of the velocities of the motion components (Fig. 
113ft). By taking any arbitrary point Aj and choosing a scale, we lay 
out vector A^A^ representing the velocity ol the plunger and from 
the same point A, we delineate a straight line parallel to the velocity 
of the follower M to point where it intersects with line AoC\ w^hich 
is parallel to the axis of the groove AZl, and then complete the parallel- 
ogram A^A 2 C^B^. It is evident that the component A^B^, which trans- 
mils the velocity to the centie of the roller in respect to the plunger, ds 
directed from right to left, as it should be: for if the plunger were 
moving from left to right, the motion of the roller in respect to the 
plunger would be in the opposite direclion. By measuring the diagonal 
AjC, of the parallelogram and multiplying its length by the chosen veloc- 
ity scale, we obtain the velocity of the follower Vg. 

This velocity may also be found by calculalmn, as follows. From 
the similarity of triangles ABC and A^B^C^ we may calculate 


A^C, _ B,C_^ 
AC ' BC 


or 


El 

ft a 


from which 



»» ^ . 1 , 


15 nun /see. 


73. Itcsolving a Velocity into Its Components 

In mechanics it is frequently found necessary to carry out the 
reverse of the composition of velocities when it is required to 
resolve a velocity into two components. In its general form this 
problem is as indeterminate as the resolution of forces, but in 
each specific case it is solved in conjunction with additional data 
(direction of component velocities, magnitude and direction 
of one of these, etc.), as may be seen from the following exam- 
ple. 

Illustrative Problem til. Drops of rain strike the windows of a rail- 
way carriage travelling at a velocity v, and leave streaks that form an 


V, 




Fig. 115 
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with the vertical (Fig. 114). Find Velocity v* of the rain- 
drop™ respect to the earth. 

Solution: in respect to the \Mridow, oacli diop is moving vertically 
downwards ^th a \eloc 1 t 3 \ and hoii/ontally with a velocity vj hut 
in thg direction opposite to that of the niovtnicnt of the tiain. Hence 
we c an construct the parallelogiam AC13D (Fig. 115), we lay out vector 
A7) representing velocity vj, delineate a sLiaiglit line at an angle a « 30® 
to the vertical, and then plot a viitical line down fioni point D, These 
two lines iiitiiSLct at point H Ihen we tinisli Hit paiallelogiani b> deline- 
ating side AC whuli lepitstnls the vihuily of the lairuliop v\ at the 
same scale as vectoi AD By calculation wc then iind that ao “ a. 


7^. Questions for Ite\ie\v 

• 

1 7he taiiiage ol a lathe is moMiig iioin iiglil lo It ft with a coitain 
velocity The cioss feed is sit paialld to the axis ot Iht lathe and is 
moving fioni left to light Avilli IJit saim mIociLv What is the lesultant 
velocity ol tht tulliiV 

2 What would bo tin «ipswci to yiustioii 1 il tin cioss Iced were set 
at an angle lo tin axis of tlu lalln ? 

3. The bcl^ot an i st ilaioi moves upwaicl with a volocily and a 
man Is walking down tin iscalatoi with a vclotilv What js the lesult- 
ant vtlodly with whit h the man movts iii tlu lollowmg thuc cases* 
a) when v > b) wlion n p,, and t) wlan u a/? 


75. Exercises 

40. A. sleamci, whose speed is 10 kmdii is plying up a river 
that has a cuiienl ot 4 kin/hi Wind is the lesnllaid velocity of 
the stcamei, and what 
would it be it il were 
plying through still wdlei ? 

41. A stearnei plying 
downstream ( overs 40 km 
intwohouis 111 still water 
the steamer’s speed is 
12 km/hr. How far could it 
have travelled upstream 
in the same two hours'^ 

42. The'plungei A in 
Fig. 116 moves between 
fixed guides in reciprocating motion under the action ol rod B 
The end of the follower C is sliding in fixed guides and is pressed 
to the inclined surface of the plunger by a spring Find the speed 
V at which the follower moves when the speed of the plunger is 
600 mm/min and if a — 300 mm and 6 — 50 mm. Also find 
speed Vj with which the end of the follower moves on the 
inclined surface of the plunger. 
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CHAPTER IX 


CURVILINEAR MOTION OF A PARTICLE 


76. Uniform and Non-Uniform Curvilinear Motion 
of a Particle 


Thus far wc have been treating rectilinear motion. Now let 
us examine a more complex kind of motion when the traj- 
ectory traversed by a partiele is a curved line in one plane. 
Fig. 1 17 represents such a trajectory. At the moment of time 
the moving particle is at point and at the moment of time 

<2 it is at point A/g. Therefore, during 



the interval between and fj® the 
particle has traversed a path as repre- 
sented by the curved line M^Mj. If the 
motion is such that the particle trav- 
erses ecpial distances in equal intervals 
of time (however small such intervals 
may be) the motion wilj be uniform. 
Otherwise the motion will be 'non- 


Fig. 117 uniform, or variable. The major differ- 

ence between curvilinear and rectilinear 


motion is that in the former the path traversed by a moving 
particle is composed of curved segments instead of straight ones. 


77. The Voloeily of a Pardele PoNscssing 
Curvilinear Molion 

The rate of velocity of a particle jiossessing curvilinear motion 
is determined in the same way as for one of rectilinear motion, 
except that it will be a (fuotient derived by dividing the trajec- 
tory s curved-line segments by corresponding intervals of time. 
Thus, when the motion of the particle displaced from point 
to point Mj (Fig. 117) is uniform, its velocity is expressed as a 
quotient obtained by dividing the length of the arc by 

the time taken by the particle to traverse that distance. If the 
motion were non-uniform, this quotient would represent average 
velocity. And the shorter the arc M^M^, the closer that average 
velocity will be to the actual (instantaneous) velocity of the 
particle. 

Now let us learn how to determine the direction of velocity of 
a particle having curvilinear motion. 

When a particle has rectilinear motion its direction remains - 
constant, whereas with curvilinear motion its direction continu- 
ally changes according to the curvature of its trajectory. FVom 
this we conclude that the direction of its velocity also changes. 

How then is the direction of velocity determined? 
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Let us assume that at the moment the moving particle is at 
position Ml (Fig. 117), the constraint causing it to diverge from 
a rectilinear path were removed. Obviously from that point the 
particle would move in a straiglit line; to he exact, it would be 
a straight line tangent to its trajectory at point From this 
it follows that its velocity too will be directed along that tangent 
in the direction of the motion of the particle and can be repre- 
sented by vector at a definite scale. In the same way the vel- 
ocity of the particle at point can be represen led by vector 
V 2 in the direction of the langent to its trajectory at that point. 
WhcTeiore.ihe direction of oelonlij of a ptuluic possessing curvilinear 
motion is tangent to its trajectonj at the point < or res ponding uiitli 
the given moment of time and is the same as the direction of its 
mqtion. 

By way of illustralioii, let us imagine we are swinging a stone, 
tied to a cord, in a horizontal circle. .\t a certain critical speed 
the cord breaks and tiie mol ion ol I he stone changes Irom curvili- 
near to rectilinear, directed at a langeni lo its curved trajec- 
tory and with the velocity it had llie inslanl just before the 
string brol^. 

711. Acceleration of a Farlcele 
ourviliucar Motion 

Assume a particle to be traversing I he curved Irajectory AB 
ill Fig, 118u. At one moment it is at point Mi and at the succeeding 
short interval of time At* it is at point M^. Lei velocity Vj of 
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the particle at point Mi be expressed Ijy the vector and 

at point M 2 by vector MJ). Now let us determine the 
change in velocity during the interval of lime At, proceeding 
as follows (Fig. 1186). Delineate vector M^Di from point Mj, 
equal to vector M^D of velocity v,, that is, equal in length, pa- 
rallel to, and having the samejdircction. Then resolve velocity Vj 
into two components (according to the principle of the parallel- 
ogram) one of which, v^, will have a known magnitude and 

* The sign A, the Greek letter “delta”, is usually used to designate 
small quantities. 
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direction. In the parallelogram MjCDiE, the side M^E will 
represent velocity v' which expresses the change in velocity of 
the moving particle in the interval ol time /It during which the 
particle moved Irom point to point Mj. Then by dividing 
velocity v' by the Lime At, wc obtain the average acceleration* aa„: 

~ ~/it 

The shorter the interval of time At, the closer will be the 
average acceleration to the acceleration of the particle at the 
instant it is at point Mi in its trajectory. 

Thus we| see that acceleiation of a particle having curvilinear 
motion, unlike its veloi itij, is not diretted along the tangent to the 
tiajeitonj hut forms an angle until it lijing inside the curvature of 
the trajectorg. 


79. Tungoiitinl and Normal Acceleration 


We have learnt that aeeeleiation along a curved trajectory 
defines the change in velocity both in magnitude and direction, 
for which reason it is known as total ai ( elei alion. We shall see later 


that in solving problems concerning curvilinear motion, it will 
be found necessary to consider, separately, acceleration due to 
changes in the magnitude of velocitg and that due to changes 
in the diiection of velocity caused by the 
/j- curvature ot the trajectory. 

s/ Fig. 1186 illustrates both such kinds of 

acceleration. On the velocity vector MiDi 
segment equal m magni- 

/ tude to vector Vi — M^C. It will be found 
/ segment PDi expresses the change in 

I the magnitude ot velocity of the particle, 

^ whereas segment CF expresses the change 

in direction of the velocity. 

l'"ig- 119 Assume that acceleration a of a particle at 

position M (Fig. 119) is expressed by vector 


MC. Just as in velocity, we resolve this acceleration into 
two components by the principle of the parallelogram, one 
along the tangent to trajectory MT at point M, and the 
second in the direction of MN perpendicular to the tan- 
gent. As a result we obtain the rectangle MDCE in which 
MD expresses acceleration a{ while the vector ME shows acce- 
leration a„. 

Wherefore, acceleration having the same direction as the tangent 
along which velocity is directed expresses a change in magnitude of 
velocity and is called tangential acceleration at, whereas acceleration 
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directed perpendicular to the tangent represents a change in direction 
of velocity and is called normal acceleration a„* 

From this it follows that il the tangential acceleration of a 
particle is in the same direction as its velocity, the particle possess- 
es positive ac( deration , if it is in the opposite diiection, it 
possesses negatne acceleiation and the motion ot the particle 
IS retarded, and if it is /cio, then the motion is unitorm 

Accordingly, possible cases ol motion ol a pa i tide in a plane 
may be tabulated as follows: 


Acccltralion 


1 ‘Both kinds of 
acceleration, 
i.e., at and an 


( hingi in Viloiilv 

both in 111 igniLudc 
and diKition 


Mol ion 


(UIVlllIH u, 

non uniloini 


2 Acceleiation 
an only 


III (lull lion 


cm vihiK ai , 
uniloini 


3 Acceleration at 
only 


in nngnitiicli 


1(1 tllllK II , 

non-uiiiloiin 


If there is no acrderalion ot cithii loim, moLion is rei lihneai 
and uniform. 

There is a simple relationship between total acceleiation and 
its components. From the light tiiaiigle M(J) (Fig 119) it follows 
that CD MD tan «, in which a is the angle foimed by total 
acceleiation and the tangent IJence 

a„ — flt fdn a (45) 


Since the leg of the triangle is ecjual to the hypotenuse multi- 
phed by the sine of the opposite angle oi the cosine oi the adjacent 
angle, we obtain 

a sin a (40) 

, Ol a cos a (47) 


Finally, according to the Pythagoiean Theorem, 

a -]!ai I al (48) 


♦ ‘‘Normal acceleration" is so called because a line perpendicular 
to a tangent at the point of contact is called a “normal". 

8 * 
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80. Normal Acceleration of a Particle 
Possessing Uniform Circular Motion 


Let us investiffotc a spccilic case of curvilinear motion ^when 
the trajectory of a particle moving with constant velocity is in 
the form of a circle with radius R (Fig. 120). In this case there is 
only normal acceleration a„, since tangential acdhleration at is 
zero (case 2 in the tabular representation given above). 

Proceeding as m Sec. 78, we obtain t he component v' of velocity 
Vj exprc-ssiiig a change in velocity in the time interval At during 
which the particle traverses the arc M^M^. Since the particle is 
travelling with uniform velocity, vectors M^C and M^Oi are equal 
in mnqmiiuie and, as distingui.slied trom the general case previously 
presented, the vector represents a change in the diretlion 

of velocity. 

Thus we sec that, under these condi- 
tions, loims an isosceles triangle, 

since jV/,/t i\7,C. In the same way 
M^OM, is also an isosceles triangle 
because OA/^ and OM^ an. radii of the 
.same cucle. Furthermore, these two 
triangles are similar since / M^OM^ — 
— '' M^DE (their sides being mutually 
perjicndicular) and therefore the remain- 
ing angles ol one triangle aie eipial to the angles of the other 
triangle. 

From this it lollows that 



Fiji. 120 


Af,!' 

M, 1/ 


O.U 


from which 


M,E _ M,M,. 


(a) 


The velocities and Vo particle at points and Mg, 

expressed by the vectors MjC and are equal in magnitude. 

By designating this iiiagiiitude as />, we obtain — ^2 ~ 

By also taking into account that OM^ li and by substituting 
these values in Va[. (a), we obtain 


By dividing both sides ot the equation by the time At during 
which the particle moved from to M^, we obtain 


Mj': 

At R ^ At 


(b) 


The le|t side of the above equation expresses the average accele- 
ration for the given interval of time. As this interval decreases. 
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average acceleration will approach normal acceleration in 
which case the chord may be assumed to be equal to the 

corresponding arc and the ({uolient will represent velocity y. 

A substitution of these values in Eq. (b) offers the equation in 
its final form: 

(49) 


In this way we have obtained the following iin])ortant rela- 
tionship: normal accelernlinn of a parlulr moving in a circle is 
equal to Us velocihj squared, divided hq the radius of the circle. 
Now let us see what units are used lo evpress this aeeoleration. 

The numerator in Fa\. (19) is (‘xpressed in _ 

' ^ ^ ^ ' Hint of Imu* / 


( unit ot lon»l]i)- 
(unit of Lnm)- 


hence the measining iiriil of a^ will be 


(unit of lenf?(h)^ 
(uni^of lime)- 


(unil ol length) 


iiniL of length 
(unit of lime)- 


i.e., the same measuring unils as used foi* ar(‘el(‘ration of rectili- 
near motion (See. (it). 

This acceleration is diiected towards llw (cnlre of the circle in 
which the particle is travelling (lor whi(‘h nvason il is sometimes 
called centripetal). 


til. Total Aeeelerafion ol a Particle 
ill a (lirclc 

The above case is of a pail icle moving in a ( irele with eonslant 
velocity. But it motion is non-nnilorm, then aside from noimal 
acceleration as determined by lv[. (19), the particle will also 
have tangential aeeelerafion coirmding wilh Ihe laiigmit in either 
direction. If the niagnilude of this acceleralion is constant, mo- 
tion will be uniformly acceleral(*d and di'^placement ol the part- 
icle for any interval ot time will be louinl through the formulae 
for rectilinear motion as deduced in See. (IG and will be equal to 
the length of the arc traversed. 

In uniform circular motion, total acceleration is the same as 
for normal acceleration. In non-uniform curvilinear motion, total 
acceleration is determined by Eep (48) as the square root of the 
sum of the squares of tangential and normal acceleration, while 
the angle they form with the tangent is evolved cither by 
Eq. (46) or (47). 

Illustrative Problem 42. A particle is travelling in a circle whose 
radius it = 1 m. It possesses a const aiil tangential acceleration 
of 0.2 m/sec*. At the initial moment its velocity is Pq ^ 0. Find 
the velocity and acceleration of the particle at / = 3 sec after the begin- 
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fling of its motion, and determine the distance the particle covers in that 
interval of time. 

Solution: by employing (27) we find velocity at the end of the 
third second: t 


77, = (lit = 0.2 X 3 = 0.6 m/sec. 

Normal acecjcration, according to Eq. (49), is • 

a* 0.36 n Of* 19 
rin ~ = — j — = 0.36 m/sec*. 

Total acceleration at the end of the third second is found by 
Kq. (48): 


a =* Va] + r/2 - ^0.04 + 0.129 = 0.412 m/sec*, 

and the tangent of tlie angle it forms with the contacting tangent is 
obtained by Eq. (45): " 


tan a 


(1)1 0.36 

at 0.2 


1 . 8 , 


Irom whicli </ — iW. 

The distance co\ercd bv the pailicle in three seconds is found through 
Kq. (30): 


s 


a(P 

2 


0.2 < 9 
2 


- 0.9 111. 


82. Questions for Review 

J. Whal IS tile diieclion of velocity, in respect to its trajectory, 
of a pailick having cuivilmear motion? 

2. Whal is individually expicssed by tangential and normal accele- 
ration and what is their diieclion? 

3. Is it possible lor a paiticle witli curvilinear motion not to have 
tangential acceleration? Is it possible lor it not to have normal accele- 
ration ? 

4. What is uniform motion that ])ossesses acceleration? 


83. Evercises 


43. j\ particle willi an initial velocity of zero moves for 5 sec 
with constant acceleration in a circle whose radius is 2 m and 
covei s a distance of 3 m. Find its velocity 
and its total accelerations at the end of the 
fifth wSecond. 

44. 'fhe particle in Fig. 121 'abandons 
position A with an initial velocity of zero 
and, moving with a constant accelera- 
tion is at position B in three seconds, 
0.45 m from position A, after which it 
travels with a constant velocity in a circle 
whose radius is 0.5 m. Find its * velocity 
V and its acceleration at the opposite point C {AB is 
tangent to the circle). 



Fig. 121 
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CHAPTER X 


SIMPLE MOTIONS OF A HARD BODY 

84. Tbe Dillcrcnco Ret ween the Motion of a Hard Body 
and That of a Particle 

Thus far we have studied the motion of a particle. Now we 
shall examine the simplest motions of a hard body which we 
have already classified as an unchangeable system of material 
particles. 

When a body is in motion its various particles traverse different 
trajectories with diverse velocities and accelerations. Jiy way of 
illustration let us take the slider- 
crank mechanism shown in Fig. 122. 

Crank 1 is lastened rigidly to sliafl 
0 and turns with it. It is hinged, by 
means of crankpin A, to one end of 
connecting rod 2, the other end of 
which is hi||ged by means of i)in li 
to slider 3, moving in fixed guides 
KL. As the crank turns, its particles all describe circles of dilfe- 
rent radii and consc [uently move with diverse velocities, 
whereas the particles ot the slider describe identical rectilinear 
trajectories and with an idenlical velocity. The connecting 
rod moves in its own w'ay and quite dillerently trom either the 
crank or the slide; its right end in the centre of the crankpin 
A de.scribes a circle whereas its lelt end in the centre of pin B 
moves in a straight line. The trajectories executed by the rest 
of its particles arc curves of various sliafies 

In this chapter we shall learn how To solve problems concerning 
the simpler kinds of motion of a hard borly, assuming in all cases 
that the body possesses plane motion, whicJi means that all its 
particles describe tnijectoiies parallel to one and the same fixed 
plane. All the elements of the mechanism jnsi examined po.ssess 
such motion, since Ihe particles of these elements continuously 
trace paths lying in planes parallel to one and the same vertical 
plane. 



8.5. Linear Translation 

We shall begin by examining the siinjilest case of the motion 
of a hard body. 

Imagine a train moving on straight rails; all points on the train, 
with the exception of the axles, wdieels, and other elements whose 
motion is relative in respect to the bodies of the cars and the 
locomotive, are tracing identical trajectories; these trajectories 
are parallel to the rails and consequently parallel to each other. 
This is also true of all the particles in the slider 3 of the slider-crank 
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mechanism in Fig. 122 inasmuch as the guides KL are straight. 
The same may he said of all the particles in the mobile jaw of a 
parallel vise and other mechanisms of the same nature. 

Now lot us lake up a more complicated example. The plafe B 
in Fig. 12.'1 can travel either to the right or to the left on the flat 
horizontally fixed guide A, as shown by arrows 1. The plate C to 
whi(;h rod 7) (ending with roller E) is rigidly fixed can slide back 
and forth on guides on the surface of plate J3 in a direction 
perpendicular to the lower guific A, as shown by arrows 2. The 

roller E attached to C travels in a curved 
groove GII in plate F which is part of A. 

Assume plate B to be moving along 
guide A ; obviously the motion of plate C, 
due lo (he curved guide GII, will be 
relative to plate B and be compounded 
with the motion of ])late B itself in the 
direction of arrows 7. As a result of these 
two motions the trajectories traversed by 
all poii.is on plate G or rod J) will be 
identical and parallel to giiicfe GII. For 
iuslanc(', a i reel v-selcc led point K will 
trace the (rajcctoiy and point L will move along the 

path LJo. etc. Tlius, plate C’ and all particles coniualed with it 
trace iderdical and i)arallel paths'. 

If we select any line on the plate for example KL joining 
points K and L. or any other line joining two points on the plate, 
they will remain [larallel to themselves when the plate moves. 
The same may be said ol any line joining two points on the train 
mentioned above, or on (lie cariiage ol a lathe, or the jaws of a 
vise, etc. 

Wherefore, ivlwn a luiid Ixxhj moves ui such a ivaif Hint any line 
joining any two of its points moves parallel lo ilselj, the body is 
said to have motion oj translation. 

In any motion of translation of a rigid body each point of the 
body will po.ssess the .same motion, that is, the same displacement, 
veloeity, and aeieleration at any instant. 

On the basis ol all this \\e come lo the following important 
conclusion: the relationships we have already deduced for 
moving ])oints can be used to solve problems concerniBg motion 
of translation. 

Tf the trajectory of any point of a body describing motion 
of translation is a straight line, the movement of the whole 
body is said to have rectilinear tran.slalion. If, on the other hand, 
the trajectories are curves, then the motion is called curvilinear 



Imj. i‘S.i 


* This kind of motion is made wide use of, such as on lathes which 
work with a template, or for the machining of bodies of rotation having 
a ourviiinear profile or conical surfaces. 
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translation. Such is the motion of plate C in the example 
above. 

A specific case of curvilinear translation is circular translation; 
here ‘all points describe circles of an 
equal radius. This is illustrated in 
Fig. 124. Crank A is fastened 
rigidly to shaft 0; plate B is hinged 
to the other end of. the crank, its 
centre of gravity being lower than 
the axis of the hinge Oj, and occupies 
a vertical position under its own 
weight. When the crank moves about 
axi^ 0, plate /i will move in such 
a way that any line KL joining two 
of its points will mo\e {)arallel to 
itself, and points A', L. etc., will 
describe circles of an ecjual radius. 

Hence the motion ot plate JJ is 
ciicular translation. 

Oral lixrrcnes 

1. M'lial is tht‘ mol ion ot the ram ol 
a shapin^^ maehmo, oi iJie table ol a 
planinf? machine? 

2. WhaL IS the motion ol llie cultti in See. 72 (b'if?. 111)? 



86. notation of a Body Aroiiinl a Fixed Axis, 
and Angular Displacement 

Now let us study the rotary motion of a iiody when the axis 
of rotation occupies a lixed position. 

Assume body A in 125 1o lie rotating about axis 0 which 
is perpendicidar to the plaiu^ ot the drawini^. Also assume that 
point K of the liody ocenpies position K^i at a certain moment. 
As the body rotates! this point ^\iIl describe a (dn^le with a radius 

ol OKq equal to the length of a perpen- 
dicular drawn Jrom the point to the axis 
of rotation and called the rolaiional 
radius. 

Now let us delineate a plane through 
point K and the rotational axis. This plane 
will move with the body A. Assume that 
this plane occupies position OKq at the 
initial moment, and, alter a certain 
interval of time, moves to position OK^ 
and forms a certain two-facet angle (p == 
— - KqOA'i. This angle is formed by the 
initial and final positions of the rota- 
tional radius. In the same way a plane 
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passing through any point L and the axis of rotation will, in 
the same interval of time, form Ihe same angle cp as it moves 
from the initial position to the final position OL^. 

Therefore the angle formed by the swing of a body about its 
rotational radius is the same for any point ot the body for the 
same interval ot time. This angle serves to measurcT the rotation 
of the body as a whole and is called its angular displacement 
during a given interval of time. 


87. Angular Velocity and Angular Acceleration 

If a rotating body forms (‘qual angles willi the rotational 
axis in equal intervals ol time, its rotation will be uniform; 
otherwise it will bo non-ii inform, or variable. 

Assume that the angular displacemcnl of a body is equal 
to (pi at the end of a time inierval /,, and rp> the end of a time 
interval I,, both lieing measured from Ihc same initial position. 
Then ils angular displacement for Ihe Jnter^al ot time /g 
will be equal to cp^. We lind its average ang^ilar velocilif 

for this interval ol time by dividing the angular displacement 
by time as follows: 


Here it is not amiss to ri'pcat what vAas said in Sec. 64 concerning 
the average velocity of a point ha\irig non-uniform motion: the 
smaller the interval of lime /,, the closer the average angular 
velocity to thu instantaneous velocity at the time moment t^. 
Accordingly, the angular velocity ot a point having non- 
uniform rotation is not constant. I.et the angular velocity of a 
given point be O] at the instant of lime and c).> for the instant 
of time /g- If follows I hat the change in angular velocity 

during the interval of time Z, - Z^ is co^ The ratio between 

the change in angular velocity and the interval of time in 
which it took place is called average angular aceelei alion and is 
expressed as 


If acceleration possesses the same sign as angular velocity, 
the body will have positive acceleration; otherwise ifs rotation 
will be retarded. 

Since angular displacement is measured in angular units, 
the measuring unit for angular velocity will be 

unit and for angular acceleration will be 

unit of angular measure .. r unit of angular measure 

inul-oTTO = of time 
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88. Linear Velocity of the Points of a Rotating 

Body 


Wfe have learnt that all points of a rotating body describe 
trajectories in the form of a circle. Geometry shows that the 
greater the radius and central angle, the greater will be the length 
of an arc. Since all rotational radii of a rotating body turn 
through the same angle, the length of the trajectories traversed 
by points situated at different distances from the axis of rotation 
will vary and be proportional to the rotational radii. For instance, 
the length of the arc K^Ki described by point K in Fig. 125 
is as proportional to the length of the are L„Lj described by 
point L as the rotational radius OK is to (he rotational radius 
OLt Thus the various points of a rotating tiody reeeive different 
displacements in ecjual intervals of time. From this it follows 
that the velocities with vliicli the points are displared will also 
depend on the length of their rotational axes. Wherefore, the 
velocities of the points of a rotating bodij are also proportional 
to their rotational radii. 


The veloftty with which a point on a rotating bmly moves is 
called its linear velocilij and is expiessed as • 


Accordinglv. the angular velocity ot a body is a measure of 
the rotation ot the \shole body as well as all its points and is the 
same for all rotational axes. Whereas the lineai veloeitv of 


points situated at dillereni distances from the lotational axis 
will differ. From this it is further concluded that their acceler- 


ation will also dilter. 


89. Uniform Rotation of a Body Around a Fixed 

Axis 

If the angular displacement of a body is the same lor equal 
intervals of time, it is .said to have umloini rotation. It is evident 
in this case that angular velocity will be constant. 

Assume that a body rotates unitormly for an interval of time t. 
Then its angular velocity will be 



The unit of measure used to express velocity will depend on 
the numerator and denominator ot the right half of this lormula: 
if angular displacement is expressed in degrees and time in 
seconds, then angular velocity will be expressed in degrees per 

second (-^~) • W time is in minutes, then it will be , etc. 

In this book the angle f will henceforth be expressed in degrees. 

Eq. 52 is sometimes expressed in a different form. The radian 
(a unit frequently used for angular measurement) is the central 
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angle whose arc is equal to the radius of a circle. By designating 
X as the value of the radian in degrees, and R as the radius of the 

arc corresponding to it, we obtain “§-0^ x = R, from which 

X 5r\TU\ 

71 

Whereupon the angular displacement expresse’d in radians 
would be ^ — jgQo- 9°y and the angular velocity 

TT 05° 1 

^ 180^ ^ ^ si"c ■ 

In engineering, uniform rotation is almost always expressed 
ill number of revolutions per minute and designated as n (rpm 
of the rotor of an electric motor, of the spindle of a lathe, etc.), 
in which case angular velocity is expressed as follows: when 
a body makes one revolution per minule, il turns through 360° 
in one minute; if it makes n revolutions per minute, it turns 

through 360/z degrees and in one second il turns through - = 

- 6/z degrees. Hence if a shaft revolves at the rate^f n revolu- 
tions per minule, il means thal ils angular velocity 

CO -zr. 6/1 =- 360/1 - (53) 

see nun ' ' 


Let us examine the motion oi separate points of a uniformly 
rotating body. Fig. 126 represents a sheave which executes h 

rpm about its geometric axis 0. Let 
us take point K on the outer rim of 
the sheave, the diameter ot which 
we will denote as /J. When the 
sheave executes one revolution, the 
point K will describe a circle of 
diameter I); this means that its 
trajectory will be eipial to jiD, in 
which 7c is the ratio of the circum- 
ference lo the diameter of a circle. 
By executing n rpm, the trajectory 
traversed by the point will equal 
ttDii and in one second would 

TiDn 



Fig. 12C> 


he — cn- • Since the diameter of the 
bO 


sheave is given in millimetres,* the 
linear velocity of point K will be 


V = 


tzDti 

6()"xT,6ob 


m/scc. 


(54) 


All points on the outer rim of the sheave (those farthes,t from 
the axis of rotation) will have the same linear velocity, known 
as the peripheral oelocUy of the sheave. 
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Now let us take a point L lying at a distance r from the axis 
(but not on the rim). 

We obtain the linear velocity of the point L by following the 
san\^ line of reasoning as wilh point K: 

M X l,ol)0 

By dividing v by we obtain 

J— — JL. 

ol 2r ' 


Wherefore, the mho of linear velocities of points on a rotating 
body IS equal to the ratio of their diameters, or, which is the same 
IhMg, of the radii of the circles they describe. 

Eq. (54) expresses the peripheral velocily ol a body (or the 
linear velocity ol its points) depending on the diameler and 
number of revolutions per nunnte. II il is necessary to find the 
number ol levolutions when the diameter and peripheral veloc- 
ity are known, the equation becomes 


n 


(iO X I.OOOe 

- rpm. 


(55) 


When peripheral velocity and the number oi revolutions 
per minule are known, the diameler in millimetres is found by 
the following e((uation: 

r, BO / l,000e 

D = — ^ mm. (56) 

Velocity in Eqs (55) and (56) is given in m/sec. 


Oral Exercises 


1. Two points, one twice the distance from I he axis as the other, 
lie on the same radius ol a rotating body. What i* the lalio of velocities 
of the two points? 

2. What IS the ratio of their normal acceleration? 

lUustrative Problem 43. A sheave with a diameter 1) ~ 2,000 mm fixed 
rigidly to a shaft whose diameter d ^ 125 mm, is rotating mulormly at 
a rate n = 240 rpm. Find the peiipheral velocities u, and v ot the sheave 
and the shaft, respectively, and the normal acceleralion of a point on 
the rim o{ the sheave. 

Solution: applying Eq. (34), we find the peripheral velocity of the 
sheave as follows: 


D, == 


TiDn 


3.14 X 2,000 X 240 


GO X 1,000 


GO X 1,000 


= 25.12 111 /sec. 


Peripheral velocity of the shaft is either found ni the same way, or 
solved on the basis that the linear velocities are ^proportional io^ the 

diameters: from which we obtain = I’l-jj = 25.12 X; 


1.57 m/sec. 


jD ’ 


^ 2,000 ‘ 
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The normal acceleration of a point lying on the rim of the sheave 
is calculated by using Eq. (49), In which case the diameter must be ex- 
pressed in metres because velocity is given in m/sec: 


"" jD/2 ” D 


2 X 25.12* 
2 


631 m/scc*. 


Illustrative Problem 44. How many revolutions per minute must be 
transmitted to a high-speed steel drill of 14 mm in diameter in order 
to bore into soft cast iron at the rate of 50 m/min (the cutting speed for 
drilling is equal to the peripheral velocity of the drill). 

Solution: by applying Eq. (55) we obtain 


l,000y 1,000 X 50 

tiD ~~ 3.14 X 14 


1,137 rpm. 


Illustrative Problem 45. What diameter must a sheave be given if it 
is to attain 1,500 rpm and have a peripheral velocity of 22 m/sec? 
Solution: Eq. (56) gives us * 


GO X 1,000a __ 60 x 1,000 x 22 
Tin 3.14 X 1,500 


= 280 mm. 


90. Diagrams Showing the Relationship 
Between Peripheral Velocity, Diameter, 
and Number of Revolutions 


zr m/sec 


% 


r.pm. 


In spite of the eomprehensiveness of the foregoing equations, 
their use involves tedious calculations which must be often ex- 
ecuted in the workshop (as, for instance, in determining the number 

of revolutions to be imparted to the 
spindle of a lathe for a ^ven cutting 
sjieed). Therefore in solving prac- 
tical problems it is more convenient 
to use diagrams which make it 
possible to find desired magnitudes 
quickly and with sufficient accuracy. 

Diagrams which plot the rela- 
tionship between peripheral veloc- 
ity, diameter, and number of rev- 
olutions are known as nomographs. 
With their help peripheral velocity 
may be found if the other two 
magnitudes are known. For example, if the diameter D — 800 mm 
and the number of revolutions n = 300 rpm, peripheral velocity 
is found by inspection to be y = 12.5 m/sec (Fig. 127). 

In practice, two types of nomographs are widely used — radial 
and logarithmic. The plotting of nomographs and their use 
in practical calculations is explained in special courses on produc- 
tion technology. 
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91. Uniformly-Accelerated Rotation of a Body 
Around a Fixed Axis 


When a change in angular velocity of a rotating body is equal 
for equal intervals of time, llie body is said to possess uniform 
acceleration. If angular velocity is on the increase, the body is 
said to have uniform positive acceleration; if it is on the decrease, 
the body is said to possess uniform negative acceleration, or 
> uniform deceleration. 

By comparing the rotation of a l)ody with the rectilinear 
motion of a material point, v/e find that angular displacement 
in the former is analogous to rectilinear displacement in the 
latter. In a similar manner angular velocity and angular accel- 
eration, which are characteristic ol rotation, corrcs])ond to the 
veldcity and acceleration ol a body po.ssos.sing rectilinear motion. 
Therefore the equations ghing the relationship between angular 
displacement, angular velocity, and angular acceleration can 
be deduced in the same w'ay as accomplished lor tiisplacement, 
velocity, and accelcraliou ot a particle ol unilorm rectilinear 
motion (Secs (if) and lib). Such an operation wdl yield the lollowing 
formulae : 

Angular velocity al moment I 

(Ot I kl, (.'57) 

in which Wq inilial angular veloiilv, and c is angular accel- 
eration, wliich is conslanl when lotalion is unilormly accel- 
erated. If initial angular velocity 0, then 

,oi -tl. (.b8) 

Analogous to l^q. (28), we obtain angular displacement for 
time t: 


<p — 0}^ 1 2 ' 

(59) 

and in accordance with Eq. (29) 



(60) 

Finally, if inilial ani^ular velocily is ato, 


11 

(61) 

and 


(ul 

^ - Ye ' 

(62) 


Illustrative Problem 46. A sheave begins to rotate with uniform accel- 
eration al 12.5 revolutions for the first 5 seconds. What are its angular 
and peripheral velocities at the end of that time it its diameter D — 
= 2,000 mm? 
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Solution: we first find angular displacement, bearing in mind that 
one revolution corresponds to a turn of 360®: 

(p = 360 X 12.5 = 4,500®. 

Since the initial angular velocity is zero, we use Eq. (61) to find angular 
acceleration : 


€ 



= 360 deg/sec*. 


Angular velocity at the end of the fifth second is found through^ 
Eq. (58): 


coi et = 360 X 5 = 1,800 dcg/scc. 


This angular velocity corresponds to 
peripheial velocity al that moment 


1,800 

360 


= 5 rev/sec. Hence the 


^,000^ x_5 

1 , 000 " 


31.4 m/scc. 


lllustralivo Problem 47. A sheave with a diameter of 1,200 inni rotates 
at the rate ol n — 400 rpin. When power is cut off, it continues to rotate 
with unitorm deceleialion, coming to a stop in 2 miii 30 see. Determine 
the number ol revolutions it executed altei power was a t oil, and the 
tangential acceleration ol a point on its rim duiing the same interval 
be tore stopping. 

Solution: the angular velocity ot the shea\e at the moment ot tran- 
sition from unilonn motion to uniform deceleration is found by using 
Kq. (53): 

ojq — bn ^ G A 400 = 2,400 deg/sec. 


To lind tlie angular deceleration we use Eq. (58), but instead ot the 
final angular velocity, we apjily the initial velocity: 


Mo 


t 


2 ,400 

150 


= 10 


deg/scc% 


Now we can find the angular displacement through Eq. (61): 

10 X 150^ 1 . 

<p = — - = 180,000 degrees. 


Inasmuch as one revolution equals 360®, the sheave has made 
180,000 

- nnix = '^OO revolutions. 

360 

To find tangential acceleration on the nm ol the sheave, we calculate 
the length of the arc corresponding to angular acceleration e = 16 deg/sec®. 
The diameter of the sheave D being 1,200 mm = 1.2 m, theh the length 
of the arc corresponding to a cential angle of 16® will be 


ttDIO yrl.2x 16 

360 360 


4:71 

75 


Therefore the tangential acceleration on the rim is 

4 x 3.14 rk ^ n / , 

0.17 m/scc*. 
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92. Questions for Review 

1, What is motion of translation? Name the different kinds of trans- 
lation. 

2i If a railway carriage passes from a rectilinear to a curvilinear 
track, can its motion still be called translation? 

3. If the same railway carriage passes from a rectilinear horizontal 
track to a rectilinear inclined track, can its )notlon still be called 
translation? 

4. What kind of motion does the foot-rest of a bicycle pedal have? 

5. Does the magnitude of angular velocity depend upon the magnitude 
of the rotational radius? 

6. Does the magnitudo of linear velocity depend upon the magnitude 
of the rotational radius? 

7. Two cylinders of different diameters are rotating about their 
geometric axes. What ratio should there be belween tlie number of revo- 
luUons they attain per unit ol time so that Ihejr peiipheial velocities 
lemain the same? 

8. Two sheaves of different diameters exeeiite the saim* number of 
revolutions per minute. What can be said about their angular and peri- 
pheral velocities? 


93. Exercises 

45. If a sheave has a diameter of t60 mni and its motion is 
uniform, what must l)e its rpm to achieve a periplieral velocity 
of 21 in/sec? 

4G. A sheave is turnin^y at I in rale ol 1,500 rpm and with 
a peripheral velocity ol 22 m/sci*. What is its diameter? 

47. A steel workpiece with a diameter of 60 inrn is being 
machined on a lathe with a high-speed slcei cutter. What is the 
cutting speed (peripheral velocity) if the workpiece attains 
1,140 rpm? 

48. A brass workpiece 50 mm in diameter is l)eing machined 
by a high-speed steel cutler at the rate of 430 m/min. Calculate 
the rpm of the workpiece. 

49. A sheave with a diameter ot 1,100 mm had at one moment 
f =: 0 a peripheral velocity of 9 m/sec anvl 12 m/scc following 
an elapse of 2.5 minutes. Assuming the rotation of the sheave 
to be uniformly accelerated, find the angular and tangential 
accelerations on the rim, and also the angular and peripheral 
velocities following an elapse of 1.5 min after the initial mo- 
ment t ~ 0. 

50. A flywheel 1,500 mm in diameter attained 60 revolutions 

in the first 45 seconds after starting. Assuming its motion to be 
uniformly accelerated, find its angular and tangential accele- 
rations and its angular and peripheral velocities at / 60 sec. 

51. A flywheel turns at a speed ol 210 rpm. When power is 
cut off it continues to rotate but with uniform deceleration and 
stops after an elapse of 4 min 24 sec. Find the angular accelera- 
tion of the flywheel and the number of revolutions it executes 
after power was cut off. 


9-5018 



DIAAIIKS 


( II \ I I I It \[ 

f U\DVUL\TVLS or UWVUKS 
JJI. Dofiiiiiioii ot ])>iinnuo 

In Ihc pi( ( ( (liipf SI ( lion on kiiu mil n s \\c sludiod Ihe motion 
of a hard body cind its \ II ions points Ibil lluii ( in In no (bailee 
in molion oi is il is ( illtd tin iin ( I) inn at st ite of a hod\, 
unless anollui l)od\ (i ioKc) is i(tin«> upon il f’luifloic in 
OTclcj lo olilain a compkti jin Inn ol tin nioiion of a body, w( 
must know the nlilion liclwcdi its molion and Ihe tones 
adiiify upon it I his [iiobkm is (kalL with in that seition of 
mediariKs known as (l\nimi(s It m i\ idoidim^ly be slid that 
diinaiiiKs d((ds wilh flu molion of (i bodij in (on/itdion with lltt 
/ones cKtuKj upon il 

Ihcie aie two m iin hiiio probknis lo be 1 ik( n nj) in dyu iniK s 
]) d( Ur niinini( tlie loncs lint ( nisc tlie molion ol i bodv on 
tlie basis ol the kincrnalKs of lint motion, 2) dttii mining the 
motion that a bod> adiuMs urnki the ai tion ol ioucs excited 
on it 


S5. The riisf Law oi lleelianie'^ (\e\\ ton's llist Lau) 

We know by (\peiiment that a body at rest cannot cliange 
this stale unless another bodv aits upon it and that it will con- 
tinue in sudi a state loi an iiiddinilc time We also know that 
if a body possesses uniloim icdihneai motion, it reciuires the 
action ot anothei bodv to change this motion 

Let us assume we have pushed a ball lying on the floor As 
we watch we see that it has accjuired rectilinear motion The 
hauler the material ol which the ball is made and the smoother 
its suiface as well «is the surface ol the floor, the longer it will 
continue to mo\e in a straight line and the less change will there 
be in its velocity If the ball wene in a vacuum it would continue 
its motion still longer 1 hus we see that the floor and surround- 
ing air influence the ball, cause its motion to be non-uniform, 
and impart a negative acceleiation to it. 
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From this we deduce that if it were left to itself and were 
free of the influence of other i)odies, the l)all would have acquired 
uniform rectilinear motion with a velocity constant in magnitude 
and direction. 

Th^ property of a body to mainlain its momentum (or also 
its state of rest) is called incrlia. 

We have thus readied a conclusion expressing the substance 
of the Law of Inertia, or Newton’s First Law: a hodij will remain 
in a slate of rest, or of uniform rectilinear motion, until some other 
body forces it to chanqe that state. 

It is important to bear in mind that the a(‘tion of one body 
upon another need not iiecessaiilv (xauir through direct (visible) 
contact. For instance, a body projected horizontally will not 
exhy^it rectilinear motion; it will acdiieve curvilinear motion 
due to the earth’s invisilile at I ruction. 

96. The Basic Kqiialion of Dynamics (\ewton’s Seconil Law) 

Let us make the following experimemt. d'lie iiliinger B in tlie 
guides A (Fm. I2<S) (‘an be tor(‘ed to th(‘ rigid by the spring D, 
\Ve pull the plunger to the left and fasten it. in jilace by gripping 
its handle C with the screw K. We then ])lace two balls, /s and 
F, against the plunger. ,Hoth balls have the same diameter but 
their materials are of different sjuaific gravity and are, there- 
fore, of different weights. We then reh‘as(‘. llie liandle C and the 
plunger jerlcs suddenly to the rigid, simullaneously pushing 
the two halls in the sam(‘. direction. We ol)sm*ve that they both 
acquire rectilinear motion, but displacemeid for each in the 
same interval of lime is different: the lighter l)all travels faster 
and outstrips the heavier one. If the balls had had the same spe- 
cific gravity, ttiey would have moved 
with equal velocity and been slopped 
by the resistance to Llieir motion, at an 
equal distance from the initial jiosilioii. 

If we repeat this experiment but with 
the spring s(ineezed tighter (I he spring 
pushed further to the lelt than iu tlie 
first experiment), we shall see both balls 
move with greater velocity than before; 
nevertheless the velocity of the heav- 
ier ball will steadily become less than that of the lighter one. 

From these experiments we deduce the following: at the 
initial moment both balls arc in a state of rest. Under the action 
of the spring which imparts ofiual forces to both balls via the 
plunger, they are put in motion but each with its own velocity. 
In other words, under the action of equal forces, the two bodies 
received unequal accelerations, the heavier receiving lesser 
acceleration. Furthermore, by comparing the second experi- 
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ment with the tirst, wc see that a greater force nevertheless 
imparts more acceleration to one and the same body. 

From this it is apparent that there is some kind of relation- 
ship between a force and the acceleration it imparts to a body. 
Let us make another experiment to determine this relationship. 

To the car A (Fig. 129) standing on straight and horizontal 
rails we fasten one end of a dynamometer B, th5 other end of 
which wc fasten to a cord C which we pass over pulley D and tie 
to a weight Gj. Then we allow the car to move under the pull 
ol the cord caused by load and make a note of the magnitude 



of the force Pj indicated on the dynamometer. By studying 
the motion ol the cai (eg, measuiing tlie distances it travels 
in equal intervals of time) we find that it acquires uniform 
acceleration. We then iind llie magnitude of its acceleration 
Ol by means of the distaiue it liavels in a delimte interv’al of 
time. 

Then replacing load Gi by load G^, we repeat the experiment 
and find that under the action ot the second force P 2 as indicated 
by the dynamometer, the car receives an acceleration of Og. 
If the car is constructed so as to offer very little friction in its 
movement along the rails, we shall find as a result oi a number 
of similar experiments lhat (he ratio between forces Pj and Pg 
differs very little from the ratio of accelerations the lorces impart 
to the car. We thereby establish that the magnitudes of the forces 
arc directly proportional to the magnitudes of accelerations 
which they impart: 


Pj, 


Ol 


Ol 
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or, after replacing the middle members, ,, 

a constaiit quantity. 

No matter how many times we repeat this experiment but 
with different loads, we shall see that the ratio ol a force to the 
acceleration it imparts to one and the same body is always 
the same. 

Wherefore, ihe ratio of a force to the aaelcration it imparts 
is a constant quantity for cvety body. It we denote this quantity 
by the letter m, wc obtain 



or, 

P rna. (03) 

From this equation i( follows lhal Ihe ^o'eater the ma^mitude 
of m, the greater Ihe Joiee reciiiired to nn])arl one and the same 
acceleration to a body. Th^‘ quaiitilv /// is called the measure 
of mass ot a body, or, to put li siiu])ly, the mass ol a body. 

Since according to the Law of Inerlia a body lends to either 
remain at rest or retain its uiulorm rectdinear motion, it is 
understood that when aeeeleialum is iin])arted to the body, it 
will resist that acceleration; and the giealer its mass, the greater 
its resistance. Whence the mass ol a liody is considered to be 
a measure of its inertia. 

Eq. (63) which expresses Newtoids Second I/^w^ is the basic 
equation of dynamics and can be toinuilated as tollows: force 
is equal to mass multiplied by adcleialion. Moreover, acceleration 
attains the same direction as the lorce imjiarting it. 


Oial 1 3 crusts 

1. If the inagnitiule ol o fouM* luiinj^ on a IxxIn" is incirascd n Limes, 
how will it clJect the aecekaalion oJ the bod> ? 

2. The mass ol particle iX is n times t»icaler than the mass of particle 
B, and the acceleration inipailed to A is also n lanes gieater than that 
imparted to B. How much grcatei is the lorce imparled lo A than to /^? 


97. Law of the Indepoiident Aefioii 
of Forces 

Assume a particle to be moving with an acceleration under 
the action ot force Pj (Fig. 130) and that at a certain moment 
another force Pg begins to act on the particle. If the particle 
were under the action of force Pg alone, it would receive an accele- 

p 

ration a, = — , in which m is the mass of the particle. 
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However, we know that under the action of the two forces 
Pi and Pg, the parlicle^all move with an acceleration a repre- 
sented by the vector OC, which is also the diagonal of the paral- 
lelogram OACli, construct ed on both accelerations — OA 
and a 2 — OB as two of its sides. In other words we may say 
that the acceleration of a particle is ecina) to the geometric sum 
of the two accelerations. 


By multiplying the two accelerations aj and ag by the mass 
of the particle, we evolve the forces P^ and P 2 . Therefore we may 
regard the parallelogram OA(lB as being constructed (to scale) 
on the vectors oi forces P. and P,, and ^(‘cIol• 00 as representing 


A 



B 


iMu. lao 


(to the same scale) the resultant 
ol the two component forces P^ 
and P 2 . 

bTorn this we arrive at the 
tollowing dedu(‘tion: if a mooing 
pailiclc IS under the nrhon of several 
[ones ai once, llie aiLclcration the 
pailide reteioes is equal to the geo- 
meliie sum of the (Kceleiations pro- 
duced separalelij bij each of the 
foKcs acling on it. 

Let us assume that a particle 
mr)Mng under its own momen- 


tum (its motion is imiloimK r*eclrhm‘ai) begins to be acted upon 
at a certain moment by a loice P haMni» a (‘oust an 1 rlii*eclion. 
As a result, tire particle will rv(‘(ive a given ac(‘eleral ion in the 
direction ol lliis latter loH‘e. 11 the jiarticle had been al rest 
when acted upon by the lorre, it wamld have received a deliiiite 
velocity in the dh'eclion ol the loi’ce. But since it w^as also under 
the action ol its own rnornenlnm, its \eh)(ity will be the sum 
ol the velocity jrroduced by its moment urn and that produced 
by lorce P (assuming the latter had l)een applied to the particle 
as if it were at rest). 

This may be formulated as follows: the action that a force will 
have upon a particle does not depend upon whether the particle 
is al rest or in motion, or whellri one 01 several forces are acting 


upon it. ‘ 

From this it also follows that il a particle is moving under 
its own momentum and a system ol lorces in equilibrium is 
applied to il, its motion will continue to be uniform and rec- 
tilinear. 


This principle of mechanics is called the law of the independent 
action of forces, or the law of the joint action offorces. 
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98. Propositions Deduced From fhe Laws 
of ]Weehanic|^ 

Tiie f()lIo\vin£{ set of propositions, confirmed by experiment, 
emerges from the laws of mechanics that we have investigated. 

1. Assume a particle having rectilinear motion and being 
under the action of a force. According to Newdon’s Second 
Law, its motion will have accelcrahon. 7/ llie foice should be 
removed, the particle will continue to move under its own inertia 
(momentum) with a uniloim tedilinear motion and its velocity 
will be that attained at the tune the force was removed. Such would 
be the inolion of a train, travelling on straight horizontal 
rails, alter steam is cut otf and if Ihere were no resistance to 
its* motion. The smaller the resistance, the longer will the train 
move under its own inertia and the more nearly uniform will 
its motion be. 

2. Assume that a particle has curvilinear motion. As is apparent 
from Newton’s iirst two laws, such motion can only occur under 
the action of a force. If the foice is removed, the paihcle will 
continue io^nove. hut in a sliaiqhl line tanqenl to its path at the 
moment the force has been removed. An example of this is a stone 
tied to the end oJ a cord and being wluiled around by a hand 
holding the other end ol the cord. 11 (lu^ cord bieaks. the stone 
will ily olt in a dirc'cliou tangent to the cir(‘le des(‘ribed by 
its centre ot gravily under the (‘onsliaining action of the cord. 
A particle torn oil a rotating grindstone will acr|uire thi^ same 
motion. 

d. Now lei us consider tlie motion ol a (rain on straight and 
horizontal rails In oidiu' lor the tram to maintain unilorm motion, 
the locomotive must de\el()[) a delrnrle tractive lorce to overcome 
the harmtul resistance which is opposite in dirvclron to the motion 
ot the train. It lire tractixe lor*ce is giealtu’ than this iTsistance, 
the surplus wall imiiart positive aciadeiation to tlie tram and make 
it move lasler. T>nt it the resistance is greater than the tractive 
force, th(^ surplus resistance will impart a n(‘g*di\e acceleration 
to the tram, i.e., an acceleration opposite in direction to the 
motion of the train. 'This would cause the movement of the train 
to be retarded. 

From what has just been said, the tollowing important deduc- 
tion can be made- since on the one hand tlie train possesses 
uniform recdilinear motion under the aid ion of the tractive 
force of the locomotive, and on the other hand ot the force of 
resistance, and since both these loi'ces are exactly ecpial in mag- 
nitude, tlie loi’ces are in eijuilibrium. 

Wherelore, if a parirle under the ad ion of foices possesses 
uniform redilinear motion, the forces will he in equilibrium, have 
no influence on its motion, and the particle will move under Us 
own inertia; and conversely, if the forces applied to a particle 
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are in equilibriunuAt will either have uniform rectilinear motion 
or will remain in it stat^of rest. 

This is one of the mrat important principles of en^neering 
mechanics, ft simplifies all problems concerning rectilinear iind 
uniform motion since it makes it possible to solve them through 
the principles of statics. , 

The following table schematically presents all the above 
deductions. 


Kind of Force Required to Move a Ma- 
terial Point from Its Stale of Rest 

The Resulting Motion of the 
Paiticle 

1. A force constant in magnitude and 
direction 

t 

Ilniformly acceleraled, recti- 
linear 

2. A foice variable in magnitude and 
constant in direction 

Rectilinear 

3. A force which imparts non'Unifoim 
curvilinear motion but which ceases 
at a given moment 

_ ^ 

Unifoimly rectilinear motion 
along the tangent to its 
trajectory 

4. A force which impails non-unifoim 
rectilinear motion but winch ceases 
at a given moment 

Ihiilormlv rectilinear motion 
Irom the moment the force 
ceases 


Oral Exercises 

1. A particle moving? iiiuJer its own inertia (inonicnluni) comes under 
the action of a constant force liavin{< a direction opposite to the motion 
of the particle. What eftecL will the force have on the motion ot the par- 
ticle? 

2. A particle moving under its own inerlia (momentum) comes under 
the action of two forces equal in magnitude and opposite in direction. 
What effect will they have on the motion of the paiticle? 

99. Units of Mca^^ure in Engineering 
and Physics 

Eq. (63) expresses the relationship between three quantities — 
force, mass, and acceleration. Acceleration is expressed in 

Omit ot t lH^ • Since the basic unit of length used in engineering 
is the metre (m) and of time it is the second (sec), hence accele- 
ration is expressed in — m X sec“^ (read metres per second 
per second). 
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As for other quantities in the said equatio^we may choose 
either force or mass as the basic unit, and ex^ss one in terms 
of the other. If we take force as the basic unit and in the form 
of th* kilogramme just as we did in statics, then let us see how 
mass will be expressed. 

' P 

We have already eslahlished i lie lollowin^ relationship: m -- 

By suhstitutinij 1 kty lor the force P and 1 m/sec^ for accele- 
ration a, we may express the unit ol mass thron^^h these units as 


1 ni 

ks : -- c. 

” bC c- 


X soc- 
in 


— kii X m"^ X scc^ 


This system of units m, sec) in wliicdi tlie unit of mass is 
expressed through tl^esc veiv nmls, has l)een adoptive! in engi- 
neering and is (‘ailed the cnqincci nKf sijslvm of unils. Hiis is the 
system we sliall henceloilli use. 

Now let us try taking the unil ol mass as our basic unit. If 
we use the gramme as this unil, (G.i) will give I lie bjllowing 
relationship for the unit ol loiee: 

unit of for®L‘ (uiid of mass) (unil ol acceleration) — 

^ unil ol 

zir-’ n V . 

(unit ol linie)” 

In Ihe system of units as used in jihvsics, I he unil of length 
is the centimetre and tlie unil ot time is Ihe sec'ond, according 
to which the unit ot loree, called Ihe dijne, is expressed as 

g X g X cm X sec 


This system is called the pluisKul or absolute sijstcin of units, 
or is simplilied by the technical sobiuiuet (XIS (centimetre, 
gramme, second). 


100, Kela(ioiistij|i lb‘lueon Ma^s 
and Wehjhl ulf a Body 

Let us assume that a body is falling tieely in a vacuum where 
it meets with no resist ance. As ve know, a body lalls b(‘cause 
of the force (d gravity, or in other words, of ils weight. And 
since this force, acting u])on it, is conslant both in magnitude 
and direction, the body falls with a constant acceleiation. 

Hence it is obvious that Ihe Basic Ecjualion ot Dynamics 
(63) is also applicable to this case, when the active force is gravity. 
But instead of the force P in K([. (6.3) we substitute the weight 
of the body fj, and instead oi acceleration a. we apply the accele- 
ration due to the force of gravity g. Whereupon the equation 
becomes 


G ^ mg. 


(64) 
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Since the ma^;*of a body is constant but its acceleration 
may be a diversfe quantity, the weight G of one and the same 
body may possess dilierent numerical values along different 
latitudes of the earih, a fact proved by weighing a body by means 
of a spring balance. From this we sec that there is an appre- 
ciable difference between the mass of a body and.its weight. 
All bodies have mass, and mechanics deals with the mass of 
all bodies as unchangeable. But the weight ol a body is determ- 
ined by the gravity of the earth and varies along different 
parts of the earth’s surface, depending on tlie magnitude of 
gravitational acceleration. 

Illustralivc 1‘rohloin 48. A body having' an initial velocity of lOm/sec 
moves 200 m in 5 sec when a force of 20 is applied to if. What \s its 
weif^ht (the acceleration due to ^ravit> is taken 9.81 m/scc*)? 

Solution: since the body possesses uniformly accelerated motion, 
we apply Eq. (28); 


whence, by subslitutinfjf coi respoiuUnf^ nuincrifal values, wc obtain 
a - 12 ni/sec'^, and the mass of the body 

P 20 5 , , , 

~ 12 3 ^ 

Therefore the weij’ht of the body 

(j m A. ff X 9.81 ^ KKa.") kt4. 

lllusfralive Prohlein iJk \ bod\ of weiLdd (i - 29.43 kt* is mo^ing 
under its (»\mi inertia at a \eIo<il\ Pq tO m s( c. At a ci‘itain nioinent 
a force P - 2 k<^ is applied to it aclini* in the opposite direction to its 
motion. Find the velocity ol th(‘ body three seconds after the force 
P is applied. 

Solution: sinci* the force is acting in the opposite direction to the 
motion ol the bod\, the acceh lalioii im]iai ted to it is negative and the 
motion of the bod^^ is unitorinly nlaidid. P'roni luj. (2()) wc obtain 

(it =- 10 3n. 

Acceleration a ^ mass ni =- 3 kg x m ^ sec^, 

m g 9.81 

2 

hence acceleration a ^ in s'*c“ and the sought velocity 
Pj - 10 - 3 X " - 8 in 'sec. 


101. JjSiw of Aefion imd Roaelion 
(Xowloii’s Third Law) 

If body A receives a certain aereleralioii under the action 
of a force, it means that another body B is exerting this force 
on body A. Body D may act on A either in direct contact or at 
a distance, the latter as i%the case of the force of gravity. 
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Let us make the following experiment. 

We place trucks A and fit on rails .(Fig. 131), and connect 
them by a spring C, the cars being a I such a distance from each 
oth^ that the spring is somewhat taut. When we release both 
trucks simultaneously they move towards each other. We measure 
the distance each has covered and calculate the acceleration 
of each truck. We denote the acceleration of truck A as and 
of truck JJ as Alter calculating the ma.sses of the trucks and 
comparing them with their corresponding acceleration, we find 
(provided the experiment has been eanied out A\ith sufficient 
precision) that the cejuatiou m^Oi — my/., holds true to a suffi- 
cient extent. 



1m«. 131 


However, according to Xewloii’s .Second Law, the product 
of mass and acceleration is equal to the lorce imparting accele- 
ration. 'I'liereiore, we lind that ;i lorce lias acted on truck A 
from left to right and a lorce of the same magnitude has acted 
on truck B from right to let I (in the opposite direction). 

This result conlirms the d'hird Law ol Mechanics (Newton's 
Third Law), which when slated biielly, is that adion and teaelion 
aie equal. 

'I’he interaction ol two bodies is the result ol two forces which 
are equal and opposite. Hence, lorces act in pairs when they are 
applied to two interacting bodies. 

We have already seen this law applied with respect to the 
equilibrium ol bodies in statics, when we learnt that the pre.ssure 
of a body on its support gives rise to an equal and opposite 
reaelion. 


102. Questions for Ileview 

1. Expliijn the Law of Inertia. 

2. A force acling on body A is n times greater than a force acting on 
body B; tire niasi, ot bodv H is n limes greater tlian the mass ot body 
A. What is the ratio between the acceieiations imparted to the two 
bodies? 

3. How is the unit of mass txpressed in engineering and in absolute 
systems of units? 

4. Under what conditions does a particle, under the action of a system 
of forces, acquire unitorm rectitinear motion? 


103. Exercises 


52. Find tlie mass of a body havin^j a weight of 1,963 kg. 

53. The tracli\e force of a locomotive, after allowing foi all 
resist anccs to its motion, is 12,000 kg and it imparts an accele- 
ration to the train of a — 0.1 m/sec®. What is the weight of the 
train and what will he its velocity following an elapse of 45 sec 
after it begins to move? 

51. What tractive lorce (including that needed to overcome 
resistance) is necessary to give a train, weighing 2,000 tons, 
an acceleration of 0.05 m/sec if the resistance to its movement 
amounts to 0.005 of the weight of llie train? 

55. Three minutes after starting, a train weighing 1,200 tons 
is travelling at a speed of 40 km/hr on a straight and horizoittal 
track. What is the tractive loiee ol its loeomotive (considering 
it constant) if the resistance to its motion is 0.005 ot the w'eight 
of the train? 

56. Ilow long will it take to stop a tramcar travelling on a 
horizontal track at a speed ol .‘55 km/hr and how lar will it travel 
after the brakes tiave l)een a])phed it all the rcsist®ices to the 
tram’s motion, including that created by the brakes, amount 
to 200 kg per ton ol weight ol the tram? 

( II \ i> T I n XII 

IXTHODl CITOX TO DYXA.MICS OF A MATERIAL POINT 
101. Ojnamies of a Material Point 

When w'e wtic investigating kinematics we found that if a 
hard body is rotating aliout a lived axis, its various points are 
displaced in circular tiajeclones ol dillcrent radii, velocities, 
and accelerations. Hut when a body possesses motion of trans- 
lation, the elements com|)rising this motion are exactly the same 
for all points on the body. Hence, in considering motion of trans- 
lation ot a body under the action ol ap])lied forces, we may ignore 
its dimensions and lake a point (usually its centre of gravity) 
which represents the place ot concentration of the entire mass 
of the body. As already explained at the beginning of*this book, 
such a point, which is made to represent the body >s a whole, 
is known as a material point. 

However, the use of a material point is not restricted to 
motion of translation alone. It is also uselul in more complicated 
types of motion; let us assume a ball is rolling on a surface. 
As the ball rolls, its centre describes a simple citrved or straight 
trajectory, whereas its other points describe various compli- 
cated curved trajectories. If, in solving the problem, we are 
interested only in the motion of the centre of the ball, we may 
consider^hc ball as a material point situated at its centre and 
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containing its whole mass. Accordingly, hen( 5 ^rth when speak- 
ing of the motion of a body, we shall assume the body to be a 
material point whose mass is equal to the mass of the whole body. 

t 

105. The Action of the Force of Gravity 
on the Motion of a Verticall^-Projeeted Body 

Assume a body to be llirown vcilieally upwards. If it were 
not attracted by the earth, it would lelaiii the velocity imparted 
to it at the initial moment and move under its own momentum 
at a constant rectilinear velocity, lint the body is acted upon 
by the force of gravity whose magnitude is delerniined by the 
acceleration q, which it imparts to tlie liody, and by the mass 
of 'the body. 

Therefore the velocity of the body at any moment t during 
its flight upwards is equal to the dillercnce between the constant 
velocity Dq with which it would have lieen displaced under its 
own momentum, and velocity qt which it acquires at the same 
moment from the lorcc ot gravity. From tins we derive 
Eq. (32), ajfeady slated in the .section on kinematics: 

Vt ql. 

When velocity gt, as imparted to the bodv by the torcc of 
gravity, becomes eipial in magiiitiuh to the vclocilv ot its motion 
due to inertia (momentum), the velocity ol the body will liecome 
zero. At that moment the body will reach its highest ])oint and 
then begin to fall under the action ol gravity alone (if the resist- 
ance of the air is not taken into consideration). 'I’he bodv will 
acquire uiiifonnly-accelerated motion and its velocity at any 
moment t will be equal to ql. 

This is the explanation ol the kinematic relationships already 
mentioned in Sec. Gti. 

lOfi. The Motion of a Body Throuii Upwards 
at an Angle to the llori/on 

Now let us consider a more complicated case of bodily motion 
under th\ influence of the force of gravity: a body is thrown 
upwards Mt vertically but at an angle to the horizon (P’ig. 132). 

Assume ^at a body M is thrown from an initial position Mq 
in the direcqwn of N and with a velocity Vq, with its trajectory 
forming an angle a to the horizon. If the force of gravity did not 
act on the bodv, it would be displaced with uniform rectilinear 
motion in themirection of M^N with a constant velocity v„. 
But the force of gravity causes the body to diverge steadily 
from a straight line so that at a given moment it will fall back 
to earth at a spot M and at a distance of L — MqM from its 
initial position. 
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W e resolve Ihe velocity Vq, as represented to scale by vector 

MqA, into two components: Vo^ior a horizontal direction 
and Voyeri in a vertical direction. Whatever may be the shape 
of the trajectory described by the body*, its horizontal coinpo- 
nent of motion ^^ill be uniform because no ton e is acting upon 
it in that direction. In the vertical component, however, the 
velocily of the body will not be uniform and at any moment 
of time can be expressed by the dilfereiice b(‘lween initial veloc- 
ity Voyyrf nnd velocily gt as determined by acceleration due to 


/V 

/ 

X 



gravity. The velocity with wliicli the bodv is displaced verti- 
cally is touud by means of K(|. (d2), which in this case becomes 

Thus we see that Llie vertical motion of the body becomes 
unilormly decelerated and at the moment when r// equals ^orfro 
the vertical component of the body’s velocity will become zero, 
at which moment the body will reach its highest polrt. After 
this the body will begin to move with positive ac;^, deration 
because of the increase in the vertical component, /t*'and at a 
given moment the body will strike the ground. /k 

Now what is the trajectory traced by the centp of gravity 
of the body? / 

We know from experience that it will be curvmnear, and we 
may plot its path by the following method; represent the 

time elapsed while the body is in the air. We^^ivide that time 
into several equal intervals /g, etc., and indicate points 


* It must be remembered that we arc assuming this body to be a 
material j)oint. 
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hM, M'z, i\/ 3 , etc,, on line MJS! to represent „the h>[])othetical 
trositions of the body at moments tj, l^, /g, etc., had its motion 
.been due only to inertia. And .since such a supposed motion would 
have»becn uniform, - vJi, M^Mz — oJz' MqM'z ~ 

etc., and the height that the body at lamed wmuld have been 
represented by the linear segmciils M'^Az, M'^A^, 

etc. However, under the action of gravity the bodv becomes 
displaced downwards with unilormly accelerated motion, cover- 

ing the distance during the interval ly, distance 

M'zMi fluring the interval ~ 2/,, and distance 

M'^M^ — (liiriTHjf Lhc interval — 3/,, cle. Thus the setj- 
meiits MJxl/p etc., are reJaleil to each other just 

as elc. IJiil l\ 2/,, 7\ 3/^, etc. Consequently, 

M\M^ : A/sA^ • A/,A/^, etc., - t\ : l/f ■ 0/?, etc., --- 1 ; 4 : 9 , 

etc. IIeii(‘e, by plotlinq seqnients A/,A/p 
M3A/3 = 9 AO/t verlu‘al]y downward Iroin points M\, M^, iVfg, 
etc., wc obtcffii a number 01 points lyirnr (3ri the trajectory of 
the movim^ body. In inoie detaih'd treatments on this subject 
it IS shown that Llie pcUi traced by this body marks a curve 
called a parahold. 


Now 1*1 us Tind the lapse ol liiiu 7 tlial is fonsmnt'd by Ibe body to 
move liom position lo position U, and dd nnine the niimmum 
height il attains at FI and tic* lenmb ol ils flii>hl L. 

As alieadv evplained, thf' motion npwaids is nniiormlv retard'^d and 
at the highest point tlie \eiU(.al eoiiiponent ol \Uocil> is /eio. Accord- 
ingly, =r — ^7 ' =0, from which 1' , in whkdi T' 

is the lapse of time it takes Ihe bodv to icaeh its liighesl ]ioint. Since 
Vi^jcrt = ^ 0 th*' time tli» b )d> tikes to mov^' liom Lli' initial to the 
hi best point is 

j ' ^ . 

U 

It can w easil> shown lhat the time the body consumes in moving 
from ils hWiest point to point M will be the same. Hence the time the 
body takcsllp ti averse the whole path from AIq to At will be 


y ^ 2c,sin^, (65) 

9 

The next steJWis to determine the height II attained by the body. 
When wc use P^c™29), vi iiuist be takon as /eio because at the highest 
point the final v^ucal velocity is zero. The initial velocity in this case 
is aoicri = sin a,i^iid acceleration a is the same as acceleiation g 
caused by the force v gravity. All this offers us the following expression 


* Segment M[A^ has not been delineated in Fig. 132 to avoid compli- 
cating the drawing. 
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in order to determine the highest point the body reaches: 


v% sin® a 


(6t> 


And finally, wc find the distance L at which the body is disV)laced. 
Since its horizontal component of motion is uniform, we may write 


— ^ohor-^’ • (3) 

Velocity Vof^nr is found as leg adjacent to the acute angle a of a 
right triangle having a given hypotenuse Vq: 


^ofior ~~~ ^^0 COS cc. 

By substituting this value for DQUot the \aliie found above for the 
time of the flight we obtain 


, 2vq sin a aj .. . 

L =- Pfl eos a — — 2 sm a cos a. 

0 {] 

From trigonometry vv^ know that the oxpr(\ssion 2 sin a cos a is 
equal to the sine of a double angle a, i.e., 2 sin a cos a = sin 2a; from 
which we finally obtain 

L = sin 2a. (07) 

i/ 


Since 1 is the greatest possibl ‘ valu*' for a sine wheiit mi angle is 00°, 
hence a body will eover ils greatest distance whim its angle of projec- 
tion 2a — 00°, or a - 4.")®. 

I'lic vertical motion ot a body is a sficcific case of the kind of motio 
we have been examining. Indeed, wli m motion is along a vertical lim 
the angle a -- 00° and 2a 180°, sin 180° 0, whereupon L ^ { 

i.c., the body returns to ils initial position alter ils fall. Moreover, when 


a = 00°, then sin 00° -= t and II - , wbidi is the relationship already 

obtained in Sec. GO. 


Illustrative Problem r>0. A giin files its projectile at an angle a = 30° 
to the horizon and witli a nui//b* velocity Vq — 000 in /sec. Calculate 
the distance and time of flight ol the projectile it the flight had been 
through a vaeiuim. 

Solution: the time of flight is determined l)y F^q. (Go) as follows: 


_ 000 sin 30° 

0.8 


sec. 


While the distance of the High I, according to Eq. (G7) w^4t be 

i)‘ .loo^ 

L = -^siii 2a = 'V sin G0° 22.07 km. 

g 0.81 


107. Taii(]onthil and Normal ForoesA 
When a Particle Moves in a Circular T^?{*jcctory 

Let us assume that the rod to the end (^.tvhich (he ball C 
is attached, is rotating in a horizontal planj^nbout the axis 0 
(Fig. 133). If the centre of the ball mo^ about the circle 
with non-uniform motion, the change in n^gnitude of velocity 
will be expressed by tangential acceleration^ aj, while the change 
in direction will be expressed by the normal acceleration 
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defined by Eq. (49): 


CIti 




Wc multiply each of these accelerations by the mass m of 
the ball. The product mu, of the mass of the ball, multiplied 
by the tanjjential acceleration a,, ^hves the ma^mitude of the 
force T - CD and which is directed alonij the tani^ent to the 
circle followed by the centre of the ball. This is called the tangen- 


tial force. The factum mu^ - N - 

==CB expresses the centripetal or noimal 
force and represents the mai»nitiide ol the 
forc^ directed Inwards the centre. 
Accordiniily, the lanaeiitial force 

T rruii (() 8 ) 

and the normal force 



N -- 


jtw^ 

H 


(69) ia3 


These two forces are com})oiicnls ol the force P CA and 
arc represented by the diaijoiial of the rcclaiigle ABCD equal to 

(";;7 /n M?. (70) 


If motion is uniform, u, - 0, whereupon llie tanjjential force 
2 ’ 0 . 


1011. Iiicrlial Forces 

Let us assume thal body B bef/ins to act wilh a certain force 
upon body A when the latter is in a stale ol rest. We have already 
learnt that this action will imparl acceleration to body A. 
Howevi^ according to the Law of Inertia, l)ody A will tend to 
remain \ a state of rest and thus display a certain resistance 
to a chawe in its state of rest. This resistance takes the form 
of a force «erted on body B by body A. In other words, we may 
say that tl\action of body B on body A qives rise to a reaction 
on the part\f the latter which, according to the Third Law of 
Mechanics, r\opposite in direction and equal in magnitude 
to that action 

The reactionifexperienced by one body from a second body 
to which it, an\it alone, is imparting velocity, is called the 
force of inertia. 

From this the ^iollowing important deduction is made. If 
body A receives a^eleration under the action of body B, the 
force causing that acceleration is applied to bodv A; this force 


\ 
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of inertia is equal and opposite and applied to body B. Th\ 
these two forces are applied to different interacting bodies, fe 
which reason they dilfer from two equal and opposite forces 
applied to one and the same body as heretofore discuss'^d in^ 
the chapter Stalics. 

It must bo linally emphasised tlial there can be no force of 
inertia if lliere is no force imparting acceleration to a body. 
Ilciice, tlic t\vo lorces act simullaneously. 


109, Inertial Forces in lleetilinear Molioii 
of a Particle 


T.et us assume LliaL the slider K in Fig. 134 is moving within 
straight guides under the action ot the connecting rod L. We 
will apply the e(| nation P - rna, where P represents the force 
exerted by the rod on the slider, and a is the acceleration of 
the motion of the slider. Force P gives rise to reaction (JA^ 

ot the slider and which is applied 
to the rod. A(‘(‘ording to the Third 
Law ot Meidianics, Ihis reaction 
IS ecpial and opposite to force P, 
Irom which it follows that its direc- 
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nating this reaction as P,, we obtain P, 


tion is opposile to that of the 
acceleration of the slider. By desig- 


- ma. This 


then will be the force ot inertia developed by the slider and 
applied to the rod. 

Assume thal a locomotive and its tender are moving along 
a straight and horizon tal track when, at a certain moment, 
the tractive fon*e of the locomotive increases and 
imparts corresponding acceleration a to the tender. 

The additional force exerted upon the tender by the ^ 

locomotive is expressed by P — nia, in which ni is the 7 V ' 

mass of the tender (which latter is considered as a | 

material point, ignoring the rotation of the wheels and 

axles). It follows that Irom the moment the said trac- 0 \ 

tive force increases, the tender will begin to exert oj:^ ' ^ ; 

the locomotive a force of inertia - — ma, ^ j 

direction of which is opposite to force P. ^^5 

Illustrative Problem 51. The mine cage of weight 
— 300 kg represented in Fig. 135 descends into j/ shaft with an 
acceleration ol 2 in /sec-. What is the pull ol the cable v^^rc it is fastened 
to the cag<'? 

Solution: a downward-piilling force equal to thc&Weight of the cage 
G = 300 kg is acting on the cable. As it doscends^ith an acceleration 

t 300 X 2 

a = 2 m/sec”, the cage develops a force of inertia ^ — ma =* = 

= 61.2 kg which is transferred to the cablei^nd directed upwards. 
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^ccordinj^ly, the cable will be drawn taut by a force 

300 - 01.2 = 238.8 kg. 

If the cage had ascended with I he same accelerat ion as when descend- 
ing, ttie force exerted on the cable ^vould be 

7^ = G + Q, = 361.2 kg. 


110. Inertial Forces Acting Upon a Particle 
Moving in a Circular Trajectory 

Wc have already loariil «lial in t^oneral the force applied 
to a particle possessing circular molioii can bo resolved into 
two components— one, the lorce T tangeni to the curve and 
the other, the force V normal to the curve. The tangential force T 
imi^rts to the moving parlicle an acccleralion which deter- 
mines its change in magnilude ol velocity, while the normal 
force N changes the direction ol vclocily. 

Hence, the following two inertial torces will be acting si- 
multaneously on one body that imparls lo anollu'r liody tangen- 
tial and normal accelerations: taiujenluil uwilial /oicc - - T — 

— — niGi, a^d inoilial jorce jV^ which la I ter is e([uat and oppo- 
site to the normal lorce. 

Let us invesligate tin* second ol the two inerlial force Nj —in 
greater detail. 


Fin- 137 

Assiiri^lhal the centre of ball C in Fijf. I.'IG is moving in a 
circle, prfl||elled Jjy a light rod which is rotating uniformly about 
axis 0. Swjce in this instance tangential acceleration is zero, 
the bait is 1«ing acted upon by the normal force jV alone which 
compels it t»move in a circle. This force is applied Lo the ball 
at point C\ ^||d is directed towards the centre O of the circle. 

Simultaneouiw with force N, an inertial force N,, equal and 
opposite to it, M^acting upon the ball and represents the resist- 
ance of the balm to a change in direction of velocity that it 
would have had d^ to inertia. This force which is applied to 
the rod at point Cj^nd directed from the centre along radius 
OC, is called cenlrifu^l force. 
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Since we regard the ball in this case as a material point 
uated at its centre of gravity C where the entire mass of tm, 
ball is hypothetically concenirated, both forces N and N< may’ 
be considered as being transmitted along their lines of agtion 
to point C, as indicated in Fig. 1157. It must be remembered, 
however, that these forces are applied to diiferent bodies and 
for that reason cannot attain equilibrium. 

The force which, due to inertia, a particle posse.ssing uniform 
circular motion exerts upon a constraining body, is centrifugal 
force. 

In accordance with Eq. ('(59), the inagnitnde of centrifugal 
force is deterinmed by the equation 


iV.= 




(71) 


whereas the magnitude of tangential force of inertia 

T. - mo,. 


(72) 


By applying Eq. 
Eq. (71): 

K 


(51), we can Hie following form to 


77 ? 

R 


tRii 

30 


-r-n^mR 

900 


kg, 


(73) 


in which rn — the mass of the parficle; 

It — Ihe niimliei of revolniions per minute; 

R — the (lisLanre, in metres, ol the particle from the 
axis of rolalion. 

Finally, if the mass of the particle is expressed in terms of 
weight G, the ecjuation lakes another form: 

= <j.8l -Jho- = 0.00112 GIin\ (74) 


r 


Oral Exercises 

1. Under what coiuJilions will the tanf^ential force of inertu/ of a 
moving pailieJe lui\e (oiisUuU inaf»nitude? 

2. Answer Queslion 1 in respect to cenlrifugal force. 

Illustrative Proldom 52. A round woikpiecc 00 niin in dia 
for machining?, is fixed between Ihe centies of a lathe. The 
has been set at 425 in 'mm. What will be the magnitude oj 
ugal force as set up b> the rotation of the workpiece if its cer 
is shifted 1.5 mm Irom the axis of rotalion* and its weighr G 1.6 kg? 

Solution: in order to employ Eq. (74) it will be necessfry to find the 
rpm that must be iinpaited to the workpiece. By appljjf ig Eq. (55) we 
obtain A 

1,000c 1,000 X 425 „ 2,257 ffto 


, ready 
^;ing speed 
' ne centrif- 
e of gravity 


n = 


nD 


3.14 X 60 


Let us take this figure in round numbers, i.e., 2,2o0 rpm of the spindle. 


* Such a deviation from the centre is called^^^en/ric//i/. 
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^mV^e now calculate the magnitude of centrifugal force by means of 
Tq. (74), in which eccentricity li must be taken in metres, i.e., R = 

1.5 mm = 0.0015 m: 

• JVi = 0.00112 X l.G X 0.0015 x 2,250® = 13.6 kg. 

We see that here centrifugal force will be - 8.5 times the 

weight of the workpiece. This will harm the centres of Ihe lathe and in- 
crease wear on the bearings ol the spindle. 

Illustrative Problem 53. \ in. in that had been running along a straight 
track reached a curve. While the train had l)een travcdhng along the 
straight track, the weight of each car was balanced b\ the leactions of 
the rails and both rails w'ere carr\ing e(|iial loads. Hut when the train 
reached the cur\e a centripetal lorce ^ aiose, which lorced the centre 
of gravity of the cars to begin 
moving in a curved line; 
simultaneously a centiifiigal 
force began to act Irom tlie 
car wheels towards the mils 
and applied to the outer 
rail where it conies into 
contact with the llangcs ot 
the wheels. S 

Let us assume that tiie 
centre ol cui\ature lies to 
the right, then the cenliil'’- . 
gal force will act on the 
left — the outer mil (f'lg. 

138a). This foice tends to 
wrench the mils loose and 
also retaids the motion of 
the train by causing incieased 
friction between the wheels 
and rails. It may even result 
can all this be avoided? 

Solii/ion: to overcome llio bad el led of this centiifiigal foiee, .he 
roadbed is banked in outer to laise the outer mil almve llie inner one 
(Fig. 138&) and attain a ditlerence m then hi'iuhls li. '\ liis height must be 
so oilmen that the leadion Q of llie lails against Uii‘ eai is perpendicular 
to th^foss-sedion of llie loadbed, thus eliminating an> possible lateral 
force may b<' exerted on the mils, 'to aehie\e tliis, Hie normal lorce 
N mustw|ual the resultants ol Hie torce ot gia\ily G and llie reaction 
Q. Hy re®fding the ear as a material point siliialed at ils ceiitie of gravity 
C, we dei^e the parallelogram CRDF in which the diagonal CZ), which 
is horizonlM (it corresponds with the rotational radius), represents 

the normal^lrcc N = * where m is the mass of the car and R — the 


I' 


A'/ 


I 


k-i- 
0 } 


! 



b) 


Fig. 138 


ill the tmin jumping the Imtk. How 



radius of cur 
of the car G 
We can now 
the height of the' 

we obtain 

s 

as indicated in Fig. 


kPre. Sides CF and Ct represent, respectively, the weight 
and the reaction ol the lails Q. 

Iciilate the magnitude of h the difleronce between 
ils. h>om the similarity of triangles CDF and ABK 

^ whence h (s is the width of the track 


CF 


_ ^8a). 

Since CD is a sea 
and CF that of the reac 


representation of centripetal force N = ’ 

Q which may be determined as the hypotenuse 



X 


1 


of the right triangle C/)F, we obtain 

, mv^s mv~s ^ 1 mv-s 

~ ~iiQ ~ “ir ^ 7iv^ ~ ~R 




77717 * 

~7r 


+ (n^gy 


which, after its proper algebraic transformation, becomes 

v^s 


h =- 




The values v and/? as occurring in practice are such as to make “ 2^2 
a negligible quantity. For example, when v — 00 km /hr = 16.6 m/sec 
and R = 300 m. then — = 0.0089. lienee it can be ignored, Ihus 
greatly simplifying the equation, which becomes 


h - 


r-.s 

Kg 


It is to be seen from this equation that tlie greater the speed of the 
train and the smaller the radius ol cur\atnre, the greater must be the 
height of the outer rail al)ove the inner one. t 

In planning railwjiys, h is dcderniined by both the avt’rage speed 
that a train is expected to attain on the given curve, and the radius of 
curvature. 


111. Forces of Inertia as Applied 
in Enyiiieeriiig 

The forces of inertia play a very iinporlant pari in modern 
engineering with its high speeds and accelerations, [t is diffi- 
cult to imagine a niaidiine willionl some rotating pari, and 
since rpm at lain magnitudes of lens of tlioiisands, ceiihifugajji 
force is a faelor of particular signilieance. From IlliistrativJ^ 
Problem 52 we have already seen thal centrifugal force may reach 
several times the weight of a given body. 

Assume that the centre ol gravity of a rotaling body a^weight 
G considered as a material point, is sit na led at a di^iice of 
Q from the rotalional axis. According to Eq. (74), if ri0-- 20,000 
rpm, then the centrifugal force will he equal to 4^,000 Gq, 
If the weight of the ])ody (i is 1 kg and eccentricity Ms as small 
as 0.5 mm — 0.0005 m, (hen centrifugal force be equal 

to 224 kg. We thus see that this force is 224 time^greater than 
the weight of the body itself. This will cause yffiuch wear on 
hearings and shaft journals and also cause Jwocking, all of 
which may result in a breakdown. Hence gre^ precision must 
be given to centerings of rapidly rotating «nachine parts to 
ensure that the centre of gravity lies exactly o^^otational axes. To 
do this, the parts are either counlerweightec^or surplus material 
is removed. This is known as balancing ^ part. For instance, 
if the centre of gravity of the sheave J39 is found not 
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be on its geometric axis O but at a distance of OC from it at 
bme point C, the centre of gravity can be shifted so as to make 
^it align with the axis. To do this, it is necessary either. to attach 
an aWded load at point A diametrically opposite C, or to reduce 
the weight of the sheave at point B on the same diameter by 
boring a hole of required dimensions in the rim. There are spe- 
cial machines called “centering machines” used to })alance parts. 

Fig. 1 to represents a bearing A ready lor machining and 
fixed to a Jaceplafe witli an angle bar H, Although the centre 
of gravity of the laceplale coiiKudes with the axis ol the spindle. 
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nevertheless \vhen llie angle bar and the \vorkpic(‘e are mounted 
on tlie la(‘eplafc the (‘entn* ol gravity v\ill shill to position (! 
and throw the whole vsvsl cm out ol balance, d'o jirevent the spindle 
|Supporls from being subjected to (‘ciilMlugal loicc, the system 
mst be balanced. This is done by alta(liing a counterweight 
i^^ong the diameter passing tliroiu/h 0 an I (J. Hy denoting 
the^|eighl of the angle bar plus the \\ork{)iec(' as (i, and of 
the c^^terweight K as G,, the lollovviiig couditioii must be ob- 
served^COC - G^Ol); that is, the moments of these two forces 
with r^^ect to axis () must be ecpial. 

112, Queslioiis for lleview 

1. A IrainWcavos the station, travels on a straight and lioii/ontal 
track and gr^yally gatheis speed until a certain moment when it will 
have attained^Lconstant speed. Answer the loJlowing qiiesiions: 

a) What forc^Lare acting on the Jocoinoli\ c’s coupling and on the 
couplings be tweSk carriages, and how are these lorces directed? 

b) Arc these fowl's equal in magnitude? 

Answer separat^lf for acceleration and constant speed. 

2. Assume that a^ain, whose carriages have no brakes, was travelling 

at a certain speed aiming a straight and horizon tal track when the loco- 
motive brakes were apffced. What forces would arise between the carriages 
and W'hat dfrection fhey have? Would those lorces have the same 
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while the second member represents its kinetic energy at the 
initial moment Hence Eq. (88) may be formulated as follows: 

The work done bij a motive force in causing a given displacement, 
is equal to the increase in kinetic energy during that displaceigient 
Let us investigate some specific cases. . 

1. The above body is under the action of force P wjiich coin- 
cides with the direction of its motion and the resisting force 
F; then the work done by the resultant of these two forces is 
equal to (P -F)s, and Eq. (88) becomes 


or 


(P — F)s 


mvf im’S 

~2 2 “ 


Ps - Fs \ 


nw) 

2 


rmf, 


.( 89 ) 


til a I is, ilie work oj a molivc force is equal io the sum of work accom- 
plished bij the fone of resistance duruvj displacement, plus the 
increase in hinelu enerqij of the body. 

2. If I he body possesses iinitom motion, ac'eording to wliich 
Of ^ then in the riijhf side of Kcj. (89) the difference 

0, whence Juj. (89) becomes 

Ps Fs, (90) 

that is, when Iheie is uniform molioii of translation, the work of 
the motive foice is equal to that done by the jorce of resistance, 
in which case the hinehc enetqy remains constant. 

3. If th(‘ l)ody starts tiom a slate of rest, i.e., when Pq — 0 
and the force ol resistance must lie coped willi, then Eq. (89) 
becomes 

Ps Fs i (91) 

that is, when initial speed is zero, the work of the motive lorc^^ 
equal to the sum of the work accomplished by the force of resi^^mce 
plus the kinetic enerqy developed diinnq displacement. 

This case corresponds to tin* lirst phase in the motion <<*^a train 
(when tractive lorce is in action) as already discussed in the 
preceding section 12t3. 

4. The body has acainiied a definite speed and then proceeds 
further under the force of resistance, according to ^hich Ps — 
= 0, and Eq. (89) becomes 

0 Fs \ » 

from which 

- Ts » (92) 

that is, the initial kinetic energy of the body (at the moment the 
motive force ceases) is equal to the sum of the work done by the 
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force of resistance during the given interval of time plus the kinetic 
energy the body possesses at the end of that interval. 

Fr^m Eq. (92) it is apparent that Whence 

Vi < Vo, which means that the body possesses retarded motion. 
When all its kinetic motion has been expended, then 

■™--=0 and correspondin^dy v, — 0, that is, the final speed 
of the body becomes zero and it stops. From Eq. (92) we ob- 
tain - Fs, which means that alt the initial kinetic energy 

y has been expended in overcoming I lie force of resistance. 

/ As is apparent from I lie left side of E([. (87), kinetic energy 
j musi he expressed in units of work (kilogramme-metres) and 
1 indeed 


' kg y „1 1 


Kinetic energy is of tremendous importance in engineering. 
I Some illuslraj^ions of its use will he investigated later. 

Oral / xrn i S7 .s* 

1. Can Iwo l)oJi»\s of cliliciTiil inass luwe liu‘ same Jvimlie eiiorf^y? 
On ''lial condilion V 

2. If the sp(‘t(l ol a botiv poss'ssinp nniiorni motion of translation 
1 is ircj’tastd /* l]iiK‘s» what eiiaiii^e will liitn* b" in its kinelie energy? 

I niuslrafive Prohleiii If tin* spetd ol a train is Pp, what flistance 
s will it liav* 1 aib’r tin* j>iakts have lx en applitd? 
j Solufion: n the l)iak‘‘s are apj)!i< d Ihe train’s kinetic energy 

^ r or, if w(‘ denote llv* weight ot the wliole liain as G, then its 

A.^iass m = — and 1-- • 

denoting the foiee ol hietion as and the eoL‘flicit‘nl of friction 
as^JCgve oblaiJi from bhf. (b2) 

V -- M • 

(j V ^ 

Inasmuch as I -- fG wdiich gi\es fGs - , then after cancelling 

G it becomes 


We thus see that the distance .s je(|uired to stop the train, by appli- 
cation of its brakes, does not d*'pend on the tnass or the weight of the 
train but merely on its speed and co^ifficient of friction. 

lllustrativo Probloiii 65. A body sliding down an inclined plane AD 
(Fig 155) halts at point C, a distance of s from li along the horizontal 
surface. F’ind the coefficient of friction / if the motion began without 
an initial velocity at point A wdiich lies a distance / from B. 

Solution: the velocity of the body at both positions A and C is zero, 
therefore its kinetic energy at these positions is also zero. Along segment 
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AD the body is controlL'd by the force of gravity G and the force of 
friction F. Along segment 7iC, only the force of Iriction is acting upon 
the body. 

We iirst find I he kifielic energy thal the l)ody acquired at the time 
it reached /i. Tlic work \V i done by iorce G during displacemeift / is 
expressed by PI =* 01 sin a, and the work done by the forex* of friction 

F is expressed by Wo ~ = fQl = 

— fO cos a /. Hence the sum of work 
of the niolixe iorce and tJie force of 
resist aiux* Vi', + VV^o — (P sin a — 
(tf Z cos a. Hy equaling the sum of 
woik and Kinetic energy at point D, 
obtain 



(jI siji <y (rfl cos a 


rnv^ 

2 ~ 


Since the body e\p(‘M(ls lliis kinetic energy completely in moving 
along distance s, we obtain f(rs - and linally e\olve 


(tI sin 7 (f/l X os r/ - 
which, aflei* cane* Hiiu^ O, becomes 

/ sin /7 
/ i os or I .s 


fOs, 


/ 


12}{. The Ihicrjiy of ;i Body \loviii(|. 

Under (he Force' of (iii*a\i(y. Potciifinl Energy 

The law ol llie I ranslonnalion of kiiu'lic euerqv is ()l)vi()usly 
also api)lu*al)lo to the Iona* ol gia\ily. 

When we throw a sloin* upwards, we imparl a (h'fiiiite ve- 
locity to it or ail aiiioimt ol kinetic energy corresponding to 
the initial \clocilv\ 'This cncrifv, if IIk'h* w(‘re no resistance 
from the air, would In* (expended (‘utirely in raising the ston 
to a dclinile lieighi, that is, wouhl be disliiirsed in work 
overcome Ihe force of gravily. When I he stone has risen 
heighi it will have lost all ils kinetic energy and its velocih^^ill 
become zero. Al((*r this tin* stone will liegin to fall, its^inetic 
energy iiicieasing in f)roporlion to ils \eloeity and it will strike 
the grinind with Ihe same \eloeily llial it had at the beginning 
of ils upward motion, as aln'ady explained in kinematics (Sec. 67). 

By em])loying 1 m|. (<S8) and denoling the upward motion 
as Pi -0 (the \(*locily at the liigliesi point) and the^ downward 
motion as 0 (the initial velocity when the stone begins 

to fall), we obtain the following two equations: 

PIi - — during the upw ard mol ion 
and (93) 

Pli during downward motion, 

wherein h is the height the stone reaches. 
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This upward nioliun is analo^/oiis to the motion of a train 
without tractive force expending all its kinetic energy in over- 
coming resistance. The downward motion is similar io the mo- 
tion <t)f a train travelling with an excess of tractive force over- 
coming resistance, and as a result acquiring kinetic energy. 

Assume that a body of weight G and mass ni is falling to the 
ground from a given height. We deiiole two ])ositions 0 ^ ami 
O 2 of the centre of gravity of the body (big. lot)). We also de- 
note //j as the height ol tin* centre of gra\ity wiun at [)osition 
Oj, and ho as the height at position (),. If the 

velocity of Llie falling body at is equal to Vy Ojq 

and at Og is equal to then the kinetic energy 
equation ( 88 ) for position Oy will be 


Wherefore, ^0icn a bodij is [(dlinq under I he force 
of grnvilij, the sum of Ihr produci of Ihe weiqhl of 
the bodji muUipticd bg ds height fioni the ground 
plus ihe kineiie enerqg the bodij possesses td that 
height, is a eonstant guaiititij. 

The first Item ol llie above sum, wliiih r(q)rc- --73 
sents the amount ot work e\i)en(le(| to raise the 
body to Ihe given height, is called th(‘ potential log- 
energy ol the body. The magmtiKh' of this po- 
tential energy depends upon Ihe height, for which n'ason it 
may also be called the eneigij of position. 'The magnitude of ki- 
r^etic energy is determined J)y the velocity, hence il rei)resents 
energy of motion. 

ii\more detailed studies on meclianii's it is demonstrated 
thac%when a body is mo\iug under the foiia^ of gravity, 
Eq. (95) liolds true not only lor the body's vertiiad direction 
but also for any other trajectory. 

Wherefore, when a body is huiled upwards, the sum of its po- 
tential and kinetic energy is lonstant at any height, inde pendent 
of the shape of ihe Irajeetory th/ough which it is moving. 

From Eq. (95) we see that at the moment a boriy starts 
to rise, all its energy is in the form of kinetic energy (/?, -- 0 ), 
and when it has reached its greatest altitude (v.^ — 0 ) all its 
energy has been converted into potential energy which is again 
changed into kinetic energy when the body falls to the ground. 
Thus, when a body moves upvard and then falls back again, 
its energy remains constant in magnitude but changes from 
kinetic to potential and then back again to kinetic. Tliis transi- 
tion of mechanical energy from one form to another is a part 
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of the general principle of the conservation of energy, first 
covered by the great Russian scientist M. Lomonosov. 

The kinetic energy of a moving body is made wide use of in 
driving piles, forging metals, and many other kinds of ••work 
in engineering. Sometimes the work is done entirely by kinetic 
energy of a freely falling body (the head of a pile dkiver, drop 
hammer, and the like). At other times, besides this energy, addi- 
tional kinetic energy is imparted to the body during its fall 
(steam hammer, hammer, etc.). 

The transformation of kinetic energy into potential energy 
and back again is not restricted to rising and falling bodies; 
by expending work in compressing a spring, we impart a certain 
amount of potential energy to it through its internal forces of 
resilience, which energy again becomes kinetic as the spring re- 
turns to its original form. 


Oral Exercises 

1. What is the difference between potential mid kinetic energy? 

2. If two bodies of Ihe same mass are at different heights /z, and ftp, 
which will have the greater potenlial energy and how much greater? 

3. The velocity w'ith which one body falls to the givund is n times 
greater than that of another. How much more kinetic energy has the 
first than the second? 

Illustrative Problem 66. Water enters a hydraulic engine at a high 
level and at a speed z;, = 4 m/sec and emerges at a lower level h =* 1.8 m 
at a speed a, = 1 m/sec. The quantity of water passing through the 
engine per second Q = b m*. What is the horsepower of the engine? 

Solulion: the engine receives its power firstly from the potential energy 
of the water and secondly from its kinetic energy. The potential energy is 
equal to 1,000 Qli and th3 kinetic energy is equal to 

nwf 1,000() « 

2 “T ~ 2g 

Hence the energy used by the engine in one second 
N = 1,000Q (ft + ) = 1.000 X 0 (l.8 + kg-m/|^ jr, 

in horsepower, N l.OOO^x 6 ^ g ^ = 205 hp. 

129. Kinetic Energy ol a Body Rotating 
Around a Fixed Axis 

Assume that a body, to which any number of forces are applied, 
does not have motion of translation but rotates about a fixed 
axis. Let us see how we can apply Eq. (88) as derived for a mate- 
rial point: 

r> rnuS 

^ 2 2 ■ ■ 

Since in motion of translation all points of a body move ip 
one way, this equation is applicable to the motipn of a body of 
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tnass m as Ti whole. In rotation, motion is moi*e Complex because 
different points of the body, instead of moving in one way, describe 
vafic^us trajectories and possess different velocities and accel- 
erations at one and the same time. 

Expressed on the left side of Eq. (88) is the work performed by 
the force along a distance s. When applied to rotation, this work 
is given by Eq. (77), in which work is determined by the turning 
moment and angular displacement. As for the right side of the 
equation, the velooities Vi and Wq at the final and initial moments 
respectively, as well as mass m, must embrace each separate point 
of the body. Since the velocity of a point, as already explained 
in kinematics, is proportional to the radius of rotation, then the 
right side of the ecfuation must contain the sum of the product of 
the mass of the particles multiplied by the square of the distance 
from the axis of rotation. This sum embraces all the points of the 
body and is called the momcnl of inertia in respect to the axis 
of rotation. It is evident from the above that the unit of the mo- 
ment of inertia is the product ol the unit of mass multiplied by 
the square of the unit of length, i.e., 

kg-m~^ sec* X ui* - kg-m X sec*. 

In order to understand the physical meaning of the moment of 
inertia, lei us consider the following example. Assume that two 
cylinders of similar weight and material but of diifcrent diameters 
are fixed to similar shafts. We impart to both shafts an identical 
angular velocity and when the turning moment ceases to act, 
each shaft will continue to rotate at the expense of the kinetic 
energy imparted to it by each cylinder. If we observe the time 
consumed by each cvlinder to come to a standstill (or count 
,the total number of revolutions made by each) we shall see that, 
‘^th equal resistance for each specimen, the shaft to which is 
fei^ the cylinder of greater diameter will rotate longer. This 
mea^ that the kinetic energy of this cylinder is greater although 
its mass is the same as that of the other. This is because the cylin- 
der of greater diameter has a greater moment of inertia. A very 
narrow disc will revolve even longer. 

The moment of inertia of a cylinder rotating about its geometri- 
cal axis I = 7 = , R being its radius*. 

From this we see that when the radius of a rotating cylinder 
increases n times, its kinetic energy increases n“ times. It likewise 
follows that in order to impart to a cylinder of greater diameter 
the same angular velocity as to one of smaller diameter, there 
must be a greater turning moment for the former, or if both have 
an equal turning moment, it must be applied for a longer period 
6f time. 

♦ The letter I Is the usual symbol for the moment of inertia. 
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130. Governing an Engine. The Function 
of the Flywheel 

Kinetic energy is of great importance in the work of mac'hines. 

As already explained, the less the work of the force of resistance, 
the greater will he the kinetic energy a l)ody acejuires 'under the 
action of a motive iorce. This also holrls true for the work of a 
machine as a whole, inasmuch as a machine is made up of a number 
of interrelated moving parts. For example, let us consider a steam 
engine imparting motion to a dynamo generating electricity. 
If the amount of expended (‘Ici lric energy (liminishes, the load on 

the engine will also diminish, tlence, 
it the turning luomeuL on the engine’s 
nuiin shall remains constant, there will 
be a surplus ol energy over the work 
oi the lorces ol resistance. This will 
cause an increase ])oth in velocity 
and kinciic energy. II I here! ore follows 
that the engine must J)e ecpiipped with 
a devi(‘e making it possi#?e to maintain 
the desired rjmi. Sindi a device is called 
a (jovcinoi. 

There are dilfereut kinds of gover- 
nors. Fig. 157 shows S(*hemalically one 
of the types ol a cenlrifugal governor. To spindle A, which 
is rotated 1)V the engine's shall, is connected the crossbar 
B to which tile arms (] (I are conne(‘i(‘d through pivots. Arms 
(J--Cy which })ear the balls I) />, are in their liiin attached 
through pivots to arms E. These aie conneided at their other 
ends to the sleeve E w^hich mav slide lively on the spindle. The 
arms C -E are drawn togidher liy Ihe spring K. 1'hus each aTj|n 
C is acted upon by Ihe following lorces: its own weight and^ie 
weight of its (auinections (the arms E E, etc.), the weyl^ of 
the Inili, Ihe jiulling Iorce ol tlie spring A, ami the centrifugal 
force developed by the ball. The spring (*an be regulated in such 
a way that at a jirescribed number of revolutions the arms C -C 
will be in e(|uilibrium and the sleeve F will maintain its position 
in respect to the spindle, ll the rpm of the spindle increase, there 
will occur a corresponding increase in centrifugal force developed 
by the balls, arms C C will stretch ontw^ard and arms E--E will 
raise the sleeve F. The sleeve is connected through a special 
mechanism with the steam throttle or fuel intake. Thus any 
change in the position of the sleeve F will cause a corresponding 
change in the supply of steam or fuel. In this way the rpm of 
the engine shalt are kept at the prescribed rate. 

In piston engines (steam engines and internal combustion en- 
gines) a slider-crank mechanism is used (turn back to Fig. 122) 
in which the piston assumes the role of a slider. As will be explained 




later in Part 11 of this book*, the specific character attending 
the transmission of motion from the slider to the crank is that 
the latter rotates with variable angular velocity, the variations 
being periodic. In order to overcome this fault, a flywheel is 
fitted on the main shaft of the engine. This flywheel accumulates 
mechanical energy during one period and gives it up the next, 
thereby making rotation of the main shaft almost uniform. 

Flywheels are also used when it is necessary to do work in 
a short time which otherwise world require a considerable increase 
in the power of the machine (for example, in heavy presses, giant 
shears for cutting metal, etc.). 

It is therefore apparent from what has been said that the 
amount of kinetic energy that a flywheel can accumulate depends 
on fts moment of inertia — on its mass, diameter, and on how its 
mass is distributed; the further a certain mass is situated from 
the axis of rotation, the greater will be the moment of inertia. 
For this reason the rim of a flywheel, unlike (hat of an ordinary 
sheave, is made massive. 

^ 131. Meehnnical Eflieioncy 

All machines are intended to overcome useful resistance (the 
resistance of metal to cutting, the lesisiance of a load to being 
displaced, etc.). We shall denote work clone in overcoming useful 
resistance as There are also various kinds of harmful resist- 
ance in a machine (Iriction, resistance of the air). We shall denote 
the work done in overcoming this resistance as If a machine 
is to run uniformly, Ihe w^ork of the motive force Wmf must be 
equal to that required to overcome all resistances, tliat is, 

Wmf - W, + W,. (96) 

vThe motion of a machine is said to be established if the velocity 
of all its moving elements remain unchanged after each revolution 
of the shaft. 

If Wmf> W'u + Wfi, then the surplus work is expended on 
increasing kinetic energy with a corresponding increase in ve- 
locity. This occurs when an engine is being started, in which 
case Wu ~ 0 because there is no useful resistance. 

When motive force is cut off, the continued motion will be 
due to the kinetic energy the machine has accumulated. If useful 
resistance also ceases, the energy will be absorbed in overcoming 
harmful resistance and, after a given time, the machine will stop**. 

♦See Part II, Sec. 186 (p. 267) 

** The science dealing with the forces acting upon the various links 
of machines is called dynamics of machines. Extensive research In this 
field has been done by the Russian scientists, N. Zhukovsky, K. Rerikh, 
N. Mertsalov, and others. 

12 - 5018 177 





Therefore a machine possessing established motion must satisj^ 
Eq. (96). 

By dividing both sides of this equation by we obtain 


Wu , , 

W,.,f 


(a) 


The first member of the left side of the equation denotes the 
share of the machine’s work in doing useful work (work for which 
the machine is designed). This expression represents mechanical 
efficiency, which is a measure of the useful expenditure of mechanical 
energy. By denoting it in the accepted manner by the letter 
t], we obtain 


V = 


w 


u 


W,„t 




The second member of the equation expresses the part of the 
work expended in overcoming harmful resistance. Accordingly, 
Eq. (a) may be given as 

( 98 ) 

Thus ^Ve see that ctficiency is always less than 1. 


Oral Exercises 

t. When wiJl the work done by a machine satisfy the equation 
W,nf = Wu? What would its efficiency be equal to? 

2. Gan a machine do useful work if Wh = Wm/? What would its 
efficiency be equal to in Ihis case? . 

Illustrative Problem 67. Under the action of force Pj a body of weight 
G is displaced at a constant speed from position A to B on an inclined 

plane (F'ig. 158). Find its efficiency if the 
coefficient of friction f — 0.1, and the angle 
of inclination a = 27°. 

Solution: if motion is uniform, the 
condition W„,f = Wu “f- must be satisfied. 
The useful work done in overcoming the force 
of gravity Wu = PI = G sin aL The magni- 
tude of the work done against the force of 
friction = Qfl = G cos a//. Hence, 

Wtnf = Gl sin a + Gfl cos a, 

and 



Fig. 158 


7 } = 


Gl sin a 


sin a 


Gl (sin a + / cos a) sin a ^- / cos a u 

By dividing the numerator and denominator of the right side by 
cos a, we obtain 

tan a _ 0.51 

~ tan a + / “ 0.51 + 0.1 


pa 0.84. 


132. ‘‘Perpetual Motion” as an Impossibility 

For many centuries fruitless attempts have been made to 
invent a machine which, if once started, would continue to run 
without a further supply of energy — ^the “perpetual motion" 
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machine that would run without the application of any motive 
force. If such a thing were possible Eq. (96) would read 

= Wu + Wfc = 0. 

From this it follows that such a machine would work for an 
indefinite length of time at a constant speed if Vy„ == 0 and 
Wfc = 0, that is, if no work had to be done in overcoming resist- 
ance. Let us concede that a machine does no useful work (W„ = 
= 0), in which case = 0; ihis infers that neither should there 
be any work to overcome harmful resistance. Tins is impossible, 
for any movement of contiguous bodies relative to each other 
is always accompanied by harmful resistance. Accordingly, 
ho>yever small such resistance may be, the machine will expend 
the kinetic energy of starling in order to overcome this resistance 
and will inevitably come to a standstill. 

Hence we see it is impossible to make a machine which would 
do useful work, or even only Ihe work of overcoming harmful 
resistance, for an indclinite length of time without a further 
supply of e^rgy. 

133. Impact 

If a body in motion comes into contact with another body (either 
moving or at rest) the interaction between them is called impact. 

Experiment has shown that impact is accompanied by a change 
in form (deformation) of the colliding bodies. The 
magnitude of deformation depends upon the 
physical properties of the bodies. After impact, 
some bodies recover their original form, while 
others remain deformed. The ability ot a body 
to resume its original form is called elasticitq. It 
must be noted here that there are no perfectly 
elastic materials, just as there arc no absolutely 
hard materials. However, some materials may be 
considered elastic (ivory, tempered steel) and 
others inelastic (clay, for example). Accordingly, 
there may be either an elastic or inelastic impact, 
depending upon the materials of the colliding 
bodies. . 

Let us assume that a ball of mass m (Fig. 159) 
is falling freely. After it comes in contact with 
a horizontal surface it becomes deformed for an Fig. 159 
instant. If the ball and the horizontal surface 
were both absolutely inelastic, the ball would remain motionless. 
If the ball possesses a velocity of v^ when it falls on the surface, 

mrfl 

its kinetic energy would be and would be expended in the 
work of deformation. 



13 * 
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Now let us assume that both the ball and surface are made of 
absolutely elastic materials. In this case the ball’s kinetic energy 
would be expended very rapidly in overcoming its internal forces 
of elasticity, that is, it would be expended in deformationJ Ki- 
netic energy would be converted into potential energy of the 
deformed body, after which the reverse would happen? the two 
bodies would recover their original form under the action of the 
force of elasticity, potential energy would again be transformed 

into kinetic energy whose magnitude and the ball 


would move in the opposite direction with a velocity of Vj equal 
in magnitude lo the velocity v, which it had at the moment of 
impact. Hence, when such an impact is absolutely elastic, the 
velocity of rebound is equal lo the velocity of the fall. If two elastic 
balls of the same mass are moving towards each other with equal 
velocities, after rebound they will move in reverse directions 
with the same velocities. 

Now let us assume that impact is not absolutely elastic. This 
means that the kinetic energy of Ihe ball before impact 


mvl 


will not be fully regained after rebound, i.e., , from 

which it follows that v^CiVi and the ball will rebound with a 


mo: 


smaller velocity. The relationship h, called the coefficient 

of re.’>titution, describes the elasticity oi materials. For example, 
if the balls are of wood, k 0.5; il of steel, k — 0.77, etc. 


134. Impact of a Freely Falling Hammer 

Impact is a phenomenon that is taken advantage of extensively 
in industry since it makes it possible for one of two colliding 
bodies, if it has a small mass but a great velocity, to do a large 
'amount ot work with a small displacement. The work of a sledge 
hammer or a pile driver illustrates this. 

Let us examine the work of the drop hammer shown in Fig. 
160, the ram D of which and its die E drop freely under the action 
of the force of gravity. We denote the weight of these dropping 
units as G and the height of their fall as II. The velocity v^ which 
they have upon dropping is, according to Eq. (37), Vy = ]/2gH, 
hence they acquire kinetic energy of ^ — GH. 

As has been explained in the preceding section, when im- 
pact is inelastic, the velocity after rebound V 2 is less than the 

velocity of the fall v^, according to which that 

is, part of the kinetic energy is expended in the deformation of the 
mutually colliding bodies. Since it is the aim in the proc- 
ess of forging to deform the workpiece as mueh as possible. 
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therefore the greater the hammer’s expended kinetic energy, the 
more efficient it will be. 

During forging, the workpiece K (Fig. 160) lies on the anvil 
B iR^ich is mounted on a massive steel block C, which in turn 
rests upon a foundation. When the die hits the workpiece, it not 
only deforms it but shakes all the undersupports, tvhich means 
that a portion of the kinetic energy is expended in displacing these 
undersupports. Obviously, the smaller this displacement, the more 
effective will be the hammer’s energy. 

P’rom this it follows that all the undersup- 
ports of a drop hammer should be made as 
heavy as possible. In more detailed studies 
of mechanics it is proved that the etficiency 
of a drop hammer is expressed by the equa- 
tion 


I 


% 


1 


V -- 


(’0 




(99) 


I 

I 




i 




i 


in which G#s the weight of the droppin^^ 
units of the hammer. Go the weii^hi of ^lle 
workpiece and its siipporLs, and k tiie 
coefficient ot restitution. 11 is evident that | 

with a greater Go there will be a smaller ^ I — \ — I N 

denominator and hence the hammer will [ ^ i 

be more eiticient, rsnally with a lively Piir. i(;o 
falling ram, the weight ot the steel l)lo(*k is 
made ten to fifteen, and even twenty, times heavier than the 
weight of the ram. 

Illustrutive Prohleiii (58. A foif^iiig haiinncr, whoso dropping units 
weigh G = 2,2o0 kg and tall Jioiii a height If - l.o in, Joiges a work- 
piece in ten strokes. Find the amount ol useliil meehanical eneigy W, 
if the weight of the steel block Gq — to tons, the coelhci’eni of restitution 
k - 0.4, and the fiicLioii loss ol enemy m the guides is 5^'o* 

mo- 


Solution: the kinelic eneigy of one stioke W ^ ^ 0.05 


0.05 GH - 


=* 3,206 kg-m. Hence in ten sliokes the energy ei^pended uselully W = 
= 3,206 X 10 = 32,060 kg-m. We then find the elficieney of the hammer 
through Eq. (99): 

V = -0-0^^ (1 - 0.4^) = 0.8. 


2,250 

45,000 


+ 1 


Whereupon, the energy spent on forging alone Wyti = 32,060 x O.Spirf 
W 25,650 kg-in. 


135. Questions for Review 

1. Explain why railway carriages and locomotives are equipped 
with bumpers. 

2. It occurred that the last few carriages in a train had no brakes. 
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What 'VTill happen ^hen the train’s brakes are applied? WiU the bumper 
springs between these carriages be compressed (deformed) all to the 
same extent? 

’3. A body of weight G falls from height to height h^. What change 
is there in its potential energy? ' 

4. If the shaft of a machine must change its direction of rotation 
at brief intervals of time, should it be equipped with a flywheel? 

5. Why is not the steam engine of a locomotive in need of a flywheel? 

6. What kind ol motion will a machine have if at a certain moment 
W,„/< W«+ Wh? 

7 . Is an efficiency a* 1 possible? 

8. A body which comes into collision with an immovable barrier 
remains motionless. What is its kinetic energy expended on? 

9. Explain why it is more advantageous, when cutting a workpiece, 
to use a heavy vise and a heavy workbench. 

10. One of two drop hammers has a heavier anvil and foundation 
than the other. Which of the two will work more productively? • 

13G. Exercises 

72. A locomotive with a tractive force of 15,000 kg pulls a train 
weighing 1,500 tons along a horizontal track. Considering that 
the resistance to motion is 0.005 of the weight of ^e train, find 
the kinetic energy it accumulates after an elapse oi two minutes 
of starting, and the work performed during that time, assuming 
the tractive force to be constant. 

73. After an elapse ol six minutes the same train reached an 
upgrade, moving against a resistance of 0.075 of its weight. If 
steam is cut off at the beginning of the upgrade, how long will 
it take the train to stop and whal distance will it have covered 
from that point. 

74. After starting from the station, a train weighing 400 tons 
develops a speed ot 72 km/hr when it had covered a distance 
s = 1 ,600 m. Find the tractive force P, assuming it to be constant, 
and also the braking force F, if upon culling off steam and apply- 
ing the brakes", the train travels another 2,000 m (assuming 
resistance without braking to be 0.005 of the weight of the train). 

75. The weight of the dropping units of a drop hammer G = 3r 
tons, and of the workpiece, anvil, and other undersupports 40 
tons. Find the efficiency of the hammer if the coefficient of 
restitution k = 0.4. 



PART TWO 


THE THEORY OF MACHINES 
AND FUNDAMENTAL CONCEPTS 
OF STRAIN 




THE THEORY OF MACHINE.^ 


INTRODUCTION 

, 137. Machines and Mechanisms 

Assume that a threadiriff lathe is ciitMni( a thread on a workpiece. 
The rotation of the electric motor is transmitted to the spindle 
of the lathe and then to the lead screw. The rotation of the screw 
is converted into motion of translation ol the carriage. By setting 
the lathe prc^erly, we may obtain the rct|iiired rotating speed 
of the spindlw as well as the motion oJ translation of the car- 
riage. 

A system of interconnected bodies periorming prescribed mo- 
tions is called a tnrrhanisin. 

Each moving part making up a mechanism is called a 
link. 

That link of a mechanism which imiiarls motion to other 
links is called the (Inner, while those to which the motion is 
imparted arc called the jolloweis, or driven links. 

A metal-culling lathe is put in motion by an electric motor. 
The motor receives electricity from the local supply and converts 
it into mechanical energy which the lathe expends performing 
mechanical work to overcome useful resislam-e (resistance to 
cutting). The electric motor in its turn receives electricity generat- 
ed by a dynamo which is also put in motion by a unit of 
some kind (a hydroturbine, an internal combustion engine, etc.) 
which is runeitherby the mechanical energy of a hydraulic engine, 
or thermal energy derived from fuel in an internal combustion 
engine, etc. 

In all these instances we find that the unit either receives 
mechanical energy and transforms it into some other form of 
energy (a dynamo), or receives some form of energy and trans- 
forms it into mechanical energy (an electric motor, internal 
combustion engine, steam turbine), or performs useful mechanical 
work by means of mechanical energy supplied to it (hydroturbine 
and metal-cutting lathe). 

A combination of mechanisms designed tft transform energy 
into the form required and thus to do useful work is caHed a 
machine. 



Mechanisms are not only incorporated into machines, they are 
also used independently. For example, a clock is not a machine 
since it is not intended to transform energy or to overcome useful 
resistance. 

138. Historical Survey of Machine Engineering 
in Russia 

Long ago, in an age when machine construction was still in 
its infancy, talented Russians skilfully achieved practical solutions 
to complex mechanical problems. This was especially true at the 
time of Peter the Great, who encouraged many outstanding 
inventors in their woTk,such as A Naitov, N Pilenko, M. Sidorov 
and others; Narlov invented the fust lathe with a carriage,and 
the first duplicating lathe Of the numerous Russian mechanics 



I. Vjshncgradsky 

of the 18th century, particular note must be made of I. Polzunov 
(1728-1766) for his steam engine. 

The brilliant Russian scholar M. Lomonosov combined his many 
world-famous purely scientific researches with inventions in 
mac^e engineeriifg, such as the spherolathe, a grinding machine 
and a facing lathe. 



1. Kulibin (1735-1818) became well known for his major 
inventions in various branches of technology, particularly in the 
construction of different kinds of instruments. 

Nefther was theoretical work neglected in the 18th century; 
the first treatise on mechanics to be published in Russia. was 
compiled by G. Skornyakov-Pisarev and appeared in 1722, 



N. Pctiov 


containing calculations lor the conslnicl ion ol levers, windlasses 
and other simple mechanisms. 

Beginningwiththeendol the 18th cent uiy, engineering mechan- 
ics began to progress rapidly in Russia- a development which 
continued into the 19tli and 20th centuries. Among the eminent 
scientists responsible j!or this advance were P. (diebvshev, I. Vysh- 
negradsky, N. Petrov, M. Ostrogradsky, V. Kirpichev, N. Zhu- 
kovsky and a host of others. 

These achievements of Russian scientists and inventors in 
the field of engineering did not receive proper support in pre- 
revolutionary Russia. But the Great October Socialist Revolution, 
which swept away capitalism and placed thp former privately- 
owned means of production into the hands of aU the m a fic , 
completely changed this situation. 


In his closing address before the Third All-Russian Congress 
of Soviets, delivered after his brilliant analysis of the historic 
of the Great October Socialist Revolution, V. I. Lenin 

“In the past man’s mind and genius provided a chosen few with 
all the benefits of technology and culture, while most others were 
deprived of the essentials of education and development. But 
now all the wonders of engineering, all the achievements of 
culture, will be within the reach of all the people, and never 
again will the mind and genius of man be turned into a means 
of coercion and exploitation”*. 


significance 

said: 



M. Ostrogradsky 

Lenin’s profound words are turning into reality before our 
very eyes. Each year labour-consuming processes are being mecha- 
nised on an ever-widening scale in the U.S.S.R., where engineering 
is creating highly productive machines. This work is in close 
harmony with the policy of extensive automation — the highest 
stage of mechanisation. 

In machine building, efficient Soviet-made automatic lathes, 
as well as entire production lines of unique design, are already 
in extensive use in the manufacture of machine parts. 

_0n construction sites, walking draglines with a 25 m® (and 

* V. I, t,enin, Collected Works, Russ. ed.. Vol. 26, p. 436, 


188 


more) capacity may now be seen; a Small but efficient crew on 
one of these machines displaces the work of from seven to nine 
thousand hand labourers. 

Mafiy efficient mining machines, particularly for the coal fields, 
were first designed in the Soviet Union. At the present time the 
coal-combine takes the place of several machines heretofore used 



V. Kiipicliev 

separately in the operations ol cutting, blast-hole drilling, and 
loading of the coal upon the conveyois. The U.S.S.R. now takes 
first world place m the mechanisation of coal mining. 

Great strides are being made m the Soviet Union in the production 
of equipment for electric stations, metallurgical plants, highly- 
efficient machine tools, automatic production lines, forges, all 
types of unique instruments and other machines. 

These mechanisation processes, which are doing away with 
former labour-consuming hand operations, not only make work 
easier but also raise productivity to a very high level. 

And now still greater events have occurred in the development 
of Soviet science and technique — the launchings of Soviet 
manned rockets into the outer space. For these space ships— 
Vostok-1 and Vostok-2 — are the forerunners of man’s flights, in 
the not-too-distant future, to the moon and the planets of the 
solar system — Venus, Mars and others. 
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CHAPTER XV 


THE INCLINED PLANE, THE PULLEY, 

AND THE WINDLASS 

The inclined plane, the pulley, and the windlass (alsq, known as 
a winch) weie among the very first engineering contrivances in 
technical history. They arc still used as integral parts of various 
machines and mechanisms and lor that reason we shall begin 
with them in making our acquaintance with the theory of mach- 
ines and mechanisms. Until recently the inclined plane, the pulley, 
and the windlass were called “.simple machines^’ 

139. The Inclined Plane 

Assume that a body of weight G is lying on an inclined plane 
KM (Fig. 1^1 fi). We resolve the force of gravity G as represented 
by vector CA, into component CD perpendicular to KM, and 
component CJJ parallel to KM. The force CD is balanced by the 
reaction N directed in the opposite direction. Ilei^e, the body’s 
motion on the inclined plane will take place under the action of 
forceCff. If there were no liiction between the body and the inclined 



plane, the body would slide down with a definite acceleration. 
In order for the body to be in equilibrium (to either remain at 
rest or to be displaced along t he p lane at a constant speed), 
a force P represented by vector CA’ and equal and opposite to 
vector CB would have to be applied to it. Thus the body can be 
in a state of equilibrium under the action of three forces — 6,N, 
and P. 

Let us determine the magnitude of force P. 

By denoting the length KM of the plane as I and the height 
LM as h, we obtain, from the similarity of tha right trian^es 
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KLM and ABC, 

which CB = CA =CA -^ • 

0 ML KM' KM I 

And since force P is represented by vector CE which is equal 
in magnitude to vector CB, we obtain 

( 100 ) 

This equation can be given another form. By denoting the 
angle of inclination LKM of the plane as a, we obtain from 
dKLM 

h — I sin a, 

from which — sin a. and 

P - G sin a. (101) 

Let us look into a case when force P is not parallel to the 
length of theinclined plane but to its base KL (Fig. 1616). In 
this case we r *olve force G into two components — one component 
CD perpendicular to the length of the inclined plane, and another 
CB parallel to its base KL. Just as licfore, Irom the similarity of 
the right trangles KLM and ABC, we arrive at the relationship 

, from which CB =-- C A 4^ =CA — > 

ML KL KL a 

hence 

P -- G J » (102) 

in which a is the base ot the inclined plane. 

From AKLM we obtain 

h — a tan a, from which — tan a, 

and P — G tan at. (103) 

A comparison of Eqs (100) and (102) will show that the first 
way of applying force P is the more advantageous since its 
magnitude- le less, the same being evident from Eqs (101) and 
(103), because sin a < tan a. 

Let us assume that the body is moving uniformly up the same 
inclined plane. In this case the weight G of the body constitutes 
a useful 'resistance which is overcome by the motive force P. 
Assume this force to be parallel to the length of the plane (Fig. 
161a). Since the sine of the angle cannot exceed 1, it follows from 
Eq. (101) that when a = 90 , inevitably P < G, that is, when 
force P is parallel to the length of the inclined plane, the inclined 
plane gives an advantage in force. -This advantage is deter- 
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iruned by the ratio of the magnitude of the force of resistance 6 
to the magnitude of the motive force P, which according to 
Eq. (100), is represented by 

G l 
P ~ h ' 

Thus, in order to raise a body to a height h — ML, force 
P must be exerted through the entire displacement I = KM. 
We could raise the body to the same height li without the inclined 
plane if wc applied a vertical force to it, equal and opposite to 
the weight G of the body. 

From this relationship it follows that the greater the gain in 
force, the greater the loss in displacement, and vice versot. 

This is the “ABC” of mechanics. 

I'hc conclusions thus reached are also applicable to the second 
case examined above, wlien force P is parallel to the base of the 
inclined plane. II should only be noted that since the tan 45° =1, 
force P, as is apparent torm Eq. (103), wdl be smaller than 
force G when a < 45°, whereas when a 45° the two forces 
will be equal, and when a - 45° force P '> G. 'R 

Now let us compare llic work perlormed by the forces applied 
to the body when its motion along the inclined plane is uniform. 
As already noted, the body is under the action of forces G, P, 
and N. From Fig. lOln it is evident that force G forms an angle 
ACB — 00° — « to the incline. By employing Eq. (76) wc obtain 
the work Wc perlormed by this force through displacement Z: 

Wg -- Gl cos (00° — a) Gl .sin a. 

The work performed by force P 

VV^ = PI G sin xl — Gl sin x. 

The work performed by force N directed perpendicular to 
the motion, is zero. Thus we see, Wq — Wp, that is, the work 
of the motive force is equal to the work of the force of resistance. 

Heretofore we have limited ourselves to uniform motion 
of a body up an inclined plane without taking friction into 
account. In actuality friction diminishes any advantage gained 
in force. Therefore besides force CB, the force of friction F = fN 
(in which / represents the coefficient of friction) is also directed 
opposite to the motion. 

When force P is directed parallel to the inclined plane, 
force N = G cos x, which means that the force of friction F — 
= Gf cos X. 

If the body is to have uniform motion upwards, force P must 
be equal to the sum of the forces of resistance, i.e., 

P = G sin a -f G/ cos x — G(sin a + / cos x). (104) 
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dliistrative l^oblem 69. It is necessary to raise load G ■■ 400 kg a 
distance of 0.5 m along two parallel inclined beams each 5 m in length. 
Find the force required to do this work if the coefficient of friction 
t -* 0.15. 

SBlution: with h «= 0.5 m, and / = 5 m (Fig. 161a), we have 0.5 =». 
a- 5 sin «, from which sin a = 0.1, a<= 5*45', cos u= 0.995, and the force 
required 

P - 400 (0.1 + 0.15 X 0.995) 100 kg. 


140. The Wedge 


The wedge is one form of the inclined plane and possesses 
the shape of a triangular prism (Fig. 162fl). In a longitudinal 
cross-section of this prism the angle 
a ^ Z. KML is considerably smaller than 
either of the two other angles. Edge KL 
is called the head of the wedge, while the 
side edges KM and LM are its cheeks. 

Assume that the wedge, under. the action 
of force P, is penetrating into another 
body at afconstant speed. The body 
resists the motion of the wedge. This is 
expressed by the reactions and Nj 
perpendicular to the cheeks of the wedge. 

When examining the equilibrium of the 
wedge without taking Wclion into ac- 
count, we find that forces P, N, and Nj 
balance each other. We delineate these 
three forces from any arbitrary point 0, 
and on vectors OC^ and ODj, represent- 
ing forces Nj and Ng, we construct the 
parallelogram OCiE^Di (Fig. 1626). If, the 
^stem is in equilibrium, the diagonal 
OEi must be equal in magnitude and opposite in direction to 
vector OE representing force P. A comparison of triangles OCiE^ 
and KLM will show that they are similar because their angles 
are formed by mutually perpendicular sides; from this it follows 
that 

P : Ni : Na = KL : ML ; KM. (105) 

If the wedge has equal edges as shown in the figure (KM = ML), 
then 

N KM 



that is, the mechanical aduantage in force is equal to the ratio of the 
length of the cheeks to the thickness of the head. The smaller the 
^ angle of the wedge and the thinner the head, the greater will 
be the gain in force. ^ 


IS - 
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*rhe properties of the wedge are used to advantage in various 
splitting and cutting tools. Later (Sec. 201) we shall study the use 
of the wedge in the fastening of machine parts. 

It must be noted that the force of friction increases as the 
angle of the wedge decreases. For example, the splitting of wood 
with a thick-headed axe, instead of with an 



Fig. 16.3 


ordinary carpenter’s hatchet, is easier 
because the additional weight lends more 
kinetic striking energy and also because 
of the greater ease with which the axe 
can be pulled out if the wood is not entirely 
split. 

Illiislrative Problem 70. What would be, the 
magnitudes of forces N, and Nj during the uni- 
form displacement of a wedge KLM (Fig 16^ 
po.ssessing a thickness KL = 25 mm and length 
LM = 200 mm when under the action of force 


P = 50 kg, ii I here were no friction? 


P KL 25 1 

Solution: from Eq. (105) wc obtain s= -g- from 

which IV, = 8P = 400 kg. " ' ' « 

From the same equation we obtain 


N, 


KM _ /25* -f 2q0f 

^ Kr ~ 25 


403 kg. 


141. The Lever 


Let us examine the simple case of a straight lever (Fig. 164) 
to which are applied two parallel lorces 1* and Q acting perpendic- 
ular to the longitudinal axis AB. Point 0, called the fulcrum, 
is at distances a and b from the points of application of forces 
P and Q. 

Two conditions staled in Sec. .34 must he observed to keep the 
lever in equilibrium: they are a) Eq. (12) - the algebraic sum of 
all forces must be zero, and b) Eq. (13) — the algebraic sum of 
the moments of the forces must also be zero. 

The first condition is expressed as 

\ Q li 0, from which P Q ^ R, 

in which R is the reaction at the fulcrum*. 

Since the algebraic sum of the moments of all the forces with 
respect to fulcrum 0 is zero, then 

Pb - Qa 0, 


or 



( 107 ) 


* The weight of the leve^-is ignored in this case. 
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that is, the forces are inversely proportional to the- arms of tfie 
lever. 

Now let us take a more complex example when the forces 
P and» Q are not directed perpendicular to the axis of the lever 
(Fig. 165). We resolve force P into two components — BL 
acting along the axis of the lever and BK acting perpendicular 
to the axis. Repeating the process with force Q, we obtain forces 
AE and AF. If the fulcrum is constructed so that the lever 
cannot be displaced in a horizontal direction, the resultant of 
forces BL and AE will be balanced by the horizontal compo- 
nent of reaction R at the lulcrum. Therefore if the lever is to 




remain in equilibrium, it is reejuired that the algebraic sum of the 
moments of the other forces with respect to any point should 
be zero. By taking point 0 as the centre of the moments, we 
obtain 

I\b = (>!«. (i) 

From point O we delineate lines OM and ON — 

perpendicular to the lines ol action of forces P and Q. Then 
comparing the right triangles OMA and AFC and also ONB 
and BKD, we see that they are similar pairs because their acute 
angles have mutually perpendicular sides: AOMA oo aAFC, 
and aONB cjo ABKD, from which it follows that 


OA _ OM 
AC ~~ AF 


or 




In the same way we obtain P^b — Pb^. 

Substituting these expressions for P^b and Q^a in the above 
Eq. (a) we obtain 

PK = Qoi, or -i- = -^ • (108) 

Ul 

We thus see that we have obtained an exjiression analogous 
to Eq. (107), the only difference being^^that included in it are 


13 * 
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the arms of the moments of forces P and 0 with respect to the 
fulcrum, instead of the arms of the lever a and b. 

Now let us investigate a general case when the lever is not 
straight (Fig. 166). ‘ 

We resolve the forces P and Q respectively into the components 

BL, BK and AF, AE, of which BK is perpendicular lo OB and 
AF is perpendicular to OA. Then, reasoning as before, we 
arrive at the same equation (108)*. 

In the above cases the fulcrum 0 was situated between the 
points of application of the forces. This type of lever is called 
a lever of the first kind as distinguished from one of the second kind 
when the points of application of the forces are on the same 



side as the fulcrum (Fig. 167). Jly applying Eq. (12) to a lever 
of the second kind, we determine the read ion of the fulcrum R 
from the equation 

Q--P — R- 0, 

whence R- Q ~P. (109) 

Then taking the algebraic sum of the moments of the forces 
with respect to point 0, 'we obtain Qa — Pb — 0, whence 

Pb - Qn. (110) 

If the lines of action of the forces were not perpendicular to 
the axis of the lever, or if the axis of the lever were not straight, 
we should have obtained the same result as for a lever of the first 
kind. * 

Wherefore, in all cases when a lever is in equilibrium, the forces 
P and Q applied to it are inversely proportional to the distances 
between their lines of action and the fulcrum, 

* The reaction of the fulcrum may be determined as follows. As 
already shown in Sec. 24, the lines of action of forces P, Q, and R intersect 
at one point U. Hence the line of action of the reaction is known. By 
constructing a parallelograin on the force P and Q we obtain their result- 
ant. The reaction OS will be equal and opposite to it. 
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From this it is apparent that the lever, in allowing a lesser 
force to balance a greater one, achieves a mechanical advantage. 
It is also easily understood that the displacement of the point 
of a^lication of the lesser force P will be as much greater than 
that of the point of application of force Q, as the magnitude of 
Q is greater than that of P; here again the “ABC” of mechan- 
ics is valid. 

Bearing in miifd that there is friction between the fulcrum and 
the lever, we conclude that the useful woik the latter performs 
is somewhat less than the work performed liy the motive force. 

Levers are not only used to conveit a lesser force into a greater 
one, but also for advantage m displacement. For example, by 
displacing point A a certain 
distance (Fig. 167), we dis- 
place point B a distance as 
many times greater as arm b 
is greater than arm a. This 
property of a lever is trecpient- 
ly utilised in the construc- 
tion of measO’ing instruments. 

The lever is exten.sivcly used in machines and other 
nisms, and also in devices of all kinds. 



Tit; IfiS 


Illustrative Problem 71. Ann a ot tlie bent AOli in Fig. 168 is 

80 mm in length, and aim h is 3('() min. What should he the magnitude 
of force P acting at an angle ol f) = *)0° to aim OB m oidej to balance 
force Q = 120 kg acting at an angh ol a 30° to aim OA? 

Solution: in eniplovmg hki. (108) wo mnsi take il>, = /) = 300 mm, 
a, =- a sin a = 80 sin 30° - 80 x 0 3 - 10 mm, and Q — 120 kg. After 
substituting these \alius in (he equation we obl.im 


P 


Qcii _ 120 X 10 
bi ” 300 


10 kg 


142. A System ot Levers. The Differential 
Lever 

The mechanical advantage obtained Irom a lever can be 
increased considerably by using a system of several interconnect- 
ed levers. 

Let us consider the two levers foiming the system shown 
in Fig. 169.* To the end B of lever AB with fulcrum 0^ a second 
lever with fulcrum is fastened by means ol strap BC attached 
to its end C. By applying force P to end A we obtain force Qi 
on end B, equal to the relationship 

Eh. 

This force is transmitted to end C of lever CO^ on which the 
acting forces will be determined according to the relationship 
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— QiOz, from which force obtained at point D is 



Replacing Qi in this expression with the value just evolved 
for it, we obtain 

Q. = P^^- ( 111 ) 

If there had been three levers then 


Q, = P 


h 

fli 




etc. 


Thus the mechanical advantage obtained by a whole system 
of levers is equal to the product of the numbers expressing the 
mechanical advantage produced by each lever in the system. 



Fif?. KiiJ Fig. 170 

If we took two levers with a ratio between the arms of 
= — 10. the mechanical advantage obtained by the system 

would be = 10^ — 100. Accordingly, a displacement of 0.1 

mm of point D would displace point A a distance of 0.1 X 100 = 
= 10 mm. 

However, such a system ot levers is extremely cumbersome. For 
this reason a variation is used, called a differential, or floating 
coupling. 

Assume that lever AC (Fig. 170) with a fulcrum D has a cross- 
piece EF suspended from it by two straps AE and BF. A force 
Q is applied at point K in the middle of (he crosspiece, and force 
P, its equilibrant, is applied to the long arm of the leVer at point 
C. Let us determine the relationship Ijetween these two forces. 
Since force Q is applied at the middle of the crosspiece EF, 

a force ~ is acting on each strap — one at point A and another 

at point B. Let us write the conditions required for the lever 
to be in equilibrium, using Eq. 12, since all the forces are parallel: 

+^^^ = 0 , 
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or 

Q (/ _ a - a) + - rt) + PJ = 0, 

whence 

Q-P-^- 

" --2 

By denoting the distance between tlie line of action of force 
Q from the fulcrum as d, i.e., d a - we finalJy obtain 

(t-P-^. (112) 

It is seen that the mechanical advantage will be e(inal to 
the ratio of tlie bigger arm (ID of I he lever to the distance be- 
tween the two vertical straight lines delineated through the mid- 
dle K of the crosspiece and the lulcrum. Since this distance can be 
made infinitely small, theoretically an inlinitely great mechan- 
ical advantsClfe can be obtained. 

Systems of lloating couplings are used, tor example, in decimal 
and centesimal scales. 

Illusirative Problem 72. lii tlie tlo.diiu^ lf\ii just .sliuliod, the arm 
b = 1,000 nun, arm a - 251 mm, and / -= 500 mm; llien d = 251 — 

— = 1 mm. Sulistitulin;^ these values in Isq. (112), we obtain Q = 

= 1,000 P. 

H3. Fixed and Movable Pulleys 

A pulley is a sheave on the rim of svhich there is a groove 
for a rope (or sprocket teeth for a chain). The simplest type is 
the immovable pulley, the geometrical axis of which remains 
fixed when it is in operation (Fig. 171). 

Assuthe that the rope (or chain) has a load to be raised that 
exerts a force Q at one end of it. To determine the force P which 
must be applied to the other end of the rope in order to balance 
force 0, we may regard the pulley as a bent lever AOB having 
arms of ftcjual length because AO -- OB — P, R being the 
radius of the sheave. The conditions for equilibrium of this lever 
with respect to its fulcrum 0, is PR - QR, from which 

P = Q. 

Thus in an immovable pulley neither the force nor the veloc- 
ity changes in magnitude ; only the direction of the force changes. 
This is advantageous in many cases. For instance, instead 
of raising a load by pulling it upwards, it is much more con- 
''enient to use such an immovable pulley which makes it possible 
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to do the same work by applying to the rope the same force 
directed downwards. Due to harmful resistance, the efficiency 
of this pulley is ordinarily from 0.8 to 0.9. 

A movable pulley, so called because its axis is displaced \7hen 
it is in use, is shown schematically in Fig. 172. A rope, one end 
of which is fastened to a stationary hook K, passes round the 
sheave L from below; a motive force P acts on its other end*. 
The force of resistance Q (such as the weight of the load) is applied 
to the casing of the movable pulley in which its axis is rotating. 




Let us work out the relationship between the motive force 
P and the force of resistance Q. Let us consider the diameter 
AB of the pulley to be a lever of the second kind, turning about 
point A under the action ot force P. By applying Eq. (110), 
in which we substitute diameter AB instead of 6, and radius 

P i? 

AO instead of a, we obtain -?r — od» whence 

(J 

P = -|’ 

that is, the motive force is equal to half the force of resistance. 

Obviously in this case also, the gain in force is lost in displace- 
ment. Indeed, in order to raise the centre of the pulley to a 
height of OOi — h, the free end of the rope must be pulled a 
distance of AAj -f- BB^ — 2h, which means that the point of 
application of force Q receives a displacement only half of that 
received by the point of applications of force P. Furthermore, 
the work performed by force Q is Qh = 2Ph, and the work 
performed by force P is P2h; in other words, the work performed 
by the motive force is equal to the work performed by the 
force of resistance, which is as it should be. 

♦ Since the movable pulley is ordinarily used to raise loads by means 
of a force acting downwards, a second fixed pulley M is shown in the 
illustration. 
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144. Sjrstems of Pulleys 
and the Differential Pulley Block 

Juut as in levers, pulleys are combined into systems to increase 
their mechanical advantages. Fig. 173 represents one of these 
systems: it consists of several (in this case three) fixed pulleys 
rotating in the casing K, and the same number of movable 
pulleys rotating in the second casing L. The rope, one end of 
which is fastened to the hook of the first casing, is passed round 
all the pulleys in succession, while to its free end M the motive 
force P is applied. In the present case force Q is distributed 
among six segments of one and the same rope, in which the 
tension must obviously be the same throughout the entire 

len^h. It follows that a load is acting on each segment of 

the rope, and the force which must be applied to the free end 
of the rope to keep the system in equilibrium will be 

P= —= ^ o • 

6 2x3 

If there h^ft been four pairs of pulleys in the system, force 
P would be -^ = 2 ^ ^ . Thus we see that the mechanical advantage 

is equal to twice the number of movable pulleys. And if the 
movable block had n pulleys, the motive force would be 

P = (114) 

But, according to the rule already learnt, the displacement 
of the point of application of P will be 2n times the displacement 
of the point of application of the force of resistance Q. 

Instead of having the pulleys on separate axes and arranged 
vertically one above the other, they are usually arranged several 
in each casing and on one horizontal axis (Rg. 174). 

Systems of pulleys (fixed and movable) grouped in blocks 
and with a rope or chain wound about them are called tackle. 

Just as there is a differential lever, there is also a differen- 
tial pulley block as shown in (Fig. 175). The upper fixed block 
is made double with two stages of sheaves of radius R and r. 
As is evident from the illustration, this block and the lower 
movable block are connected by an endless chain; from the 
lower block the chain is passed to the larger sheave in the upper 
pulley and then goes down in the form of a freely swinging loop 
M, one segment of which is meant to be pulled by hand. Then 
the chain is passed upward and around the smaller of the sheaves 
in the upper block and down again to the movable block. 

Let us see what forces are acting on the upper block so as 
to find the relationship between the motive force P and the 
force of resistance Q. 
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Under the action of force Q, forces are created 

in each segment I and II of the chain. Assume that the upper 
block makes one revolution at which time the work of the lAotive 
force P is W — P 2nR. During the same interval force Pj 
performs work ' 



Fig. 173 Fig. 174 Fig. 175 


The first two forces are motive forces, while the third is the 
force of resistance. Since the work of the motive forces must be 
equal to the force of resistance, tlicn 

2nPR -I TtQr -- nQR, or 2PR -\- Qr = QR, 
from which we obtain the force acting on segment A of the loop: 

in which R and r are the respective radii of the larger and smaller 
sheaves of the fixed block and D is the diameter of the larger 
sheave. 

Since the difference between R and r can be made infinitely 
small, a great mechanical advantage may be obtained with 
this block. 
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Illustrative Problem 73. What must be the diameter of the smaller 
sheave of the fixed double block in a differential block to obtain a mechan- 
ical advantage of = 8, if the diameter of the larger sheaye D «= 
= 200 mm and efficiency = 0.8? 

Solution: from Eq. (115) we obtain = taking 

harmful resistance into account, the mechanical advantage will be 





which, after substituting numerical values, becomes 8 == ^ 

in which r = 80 min, and the diameter of the smaller sheave will be 
160 mm. 


145. Simple and Differential Windlasse‘4 

A simple device for obtaininf( mechanical advantage is the 
windlass (Fig. 176); a drum K (Fig. 176rt) is fixed to a shaft 
rotating in two hearings. The .shaft is rotated by the crank 
L fastened Lt one end of it As the shaft rotates, the rope M, 
one end of which in fastened to the surface of the drum, is wound 
around the latter and o^ercomes the force ot resistance Q. Let 
D denote the diameter of the drum, and a the length of the crank 
at whose end the force P is applied (big. 17()/)). The relationship 



h’ig. 17« 



between forces P and Q can be found by equating the amount 
of work each executes during one revolution of the shaft. The 
work of force P is expressed as Wp = P2na, and the work of 
Q as Wg = Q^D, where D is the diameter of the drum. Accord- 
ingly, P2na — QnD, whence 

(116) 

The differential windlass with its stepped drum (Fig. 177) 
gives a much greater mechanical advantage than the simple 
type. Let D denote the diameter of the larger step, and d that 
of the smaller. 
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When the crank is turned clockwise, the rope will be wound 
on the larger step and unwound from the smaller. By disregard- 
ing as^ negligible the converging lines of the segments of rope 
droppmg to the movable block, we shall assume that'^each 

of them is subjected to a force Pj = Pg = . Let us ^prmulate 

an equation for the work of the motive power and that of the 
force of resistance. 



The work performed by force Pj during one revolution of the 
drum Wj = PiuD = the work of force Pj as applied to 

the smaller step W 2 = nd, and the work of force 

P as applied to the crank VV = P27ia. Hence 

2nPa d = ^ . 

from which 

whence R and r are the radii of the larger and smaller steps of 
the drum, respectively. Thtis we see that we have formulated 
the same expression as for the differential block. 

I 

Illustrative Problem 74. A differential windlass has a two-step drum 
of diameters D = 350 mm and d = 300 mm. What length must the 
crank be in order to raise at a constant speed a load Q = 200 kg with 
a force P = 16 kg, if the efficiency of the windlass rj = 0.6? 

Solution: by including the force of friction in Eq. (117), the latter 
becomes 


in which P== 16 kg', 0,6, Q= 200 kg, i? == 175 mm,- and r-«150 mm. 
204 


By restating the equation and then substituting corresponding values, 
we solve for the length of the crank a: 


Q(R - r) _ 200 X 25 

2Pf] 2 X 16 X 0.6 


260 mm. 


146. Questions for Review 

1. It a body on the inclined plane shown in Fig. 161a is moving up 
the plane at a constant speed ai»d the plane is lengthened but with 
the height h remaining the same, what change will there be in force P? 

2. What change will there be m the inagrntude of force P exerted on 
the wedge in Fig. 162 if the thickness of the wedge head is decreased but 
with the length of the wedge and the speed ot its application remaining 
the same? 

3f Which will be the greater mechanical advantage: when force P 
is applied perpendicularly, or at an angle, to the arm of a lever? 

4. If the length of the arms of the bent lever AOD (Fig. 166) are 
equally increased, will there be any change in the magnitude of the force 
P required to keep it in equilibrium? 

5. What will be the total mechanical advantage obtained by a system 
of three levers, one of which gives a three-fold, the second a five-fold, 
and the third a seven-fold mechanical advantage? 

6. State thJf advantages of the differential lever. 

7. What difference is there between the mechanical advantage obtained 
by a fixed and a movable pulley block? 

8. What is a tackle? 

9. What are the advantages conlamcd in the differential block; 
in the differential windlass? 


147. Exercises 

76. A load G ~ 200 kg is moving uniformly up an inclined 
plane with an angle of inclination a = 30°. What must be the 
magnitude of the motive force P directed parallel to the incline 
if the coefficient of friction / — 0.10? 

77. Using the data in Ex. 76, determine the efficiency of the 
inclined plane. 

78. Two loads of weight Gj -- 10 kg and Gj — 15 kg are 
on inclined planes with angles of inclination of Xi and and are 
connected with each other with a cord passed through a fixed 
pulley (Fig. 178). If angle - 30° and the two loads are in 
equilibrium (neglecting the force of friction), what is angle x^l 

Hint to ijolution: remember that forces and Pg are equal 
in magnitude. 

79. If the angles of inclination and ag in Fig. 178 are 30° 
and 45°, respectively, and the force of friction is disregarded, 
what must be the ratio between the weights and G* when 
they balance each other? 

80. In order to find the distance x from the end A to the centre 
of gravity C of the rod AB in Fig. 179, the end A was suspended 
to a fixed point E and then the rod placed so that it rested on 
scales at point I). Find the distance a: if a = 300 mm, the weight 
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of the rod (? = 1.5 kg, and if weight Gi balancing the rod on 
the other pan of the scales is 1.0 kg. 

81. Derive Eq. (108) for a straight lever of the second kind. 

82. Derive the same Eq. (108) for a bent lever of the second kind. 

83. What force P must be exerted on the differential lever in 
Fig. 170 to balance a force Q = 1 ton, if AD = DB =*250 mm, 
EK = 249 mm, KF 251 mm, and DC = 1,000 mm? 




84. Assume that the tackle in Fig. 174 has live movable blocks. 
What force P would be required to raise a load ^'>f 200 kg? 

85. What mechanical advantage would the differential block 
in Fig. 175 give if the diameters of the sheaves are D = 360 mm 
and d — 320 mm? 

86. In Fig. 177, showing a differential windlass, D — 300 mm, 
d — 250 mm, a — 400 mm, and its efficiency jj — 0.7. What 
force P is needed to raise a load of 500 kg? 


CHAPTtK XVI 

TRANSMISSION OF POWER RETWEEN PARALLEL SHAFTS 

148. General Principles of Transmission 

In order to transmit motion to the moving links of a machine, 
mechanical energy is needed. This energy may be imparted to 
the machine in different ways, lint usually it is done by an adjac- 
ently installed electric motor, in which case it is said that the 
machine has an individual drive. But sometimes mechanical 
energy is imparled to several machines at once through a single 
shaft known as the transmission shaft acting as a group drive. 
And frequently one machine is driven by several electric motors, 
as in very large machine tools and other kinds of giant machin- 
ery. Both in individual and group drives, devices whose func- 
tion it is to impart diverse angular velocities (rpm) to the driv- 
ing shafts of the machine are sometimes mounted as intermediary 
links between the electric motor and the machine. 

In short, various mechanisms which are referred to under 
the general term of transmission are used to impgrt mechanical 
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energy both to machines as a whole and to their individual 
links. 

The most common kind of transmission is that which trans- 
mits notational motion from one shaft to another. 

The position of ihe shafts in relation to each other may differ: 
their axes may lie in the same plane, or in different planes. 
If the shafts are in the same plane, they may either intersect 
or be parallel to each other. 

Let us begin our study of the various kinds of transmissions 
with the simplest form — when the axes of the shafts lie parallel 
to one another. 


149. Transmission Through Pliant Connectors 

o 

Flat belts, sometimes ropes, are used to transmit rotatio- 
nal motion between parallel shails ; these belts are wound about 
wheels, called sheaves, which are fixed 1o the shafts. 

Assume that the rotation of shaft Oj in Fig. 180 is to be trans- 
mitted to shaft Oj. We fasten two sheaves, opposite to each 
other, to the pj|afts and wrap an endless belt ABDFECA round 
the two in such a manner that it is stretched tightly about their 

rims. With ample friction between the 
bell and the sheaves, the rotation of 
one shaft will be transmitted to the 
other. 'Fhe shaft (and sheave) 0i which 




causes the motion is called the driver, while the shaft (and 
sheave) 0^ which receives the motion is called the follower, or 
driven unit. 

Angles AOiE and BO^F subtending an's ACE and BDF 
where the belt is in contact with the rims of the sheaves, are 
ealled the angles of contact. 

The greater the angle of contact, the better will be the trans- 
mission of rotation, inasmuch as the arc of contact between 
the sheaves and the belt will be greater. For this reason belt 
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transmissions are always designed so that the angle of contact 
is as large as possible. 

Assume that shaft I (Fig. 181a) is the driver and shaft II 
is the follower. With the direction of motion as shown 'cn the 
drawing, the upper segment of the belt will be pulled taut and 
lie almost in a straight line since it is transmitting the force 
that is rotating the follower, whereas the lower segment will be 
slack and sag under its own weight. If the direction of motion 
is changed, as shown in Fig. 181Z>, it will be just the opposite — 
the upper side will sag. A comparison of the angles of contact 
on the driving and driven shafts in the two drawings will show 
that it is greater in the second case. Hence, here transmission 
of rotation will be more efficient. It follows that the lower seg- 
ment of the belt should always be the driver. 

The belt connecting the sheaves should be as pliant as possible; 
this type of transmission is called transmission through pliant 
connectors. 


150. The Speed Ratio and Transmission Number 
in Transmission Through 
Pliant Connectors 


In making calculations corcerning transmission of rotational 
motion, a coefficient showing the ratio between the angular 
speeds of the two given shafts or, m other words, between their 
rpm, is used. This ratio of rpm (or ratio of angular speeds) of 
two shafts between which motion is transmitted is called the 
speed ratio and is denoted by the letter i. 

Of the two connected shafts, one is the driver and the other 
the follower. Therefore the speed ratio must be so stated as to 
indicate the order in which the shafts are referred. For this pur- 
pose indices, consisting of the numbers of the two shafts, are 
affixed to the letter representing the speed ratio. If it is a ratio 
of rpm of the driven shaft to rpm of the driving shaft, it is stated 
as 


* 2.1 = 


(O2 Hg 

"1 “ "i 


(118) 


If on the contraiy the ratio is that of the rpm of the driving 
shaft to the rpm 01 the driven shaft, it will be stated as 


*1.2 — 


COt 


Hi. . 

rtf 


(119) 


The latter ratio, that is, the ratio of rpm of the driver to 
rpm of the follower, is called the transmission number. 

It is thus apparent from Eq. (118) that when ni — 1, ij,i = n,; 
we may therefore say that shows the number of revolutions 
of the follower to one revolution of the driver. 


208 



Finally, by multiplying Eqs (118) and (119), we obtain 



1 


whence la,, ^ 

* i 

that is, the speed ratio of the diiving shaft to the driven shaft and 
of the driven shaft to Hu diiving shaft are reciprocal to each other. 


Oral Ftercises 

1. Stato whuli shaft of the foilowinj? throe cases has the greater angular 

speed: N\hen 1; when when z,,, =« 1. 

2. What IS the liansinission ’number when -« 1? 


151. Kinonialics of Traiisiiiissioii vvilh One Pair 
of Sheaves 


Lei us return to In^. 181 and assume that the belt, wound 
about the two sheaves, neither stretches nor slips. Under such 
conditions the motion of the belt will be the same at all its points 
and be crjual J§) the speed ot any point on the rims of either 
ot the sheaves. In othcT* wmrds, the peii])t!eral speed ot sheave 
11 will eifiial the peripheral speed ot the diiving sheave /, from 
which we evolve the lollowing e(|uation. 


T/;,n, 

hO 


fD n 
f)0 ’ 


or - Djiy, 


( 121 ) 


that is, Uie product of the duiiuetei of the dtwer and its rptn is 
equal to the produd of the jollowei and its rpin. Fiom lliis we may 



determine Ih^ speed ratio of j (I lie relationship between rpm 
/ij of the follower sheave and rpm ol the driving sheave): 


i> 


j.i 


/j, D, 


( 122 ) 


that is, the speed ratio of the two sheaves is in inverse ratio to their 
diameters. 

As is apparent from Fig 180, the driving and driven shafts 
both revolve in the same direction. This type of transmission 
is called an open-belt drive, as distinguished from the crossed’-belt 


14 - 5018 
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drive when the belt is crossed in the form ot a figure 8 (Fig. 
182). In the latter case the two sheaves will revolve in opposite 
directions. 

Eq. (122) shows the relations between four quantities: the 
diameters Di and /Ig of the two connected sheaves and their 
respective rpm. If three of these quantities are known the fourth 
can be evolved. 

Illustrative Problem 75. The driving sheave on the shaft of an electric 
motor has a diameter of 180 mm and rotates at 1,000 rpm. If it were 
required to drive another sheave that must rotate = 320 rpm, what 
must be the diameter of this follower sheave? 

Solution: from Kq. (122) 

7Jo = — -= 180 X 5h0 mm. 

' n, 320 

Illustrative Problem 70. If an electric motor attached to a sheave of 
300 mm in diameter transmits n — 400 rpm to a diiven (follower) 
sheave of 500 inm in diamcLcr, how many rpm will the sheave on the 
motor attain? 

Soliilion: from Eq. (122) 

^1 ~ 1 ) ^ 300 ^ 


152. Kinematics of Transmission 
with Alore than One Pair of Sheaves 


We can determine the speed ratio for any number of sheaves by 
calculating it conseeiiti\ ely for ea(*h sheave in the train of sheaves. 

^ Assume that rotation 



is transmitted from shaft 
to shaft O 4 (Fig. 183) 
by means of sheaves 
and Dg, I)^ and 1)^, 
and Df^. It is seen from 
tlie drawing that sheaves 
7.)i, 7 J 3 , and I)^ are drivers 
while sheaves l)^, and 
Dg are followers. The speed 
ratio between shafts Og 

and 0 , is ig 1 ^ and 

rpm Hg of shaft Og is 773 = 


In the same way we may find the speed ratio between shafts 
0 and O 2 which is 7*3 g - - n’ and the rpm of shaft O 3 is 

» Um 


^3 ^2*3,2 — ^1^2,d3,2 — D 
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Finally, the speed ratio between the shafts of the last pair 
of sheaves is 14,3 -- ^ and the rpm of the last driven shaft O 4 is 

^1^*2, 1^3. 2^4,3 = X X X -jy- • 


By denoting the speed ratio between this sliaft and the driving 
shaft 0i as we obtain 


in which 


n, = 


n, 




I). 


X 


Ih 


D, 


^1,1 ^ 2 , 1 ^ 3 , 2^3 X 


- 

1 ) 


y . 

/b D, 


(123) 

(124) 


Wherefore, the lolnl speed ratio is equal to the piodiid of all the 
individual speed ratios (i.e., tlie speed ratios between adjacent 
shafts). The rpm oj the dnven shaft is equal to the rpm of the driving 
shaft multiplied by the ratio of the piodud of the diameters of all 
the driving shafts to the piodud of the diaineleis of all the driven 
shafts. 0 

Of course, changing I lie order of (he multipliers and multi- 
plicants will make no diHerenec in the linal product. From this 
it follows that we can change th'^ places ot any two sheaves 
whose diameters are in the numerator or denominator of the 
right part ot Kqs (12d) and (121). This means that the rpm of 
the driven shalt will not change if either the driven or driving 
sheaves are rearranged among themselves. But it is also obvious 
that driving sheaves cannot be put in the place ol driven sheaves 
or viee versa. For instance, (he sheave ol diameter 1)^ cannot 
be put in the place ot that with (hameter D,, or sheave Dq in 
the place of l)r^, etc., tor this would cliange the total speed ratio 
and consequently the rpm ot the driven shall. 


llIu*^lrati\o Problem 77- Shaft O, lorcives rotational motion from an 
electric mol or with a shcavo 7), havinj^ a tliamelcr ot 18(i mm and which 
attains n, ~ l,o00 rinn Ihioimh sheaves D — olO mm, 7), = 160 mrn, 
and Da — 400 mm. Find the total speed lalio / , ,, and the rpm of shalt O 3 . 

180 

Solution: according to Eqs (123) and (124) wc evolve = gjg X 

X Ho = n.z. 1 = 1,500 X = 200 rpm. 

400 15 • ^ ^ lo ^ 


153. Statics of Sheave Transmission 

Now that we have grasped the kinematics of the transmission 
of rotational motion by means of sheaves, let us turn to the 
statics of such transmission so as to determine the relationship 
between motive forces and forces of resistance. 

Let us return to Fig. 180. In order that there should be suffi- 
cient friction between the belt and the rims of the sheaves, a 

U* 
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definite tautness must be maintained in the belt. After the sheaves 
have begun rotating, the driving segment K of the belt becomes 
still more taut, while the follower segment L of the belt loses 
some of its taiitness. Let Sj represent the pull on the tight**side 
and Sj the pull on the slack side. Both these forces act on the 
driven sheave and consequently two similar forces of 'the same 
magnitude but of opposite direction are acting on the driving 
sheave. 

The turning momeni or, as we shall henceforth call it, the 
torque, which imparls rotational motion to shaft 0^ will be 


The ditlerence in taulncss A, -S 2 is called the clfcclive pull 
of the belt and is denoted by the letter P. 

Thus we tind that the lonpie on the diiven shaft 


/). 


From Eq. (122) we olitain ^ 

D, = D,~ and M, --- P • 


(125) 


As already slated, two .similar forces and are acting 
on Oil hence, the lorifiic on the driving shaft will lie 


Ml - P 


Pi 

2 


and after equating the expressions for il/^ and il/j, we finally 
obtain 


M,- 



(126) 


Wherefore, Ihe torque on the Jiivcn ’ihafl ix equal io the torque 
on the drwinq simjl divided hq ihe speed ratio i,i betiveen them. 

It is .simple Io prove that Eq. (126) similarly applies to any 
number of pans of sheaves. 

Assume that the Inst driving sheave of diameter Di (Fig. 
183) makes one revolution. Ecj. (121) shows that this would 
cause the last driven sheave of diameter Dg on shaft O 4 to execute 
I 4 j = I 2 , 113 , 2 / 4.3 revolutions. The w'ork done by forces Sj and 
Sj on the driving sheave will be VVj - (Ai — S 2 )nDi — P^nD^. 

The work done on the driven sheave Dg at the same time by 
forces Si and S 2 will be (Sj — Ai) 7 rD,z 4 j = Pi^Dgii^iig^iig^g. 

And since 1^4 — VTi, we obtain Pi Pi -- P<iDgi, i, Irom which 




M, M, 

*4,1 *2.l*dw*4, I 


(127) 


Wherefore, the torque on the last driven shaft is equal to the moment 
on the first driving shaft divided by the total speed ratio betiveen 
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them, or, in other words, by the product oj all the individual speed 
ratios. 

Eqs (126) and (127) do not take into account the loss due 
to Ifarmful resistance in the drive. Such resistance reduces the 
mechanical energy imparted to the driven shaft, and conse- 
quently decreases the tor(|ue and effective pull. If these losses 
are taken into account, Eep (126) becomes 

M, = f ' n, (128) 

‘ ,1 

in which rj is the eCficioncy ot Iraiisinissioii. 

For belt transmission the value of r] lain^es horn 0.91 to 
0.985. 

Oidl Fxcrcisc^ 

1. If the speed lalio / 1, wild I ( dii lie said of IJie lorque on the 

driven shat L — will il he qi’ea lei or less Hum the loique on the driviiif? 
shaft? 

2. Answer Queslion 1 il 

Illustrative Problem 711. If tin* eleeliic motor in lllnsti alive Problem 
77 transmits ^ower — 7 t kw, lind the loique on shaft 0^ and the 
effective pull on sheave fl,. 

Solution: If Ihe inoloi’ iiower A 7.4 kw - 7.4 ' t.3(){=i:{10 hp 
and if n == 1,.)00 ipni, the toiqu(‘ in ‘he diivin^j shaft wdl he, according 
lo Kq. (83), 

Ml - 7l().'l 4.77.> kg-iii. 


By applying h>f. (127) we ohlain tin loique on shalt O,: 


Ms - 


*> 

1.775 

to 


35.812 kg-m 


and the effective pull on sheave 7)4 will he 
„ 2M, 2 > 35,812 




400 


I 70 Kg. 


151. Bolt TraiiMiiissioii with Vhiriable Speed 
Itaiios 

It is ircctiuMitly necessary that a driving shaft, rotating at a 
constant speed, transmit varying speeds lo the driven (follower) 
shaft. Onc*of fho widely applied methods to achieve this is the 
use of stepped pulleys. 

Let us lix two sleiiped pulleys, with steps ol dilferent diameters, 
opposite each other on the diiving shalt I and the driven shaft 
II as shown in Fig. 184. WHh this arrangement the belt can be 
shifted so as to run on any pair of steps and c/g 

etc. In this way different speed ratios are obtained: 12,1 = 


D, 


etc. 
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There will be as many speed ratios as there are steps on the 
pulley. It is readily understood that for a drive of this kind the 
belt must be the same length no matter which of the paired 
pulleys it runs on. To achieve this, the following equation feiust 
hold true: 

+ + D, ... d, + D,. (129) 

Wherefore, the sum of the diameters of the steps opposite each 
other must be the same in all cases. 


river 



Let n represent the ipm of the dnviiiij shaft. With the use 
of live-sLcp pulleys we can transmit five diiferent speeds to the 
driven shaft, as follows 

a, d d, 

= n ^ 

and -- * 

But it must be uiulerslood that an unlimded variation of 
speeds cannot be obtained between and n^. In other words, 
the speed variations imparted to the driven shaft will differ 
sharply from each other instead of being gradual. Other methods 
are used to shift speeds gradually. Fig. 185 illustrates one such 
method. 

We connect the belt to two frusta-cone drums arranged in 
opposite directions and with base diameters of £)j*and Dj. Wheu 
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the belt is at the extreme left, the speed ratio will be 

while when at the extreme right it will be . Thereby, 

the sffeed ratio may be made to range anywhere from 

= d7' 

A variant of this method is to make the drums with curved 
sides instead of the straight-lined frusta-coiie. 

There are also other methods of achieving infinitely-variable 
speeds in transmitting rotational motion between parallel shafts. 

155. TransinisMon with u UcU Tightener 

Vei^ often the distance bclwccn the driving and driven sheaves 
of a rnachine is made as small as possible so as to decrease the 
general size of the machine. Hut this has a had ellect on the 
belt drive inasmuch as il leads to a decrc'ase in the arc of contact 
on the smaller sheave (usually the diiver), and which, in its 
turn, results in slip. 

The arc of #onlacl of the smaller sliea\e is decreased also 
beeansc of the increase in the liansmission numher. 

For satisfactory opeiatun, the ordinary hell drive must have 
a transmission number ol not more Ilian 3 (in exeeplional cases 
it may be 5), hut often the rpni must he slowed down to less than 
one third. Thu has resulled in the introduction ol drives with 
belt tighteners. 

Assume shaft in Fig. 18(5 to he the driver and shaft Og the 
follower. With rotation in the direction sliown, segment K of the 
belt will he the taut side, and /., will he the slack segment. An 
idler-pulley M is car- 
ried on arm A of a hent 
lever, and to arm Hof 
the same lever a weight 
N is fixed. The lever 
balances freelv on its 
axis 0. Since the centre 
of gravity of the lever 
is situated to the right 
of axis 0, th^ arm B of 
the lever is pulled Clock- 
wise and the idler-pulley presses against L and tightens it. 

It can be seen that the idler-pulley increases the arc of contact 
on both sheaves and reduces slip. Load N can be shifted to any 
position on the arm of the lever to regulate the tautness of L 
as desired. The use of the belt tightener has another advantage: 
ordinarily, any belt will stretch with use and must be often short- 
ened. But the employment of a belt tightener makes this unnec- 
essary because tautness is kept uniform in the belt. 
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But the greatest advanta^jc of a transmission with a belt 
tightener, as compared to an ordinary belt transmission, is that 
it allows an increase in the transmission number (up to ten and 
sometimes even more) and at the same time keeps the^whole 
drive compact. Belt tighteners are designed in various ways. 
Axis 0 of the lever is often made to coincide with the geometrical 
axis of shaft 0^; this is better to a certain extent. In small power 
transmission a spring is often used in place of the weight N. 


lofi. Flat and Shaped Bells 


Belting is made of dilferent materials and varied cross-sections — 
either flat or V-shaped. Inasmuch as belling is subject to tension 
it is made in different thicknesses sinqle-phj and double-ply — 

depetiiling on the effective pull 
^ ^ it must undergo. 

Singlc-ply leather belts are 
I I made oJ .strips o1 leather glued 

I I ! / I together into a (“ontinuous 

Stued Joint length (1-ig. 18ft) and ranging 

from 8.0 mm to 5.5 mm in 
thickness and as much as 800 mm 
in width. If calculations show 


that singlc-ply belling will not be strong enough, double-ply 
is used. This consists of two layers of single-ply belting either 
glued, or sewn and glued, along its entire length. 

At the present time, Hat textile belts, impregnated with 
rubber, arc in \\ide use. They are made of diJlerent kinds of 
fibres (cotton or wool). 




Fig. 188 Fig. 189 

Three methods arc used to fasten the ends of flat belts; gluing, 
lacing, or metal connections. The ends of a leather belt arc scarfed 
for a length of 100-200 mm and when put on the sheaves must 
be placed as shown in Fig. 188, in which the letters ah mark 
the glued joint. For textile belts impregnated with rubber, the 
joint is cut with a step. * 
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V~bclts^ which ocrupv a special place in transmission, consist 
of one or several bands ol Irapesoidal section (Fiff. 181)) and are 
used instead ot flat l)elts. Cross-sectional area varies, depending 
on^he dimensions a and /?; the smallest dimensions are 10 and 
6 mm, and the largesl 50 and 30 mm, respectively. V-belt drives 
are used when centre distance between shafts is short and trans- 
mission numbers are large. 


157. Cliain Transmission 


Chain transmission is a spe(‘ial variation of Ihe'^plianl connector; 
the belt is replaced by a chain whose links mesh with the teeth 
of a sprocket wheel, pre\ cut slijiping, and ensure 
a constant speed ratio. Chains are used for 
hiijh transmission numbers (up lo 15) and can 
imparl a£i,iuuch as 5,000 lip. They are mostly 




Fig. li)0 


lug. Ihl 



used wdieri the dislancVT>eTween centres is short. But they are 
also emfiloved when the centre distcince is as much as 8 m. 

Various tyjies of construction are used lor the chains, depend- 
ing on their intended function. Ing. 100 shows a type of roller 
cliain. The drawing shows that the cliaiii consists ol flat pin- 
connected links A and rollers B. "J'he rollers are freely mounted 
on bushings and when the drive is in operation they mesh with 
the teeth of the sprocket wheel (b'ig. 101). Double- and multiple- 
width chains of this kind are used tor hea\y-dutY transmission. 

The loollwd chain shown in Fig. 102 is* an improved type 
which works very smoothly and makes great speeds possible. 
It is also ^called the noiseless chain. 

The possibility of regulating lautness is also incorporated into 
the construction of chain drives by means of tightening-pulleys 
and other devices. 


158. Friclion Transmission Between Parallel Shafts 

The belt drives we have studied thus far utilise friction between 
the belt and the rim of the sheave. But the force of friction can 
act directly without recourse to a pliant connector if the cont- 
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acting parts are pressed to each other with sufficient force, 
resulting in a friclion transmission. 

Fig. 193 represents two smooth cylindrical rollers fixed to 
parallel shafts Oj and Oj. If two equal and opposite forces Q^nd 
Q' are applied to the sliaft centres, they will cause friction between 
the surfaces of the rollers, the magnitude of which wilt depend 
on the amount of applied pressure, the material of which the 
rollers are made, and the condition of their surfaces. This friction 
contact will cause the driven shaft to revolve. If friction is in- 
sufficient to overcome the resistance ol the driven shaft, the 
cylinders will slip against each other. Accordingly, if the drive 
is to work satisiactorily, it must be so built as to create the 






Fig. 194 


greatest amount of friction. Various materials are used in the 
construction ol the rims: both may be of cast iron or one may 
be of cast iron or steel while the other of “textolite”, etc. 
Fig. 194 shows a pair of friction wheels of which the smaller is 
maite of leather rings compressed longitudinally by means of 
two washers. 

When there is no slip, the peripheral speed of both drums 
will be alike. Hence in this case E(js (121) and (122), which were 
evolved for drives with pliant connectors, are fully applicable 
without reservalion. 

Eq. (129), in which is the torque on the driving shaft 
and izi is the speed ratio between the two shafts, is also appli- 
cable. 

Friction rims can likewise operate without being in immediate 
contact with each other. For instance, rotation can be transmitted 
through a steel or leather ring pressed between the two rims 
(Fig. 195). 

Illustrattvc Problem 79. Power N = 1.5 hp is transmitted by shaft 
O, to shaft Oj (Fig. 195). The diameter Of the driving wheel, which attains 
n, «= 200 rpm, is Z), = 400 mm. Both rollers are of cast iron (coefficient 
of friction / = 0.15). 
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Find the ^jdianicter D 2 of the driven wheel if It must attain n, * 
= 1,000 rpm, the required pressure Q, and the torque on the driven shaft. 
Sedufion: through Eq. (122) we find tlie diameter of the driven wheel: 


A 


A 


= D,-^ = 400 

* n _ 


200 

1,000 


80 mm. 


To determine force Q, first the effective pull P transmitted by the 
wheels must be evolved; to find this, we must calculate the torque. 
From Eq. (84) wc obtain the torque on the driving shaft; 


M, - 71,620 A -Tl.ffioM 


537.15 kg-cin. 


FIcnee the effective pull 


P = 




pi, _ 1,074.3 
D\ " 40 


ZO.C50 Kg. 



Pressure Q is determined through the equation P = fQ, from which 
Q - y = = 179 kg’ or 180 kg. 

It should be noted that 180 kg is the minimum possible pressure. 
Depending on working conditions, a reserve must be added to Q 
so as to make up for irregularities in the work of the drive. 3'liis required 
reserve force may he as much as 100%, in which case force Q must be 
twice 180 kg, that is, 300 kg. 

Torque M. on the driven shaft can be d*ternuned in various ways: 

a) since effective pull is alike for both wheels whm there is no slip, 
we hnd Me by multiplying the effective pull P by the radius of the 
driven wheel : 

^ = 26.86 X 4 = 107.44 kg-cm ; 

A A 


b) we can obtain the same result by using Eq. (126): 

M, = 4^ = ^ = 107.43 kg-cm*; 

^ * Ho 5 


2tl 


n, 


c) finally, we may find the torque through Eq. (84): 


71,620^- 71,620x^-5 -107.4.1 ka-cm, 


♦The negligible discrepancy of.O^Olj kg-cm is caused by the;^1S>und 
numbe|j5 used In determining P, 
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159. Friction Trunsmlssion with a Variable Speed Ratio 


Friction transmission is especially practical when it is employed 
to f?ive the driven shaft variable speeds from a driving shaft 
revolvin/:( at a constant speed. 

Assume that the two cones in Fi^. 185 are mounted one above 
the other on parallel shafts with a small intervening^ space. 
Instead of a belt we will use a rin^ on the lower cone. When the 
rin^^ is pinched betw^ecn the two cones (as shown in Fig. 195) 
the rotation of the driver will be iinjiarted to the follower. By 
sliding the ring along the length ot the cone we can obtain any 

rpm of the driven shaft, ranging from to • 

Fig. 10() reprTsents another tvpe of inlinilely-variable fric- 
tion transmission between parallel shafts. Assume shaft / to 
be the driver and shall II the lollowcr. Discs and Ag are 

fixed to the ends ol the shafts. Hetw^een the discs there is an 
idler-pnllev B which can be moved along the shall on which 
it is monnied and lastened in the positron r'eqiiired. Assume that 
shaft / executes Aq rpm. li there is no slip betjjjfceii the discs 
and the pullcv, (he peri|)her*at sjieed of the pulley (when it is in 
the position shown in the di'awing) will be equal to the speed of 
any point on disc lying on a curie with a radius ol IV; that is, 
its peripheral speed 




2rfrn, 

bO 


mm /sec. 


The same speed wall be attained on rlisc at any point lying 
on a circle wuth radius ll"; this speed, at n. rjnn of the disc, 
will be 

2^ir'n , 
y, — - .-VTT - min/sec. 

- Ill) ' 

Since - y>, then 

^'Jh- 2Tir^j 
f )0 ' ()0 


or R'rii - 


Irom whicli 




£»2 

n. 


li" ■ 


Thus we SCO that ttie speed ratio is equal to the inverse ratio 
of the distance of the middle seel ion of the pulley from the 
geometrical axes of the shafts. The greatest possible speed ratio 

i.i is — , while the smallest possible is With the aid of 

this mechanism it is possible to obtain any speed of the driven 

shaft, ranging from to n^ — - 

■*^1 • 2 

It is easy to understand that the driven shaft will rotate in 
the same direction as the driver. 
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Assume that Fig. 197 represenls two pairs of fnista-cones 
Ai and Ag, and and fixed to driving shaft / and driven 
shaft Ily respectively. The cones are inounled in sliding key- 
ways ^nd the distance between each pair can be adjusted by 
a special device. Both pairs of cones are in contact with a steel 
ring C (shown in cross-section). The driving cones, when pressed 
to Ihe ring, will make il relate through Iriction and the ring 
will transmit the rotation to the driven cones and through them 
to the driven shaft 7/. When the ring is in the position shown 



If the cones on the driving shalt are moved further apart 
and the second pair of cones moved closer together, radius 
will decrease and radius /?2 will increase and the speed ratio 
will diminish correspondingly. In this way, within certain lim- 
its we can obtain any rpm on the driven shaft although the 
driving shaft is rotating at a constant speed*. 

Sometimes it is recpiired that the rpm, transmit led by the 
driving shaft to another shalt on the same axis, be changed. 
Such a transmission is shown schematu'allv in Fig. 198: driving 
shaft I transmits rotation at variaJ)le speeds to shalt II, lying 
on the same axis. Two friction cones A and li with concave 
sides are fastened to the shafts. Two rollers C and D are clamped 
between the* sides of Ihe cones. The driving cone A transmits 
rotation to the driven cone B by means of these rollers which 
rotate about their axes. The shafts on which' the rollers are mount- 
ed can be adjusted to any required angle with respect to Oi 
and Og, contact between the rollers and the cones taking place 
along circles of different radii on the side surfaces A and B 


* Transmissions of this construction are also made with special 
kinds of V-bclts, chmns, etc. in place of the ring. 
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and with a corresponding change in speed ratio. The speed ratio 
for the position of the rollers, as shown in the drawing, is 



The above are various examples of friction transmission in 
mechanisms used for infinitely-variable speeds of rotation and 
are called friction speed variators. They are widely used, partic- 
ularly in machine tools. 

Oral Exercises 

1. Does the speed ratio of the. drives shown in Figs. 195 and 197 
depend on the diameter of the ring? 

2. Does the speed raiio of the drive in Fig. 19fi depend on the dia- 
meter of the roJier /?? 

3. In what direction does the driven cone rotate in relation to the 
driving cone represented in Fig. 198? 


IfiO. Spur Gears 

If we take a cylinder and cut regularly-shapsfd grooves at 
equal distances from each other around its surface, we shall have 
a spur gear. 


Wzz 



Fig. 199 


If we put two such gears together so that the teeth of one mesh 
into the spaces of the teeth of the other and mount both on 
shafts Oi and (Fig. 199) rotating in stationary bearings, one 
of them, the driver, will put into motion the second, the follow- 
er. In this instance the teeth are cut on the external surfaces 
of the cylinders; such gears are called external gears, as distin- 
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guished from inlernat gears, such as shown in Pig. 260, where 
the teeth on gear I mesh with gear II whose teeth are on the 
internal surface of the cylinder. 

When these gears rotate, it is as if two cirone with centres 
Oi and Ojs are rolling against each other without slipping and always 
coming into contact at a cer- 
tain point P lying on the line 
of centres 0^ and 0^. These 
circles bear the name of pihh 
circles and correspond with the 
circumferences ot the friction 
wheels already shown in Fig. 

193. They difler from the latter, 
however, in that there may 
occur a slip between the Iriction 
wheels, whereas there can be no 
slipping along tlie pitch circles 
of spur gears since the teeth 
prevent it. From 'tliis it is clear 
that toothetJ gearing is more 
dependable when torifue is great 
and the speed ratio Oiiist be 
maintained with precLsion. )^ig. 200 

161. Speed Ratio and the Transmission Number 
of Toothed Rears 

Since there is no slipping between pitch circles when toothed 
gears rotate, we may therefore applv the same principles iii 
determining their speed ratio as for iinding tlie speed ratio of 
a belt or friction drive and thereby obtain the same Eq. (122); 


in w'hich, in the given case, J\ an I corresjiondingly represent 
the diameters of the pilch circles of the driver and follower gears. 

It is clear that diameters J)^ and must be known to deter- 
mine the speed ratio. But pitch circles are not visible on gears 
and it would be very intricate to measure their diameters. Hence 
the formula must take a different form. 

Since the teeth of the gear are arranged round its circumference 
at equal distances, these distances correspond to the arc of the 
pitch circle stretching from a point on one tooth to a correspond- 
ing point on the next tooth, or (which is the same;, from the 
centre or edge of one tooth to the centre or edge of the next. 
This distance is called the tooth pitch and is designated by the 
letter t (Fig. 199). Obviously gears that mesh must have the 
same pitch. The tooth pitch is equal to the length of the pitch 
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circlfc divided by the number of teetli. Thus by denoting the 
number of teeth as z, we obtain 

. tzD 
I — 

z 

By equating tlie tooth pitch of the driving gear and t^ie tooth 
pitcii of the driven gear, we evolve 


-r/) , _ D, ^ 

z, ~ z ’ J), ~ z, 

whereupon the said Eq. (122) becomes 


(130) 


Wherefore //ir speed ralio of a pair of qenrs is inveiseli) equal lo 
the ratio of the number of their teeth, or, wlneh is the same llunq, 
inverseli] equal to the lalio of the diameters of their piteli eireles. 
This ai)plies l)oth to external and internal i^ears, the only 
difference heini^ that in external ^etirs the drivta* and lollower 
rotate in opposil(‘ directions, whereas in infernal ^f’ar they ro- 
tate in one direction. 


162. Kinemafies of Drives Possessiny 
More than One Pair of Gears 

Wc will henceforth scheinaticallv represent a ^(ear by a circle 
correspondii^iJ to its pitch circle (Fi^n 201), and the letter denot- 
ing the gear will also denote the iiuinber oi its teeth. 11 the gear 

is lixed immovably to the 
shaft, we shall mark its rim 
with a cross (b'ig. 201 o). 

dears need not necessarily 
be immovably fixed to the shaft; 
they are often mounted on a 
key which moves in a keywav 
in the shaft, or the gear may 
be moved along a spline fastened 
to the shaft. In l)oth such 
cases the gear rotates wdth 
the shaft but can be fixed 
at any point along its length*. 
The conventional indication for this method of mounting is 
shown in Fig. 2016. 

Fig. 202 represents a train of gears, from z, to in w^hich 
is the driver. For conventional brevity we shall put a sign x be- 

* This method of fastening gears lo shafts is frequently met with 
in machine tools. 
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tween the letters representinc ifears that are meshed 'tojTfethef. 
anti a loncf flash - between those representing sfears on one shdft 
or on a common bushintj Accordinttlv. the chain of i?ears shown 
in Fig*^202 may be written schematically in the following way: 

Zl X — Zg X Z4 - Z, X Z„. 


Assume that the driver Zj, attached to shaft 0,, makes n, 
revolutions per minute and it is necessary to find the rpm n, 
of the last driven gear Zg 



rig 202 


We obtain the ipm of shaft 0^ through Eq (131) 


= - 


On examining shaft O 3 we see that it icreives rotation by 
means of gears Zg and Zg, of which the fust is a driver. Their 

speed ratio, therefore, is I 32 = —> "ind the rpm of shaft O 3 is 

^4 

^3 =- 3 = n, lull's 3 =- n, X • 


Gear Zq receives rotation from gear z^, their speed ratio is 




— , and the rpm of shaft O 4 is 


^4 — ^3*4,3 — ^1*2.1*3 2^4,3 — ~ ^ ^ Ze 


(132) 


15 - Mie 
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The quotient obtained by dividing the rpm of the last driven 
shaft O 4 by the rpm / 7 i of the first driving shaft will be the to- 
tal speed ratio hence it will be 

^4 1 — ^2, 1^3 2^4,3- (l'^3) 

According to our line of reasoning it is therefore apparent 
that Eqs (132) and (133) can be applied to any number of pairs 
of gears. 

Wherefore, the total speed ratio is equal to the product of the 
individual speed ratios oj all the pairs oj gears in the train. 

But it miisl be noted that the direclion ol rotation of the 
last driven gear is to lie taken into account: for it is clear that 
if there is an even number oi axes between I he first driver and 
the last driven gear, the former and the latter will rotate in 
opposite directions; and li there is an odd number of axes be- 
tween the said extiemes, they will rotate in the same direction. 
In the I rain of gears we have just considered there are two in- 
termediary pairs ot gears (z^Zj and Z 4 Z 5 ), Iherelore gear ro- 
tates in the opposite direction to driver gear z^. 

A comparison of the above equations wilh *Eqs (123) and 
(124) will show that the kinematics of toothed gears and of 
drives with pliant connectors are alike. That which was said 
in Sec. 152 concerning the airangement of the driver and the driv- 
en wheels also appluvs to the trains ot geais we have just con- 
sidered. 

Oral Excicises 


1. If WT reverse the places of iieius z^ and z , will it change the rpm 
of shall O, shown in lug. 202? Will it change the ipni ul shait Og? 

2. Will the 1 pill ol shall be changed il z, and are each increased 
m Limes; or if z, is inei eased m tunes and z^ is deci eased by the same 
amount; or if z^ and z^, are each incieased m limes? 


Illustrative Prohlcmi 80. The train of geais shown in Fig. 202 consists 
of a gear possessing z, ^ 20 teeth mounted on diiving shait O^, and of 
five other gears whose number ot teeth arc = 
— 50, Zj - 30, Z4 = 00, z^ — 25, and =- 100. What 
an* tlie ipm and ot shalts Oj and O4, if is 
equal to 1,500 rpm? 

Solulwn: 

z,z, ’ ^ 50 X 60 


M 

\ 

w 











n, == n 


UJ 

W9I 


and 

n. = 77 , 


= 300 rpm 


Z,Z,Z3 


= 1,500 X 


20 X 30 X 25 
50 X 00 X 100 


= 75 rpm. 


■pig. 203 


lllustriilive Prolilrni Bl. 1 he driving gear on shaft I 

in jMg. 203 possesses z, = 14 teeth. The number of 
teelli on the oLh« r ge ars is Zg == 70, z, = 15, and z^ = 
= 45. If the driver shait attains = 750 rpm, what are the rpm ol shall ///? 


Solution: 


n, = n, 




= 750 X 


14 X 15 
70 X 45 


= 50 rpm. 


226 



163. Statics of Toothed- Gear Transmission 


Now let us determine the relationship between torque and 
effecKve pull in parallel-shafi f»ear drives, just as we did for 
drives with. pliant connectors. 

Assume that shaft Oj transmits rotation to shaft O3 (Fig. 204 ) 
according to the scheme 2, X ^2 “ "3 X -4- Fet us iind the torque 
on shaft O3 if the torque on sliaft Oi is M^. By denoting the pitch- 
circle diameter ol the gear on this shalt as /J,, we obtain the 
ellective pull Pj of this pitch 
circle as „ , 


p _ _ 2.U, 

This effective pull will be 
transmitted to the teeth ol the 
driven gear z^. I lence the torque 
on shaft O3 



~ D, ^ 2 ~ -'^^1 n, 



while the etfective pull P, on the pitch circle ol the second driver 
gear 23 will be ecjual to the tor([uc divided by the radius 
ot the gear, i. e., 


P,- 


21 / 

J), 


2M , ;;; X 


1 

/>, ‘ 


The same etfective pull is transmitted to gear z^ of pitch- 
circle diameter D^. 'Iherefore the toiqiie on shat I O3 


M, - 2M , ;; 


D 

21 ) 


M, X 


ih ■ 


From the above Eq. (Idl) it tollows that the diameters of 
two meshing gears are ])iopoi lioual to the number of their 

teeth, i.e., and ==— , from which we finally obtain 

Ui Z\ I)^ 


M 3 - Ml X • (134) 

But j~ is inversely equal to the speed ratio ijj. 

Therefore 

M, - , ( 135 ) 

'>.1 

in which M^ is the torque of the first driver, M3 is the torque 
of the last driven shaft, and 13,^ is the speed ratio. 


15 * 
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Wherefore, the torque on the driven shaft of a gear drive is equal 
to the torque on the driving shaft divided by the speed ratio. 

If we take harmful resistance into account, we must include 
the efficiency of the drive in the equation. Accordingly, It be- 
comes * 

M, = -f-' ri. ' (136) 

The efficiency will rlepenrt on the workmanship of the teeth, 
shafts, and l)earings in which the shalts rolate. Loss due to 

friction between well-meshed 
teetli is not more than 1 per 
cent. 

Illustrative Problem 82. Fig. 

205 represents the kinematic 
scheme of a winch with a hand 
crank. Shaft I is rotated by 
crank A. There are two gears 
on this shalt, 2 , = 12 and 2 , == 
= 22. A block of two gears =* 
^ 30 and 24 = gS is key-mount- 
ed on shalt II; can mesh 
with z, and z^ with z,. Gear 
z^ = 12 meshes wath the big 
gear z^, 72 on shaft III which 

cairies Ihe diuni upon which 
the rope is wound. The drum can 
be rotated by either of two 
schemes: shalt/ - 2 , / z - x Zq - B; or I — x z^ — z^ x Zq — B, 

Determine Ihe lollowing when the wind) is woiking according to the 
first scheme: a) tin* died ivc pull P that must be applied to crank A to 
raise, wilh tlie aid ol a fixed pulle>, a load G ^ 0.0 Ions; b) the 
speed V at w^hich the load will rise it the crank is turned at the rate of 
n, =* 25 rpm; c) the pow'cr expended on the crank (the arm of the crank 
a = 300 mm, the diameter of the drum d = 200 mm, and the efficiency 
of the winch ?/ — 0.9). 

Solution: 1. Accoiding to Kq. (130) the torque on shaft III 





M, 

G,i 




whence the torque on shalt I il/j ■= Pa = P x 0.3 = 0.3 P kg-m; 



Jil JL 

30 ^ 72 ^ 18 


and T] = 0.9. By restating the equation, we obtain 



But on the other hand, = 000 x = 60 kg-m. Hence, 

60 = 0.3 X 18 X 0.9 P, from which the effective pull P = 12.3 kg. 
2. If the crank attains n, = 25 rpm, shaft III will receive iig =* niG,j » 
25 

= -TTr rpm, and the speed at which the load is raised will be equal to 

io « 
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the peripheral speed of the drum, i.e., 

ndn^ . 7r0.2 X 25 n , -i e 

V = m/sec = - - = 0.015 iii/scc 15 mm/sce. 

Pd 

3. The poster expended, as found by Eq. (82), is iV = , in which 

P is the force applied to the crank and v is the linear velocity of a point 
on the crank describing a ciicle of ladiiis a and which is equal to 

2'Ta/ii ^0.3 ^ 25 

60 x'l'oOO ““ 30 

10 5 T V 0 3 ‘>5 

Accordingly, N = 0.13 hp. 

30 \ /o ' 

JT 

• Kli. Idler Gears 


Fig. 206 represents three inlerineshiug gears and 

the former being (he driver. Let ns delermine (he speect ratio 
between shafts O, and 0,. 


The speed ratio between 
shafts Oj and 0 ^ 



In comparing shalts 0^ and 
O 3 , we see that of the mating 
pair of gears and e.,, the lorrn- 
er is the driver and the speed 
ratio 




Consequently, the total speed ratio 





^3 


Thus we see that the speed ratio helween sliafis O 3 and 0^ 
does not depend on the nunilier ot teeth in gear on the middle 
shaft Og. lienee Zg is known as an uHer gear. By comparing it 
with the other Iwo, we lind that it is simullaneouslv a lollower 
with respect to gear Zj and a driver in relation to gear Zg. This 
is the distinguishing feature of an idler gear. Whether a gear 
is an idler or a working gear depends, of course, on the role it 
plays in a given chain of gears. 

Idler gears are used in two instances. In the first place, if 
motion is to be transmitted between two shails spaced so far 
apart that the gears would have to be made very large, one 
or more idlers are used. With their aid rotation can be transmit- 
ted through any intervening distance irrespective of the diame- 
ters of the working gears. In the second place, when gears z, 
and Zg mesh together directly, their shafts will turn in opposite 
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directions. Bui if an idler year is used between them, the driven 
gear will rotate in the same direction as the driver. According- 
ly, in the second instance idler gears are used when it is r^eces- 
sary to change the direction of rotation of the driven gear. 

It therefore iollows that an idler gear is a gear wfiifh simulla- 
neousig meshes with iivo other gears, and is a follower in relation 
to one of the gears and a driver with respect to the other. An idler 
gear does not change the speed ratio between the other two gears, 
but it does change the direction of rotation of the driven gear. 

Oral Fjcerciscs 

1. Tt is lucMssiiiy for shnll ()^ in 20() lo Uonsniil rotation to shaft 

0, in. a dln<ti(»n op])osilo to its osvn. (uars r, and z, do not mesh with 
each other. I low many idli i j^cais will J)e iieedid? ’ 

2. Will I he sp<‘ed lalio (lMt» 201)) dian.^U' it i^ears z, and z, or 
and Zj are in Ick lian^( d V 

IlluHlnitive Problem ICh I 'it*. 207 re])]vsonls a I lain of gears in which 
shall O, tiansiTiits lolalion to shalt O, m lh“ toUowing way: a plate 
and its handte A turn tna ly on shall O,. 2 he p’ate (‘aiii(‘s, on pins Oo 
and O.,, two geais z and z, which aie in tonslanl mesh with each other. 
z„ IS also conslanll> in nn sh wilh gear r, on shall ()^ \\^en the mecha- 
nism is in the ])osition shown in the (hawing, lolation fiom shaft O, is 
not tiansniitUd l)(('ans(‘ z, is not in mesh wilh any of the other gears. 
If we ])ull the handle A in the direct ion ot arrow /, gear Zj will mesh 
wilh the diiving gear z^ and the mt‘chanism will work accoiding to 
scheme z, " Zo z^. Rotation of Ihe diiven shall will be in the direc- 
tion of arrow' F , 




If we pull the handle A in the direction of anow 2, the driving gear 
z, will be ill mesh wilh gear z, and the nieclianism will work according 
to scheme Zj X z, x Zg \ z^; gear z^ will rotate in the direction of arrow 
2' (opposite to that in the first exanipie). We thus sec that in the first 

21 

case there is one idler "gear and the speed ratio 14,1 5 while in the 
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second case, with two idler gears the speed ratio 1^,1 = — but rotation 

^4 

iS* in the opposite diuction This ariangeinent is cdJhd a reversing 
meclianfsm and is us«d in Ihuad (ulLing lathes to KVcise the direction 
of the carnage and also to disengage it fioin the 1 lansiuission. 

Illustrative Problem 04. In tlie tiain of gtais illustiaUd in Fig 208, 
the diivmg gear Zi tiansinits lotalion lo time geais Zg, and z,o m 
ac COT dance with the following scln nu s 1) 2:, - z x Z 4 , 2) z* x 

X z X z-i Zfl X z- X z 0, 3) z, " Zs " r Zg x Zg hind 

the rpm of shalls 0 , O, , and O if the ipin ol slnll 0 , equals 
bolution 1 ilu ipni of shift () 


2 pie ipni ol shill Oe 

/Iq „ n^ Cg^ais z and " m idl is) 

Z Z y 

3 i h( rpm of shalt O 7 

n — /I, (gi II z is an uljci) 

Z Z "g 

105. ^pur-Gear DilfeienliaJ lleelianisiiis 

In tho gcai lic'iismissions we lii\o thus tii in'csligalod all 
the oomponeiil qeais lolale alionl ii\(d axis nul molion is 
transmitted by one dii\ci V nioie (oinpkx dii\e shall now be 
examirud 

In big 200, upiiscnliiig siu h a nudianisin, (he pan of gcais 
A and 1\ aic mounted as lollows giai 1 kvoIms aiound the 
iixq^l axis Op while nourid lh( same axis Ind iiuh pi mh iil ol gear 
A, an arm B (c died a spi(Ur) may iinii in (illm dneiLion. To 
arm B geai A is mounted on a pin (axis 0 ) aiound wJiich iL Iieely 
luins and simultaneously nuslus wilh g( n I 



Thus the rolalion ot geai /v is a (ombinaliori of two rotafioris. 
it rotates togethci with arni B and it also loiates in relation to 
arm B. This arrangement allows us to select the number of 
revolutions of geai A and arm B, the diieelion ot rotation of 
each ol them and the number ol teeth on A and K, thus obtaining 
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any desired rpni and anv direction of rotation of the driven 
gear K. Such a mechanism, which can combine several independ- 
ent motions, is called a dilferenlial. 

The above described differential is the simplest tvpe k more 
complex mechanism of this kind is shown schematically in Fig. 
210, Gear A, which is part of bushing E, receives rotation from 
one source, while shaft / which receives rotation from a second 
source turns Ireely within bushing E. Fastened to the left end 
of shaft I is crank D on the end ol which is a bushing and in 
which shaft 7/ rotates. Gears C and D are fixed to either end of 
shaft II. C meshes with gear A, and D meshes with gear K which 
is on a separate shaft III who.se axis coincides with shaft I, 
When shaft I rofales, gear C rolls around gear A and rotation 
of the desired speed and direction is transmitted through ‘gears 
D and K to shaft III. The intermediate gears C and D are called 
planclanj geai.s. Geais A and Is., around which the planetary gears 
roll, are known as solar or cenlral qrni.s. 

There is a variation of this mechanism : gear A does not revolve, 
whereupon rotation is tiausmifted to shaft 7//lrom sliaft / alone. 
This type of transmission is called a planetaiij gmr Irain. 

The ability ol these mechanisms to fransmil rotation from a 
number of sources, the po.ssihilily of their adjustment to obtain 
very low speed ratios as well as rotation in any direction, and 
also their compactness, has brought them info wide use in machine 
tools. 

In the above oainples the central and planetarv gears are 
external, but similar drives can also be arranged with internal 
gears. 


ICO. The Geometry of Toothed Gearing 

I’o express the pitch-circle diameter I) in relation to the tooth 
pitch i we use Eq. (IdO): 

, 

I ~=. » 

z 

from which 

D = -z. (137) 

Accordingly, the distance A between axes Oj and O 2 of the 
two meshing gears, as shown in Fig. 199, is: 

A -0,0 - ^ ^ X (138) 

But when this centre distance is expressed through the incom- 
mensurable quantity n, it cannot be calculated exactly and the 
fraction obtained is clumsy and inconvenient for practical use. 
Nevertheless, this measurement must be obtained with great 


232 



precision when assembling a gear mechanism. For this reason 
a quantity called the module, expressing the relationship of the 
tooUi pitch to n has been introduced. Since the tooth pitch is 
expressed in millimeties, whereas jt k an abstract quantity, the 
module is therefore also expressed in millimetres and denoted 
by the letter m Acooidiiigly, 

m — ^ rnm (l’^9) 

and the tooth pitch 

t — nm mm. (IdO) 

IJy adopting this quantity, 

Eq (137) offers the following 
expression toi the diametei ol 
the pilch circle 

D - rnz, (111) 

that IS, the diamderof Hu pitch 
circle III q^rs, expussid in 
millimetres, is equal to the 
module multiplied bq Hu number 
of teeth 

From tins a simple ixpiession 
IS evolved foi the (intie dis- 
tance 

A - m j: ^ (142) 

that IS, the untie distoiue in mittimctrcs is equal to the modile 
multiplied bq half the number of teeth of ttu mcshuiq qears. 

The poilion ol the tooth, extending hiynid the pitch circle 
efgh (Fig 211), is called its point while the paiL lying within the 
pitch ciiclc flilq IS known as the loot \nd coiiespondingly, the 
radial distance h' from the pilch ciiclc to tie top of the 
point IS called the addendum, and the i.ulial distance h" trom the 
pitch ciicle to the bottom ol the lOot is called the dedendum. 
These distances, relative to the module, are 

/r in, and (143) 

h" =12 m, (144) 

hence the whole height of the tooth h - h' ^ If 22 m (145) 

Knowing the addendum of the tooth, then the diameter D* 
of the circle against which the tips of all the teeth he and which 
is called the addendum circle, can be expressed as 

D,=^D-\- 2 / 1 ', 
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which, after substitutin^r the values of D and h' from Eqs (141) 
and (143), becomes 

De — mz ^ 2m — m {z -|- 2), (<!46) 

that is, Ihe diameter of the addendum circle is equal to the module 
multiplied by the number of teeth plus 2. 

We find diameter of the dedendum circle in the same way: 

I),-D~ 2h" =- mz — 2.4 m -= m (z - 2.4). (147) 

It is easy to see from the above tliat the following relationships 
are oI)tained for internal qearinq: 

D^-^D- 2/j' -- mz --2m m (z -2) (148) 

and ‘ 

A D I 2/r - mz -I 2.1m- m (z | 2.4). (149) 

The tooth pilch t is measured alonq Ihe pitch circle and is 
equal to tlie tlnchne.ss of the tooth s phis the width of the tooth space 
Sis, in which the thickness of the tootii xs critial to tlie width of 
the tooth space, i.c., 

s Sis 0.5/ - 0.5 a: /XX. (150) 

Besides the fjear dimensions indicated alxove, (here is also the 
face width b (i.e., the width ol the rim ol tlie qear). Tlierc is no 
exact standai'd lor this dimension; it is selected in each iudividuxil 
case according to the load to be borne by the tooth. 

In the U.S.S.ll. there is an approved standard of modules 
(see Supplement 111). 


In tho ITniti'd SlaU-s and (lieaL llritain, (Inwirinil pitch is used instead 
of tho module. Diainelial pileh is expie.ssed in mches and is the quotient 
obtained by dividinf; the number ol teetli m a near by IJie diameter of 
the pitch circle. In oilier winds, il mas be said that diatmlral pitch is the 
ratio of the number of teeth in a gear per inch of its diameter of pitch circle. 

By denoting diametral pitch as p we then lore obtain 

p (in inches). (151) 

7T T) 

If D and / be expressed in inches in the equation z ^ and this 

equation be placed in the above Eq. (151), Ihcn , 

n z = — (in inches), (152) 


that is, diametral pitch is equal to tt divided by the tooth pitch expressed 
in inches. 

To tind the relationship b»^tween diametral pitch and module, we 
place D =: mz (mm) into Jiq. (141) and, bearing in mind that one inch = 
= 25.4 mm, we obtain 


mz 25.4 
^ ■ 25.4 ““ m 


(153) 
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We thus see that the module is the reciprocal of diametral pitch: 
the larger the one, the smaller the other- It may likewise be said that 
as the modul*" increases, the tooth pitch also increases, but with an 
inercifee in diametial pitch the tooth pitch decreases. 

Oral Exercises 

1. Calculate the tooth pitch lor modules of 2 mm, 5 mm, and 10 mm, 
respectively. 

2 If / = 15 mm is llie rcsiill e\ol\e(l from calculation of a tooth 
pitch what is the nearest \aliK ot the module (hat corresponds to this 
pitch (see Supplement 111)? 

Illustrative Problem 115. C.alciilalions sliow tliat the tooth pilch of a 
g^^ar ol z = ()0 teeth should be ajipioximalt 1> , bul not h ss than, 15 mm. 
Calculate the ehiel elements ol the gcai. 

• 1 5 

Solution: the module — 4.77()1. Hy choosing the nearest 

JT 

larg*r modul' as ni — 5 mm, we Imd Dial the arldendiim h' - 5 mm, 
the d 'df'iidum /z" - 1.2 5 ()mm,llu Ju ol I he loolli /z — 11mm. 

The tliukiiiss ol th * b)olh and widlh ol Ihc loolli spate aie eacJi equal 
to .s = ” 0.5 t/7z?^ 7. (So mm. Ihe dniiiehi ol IJie atidtmliim circle 

De = b ((>0 -| 2) — 310 mm. 

Illustrative (Ji-obleiu 36. Find lie module ol a geai by making the 
requned mtasiiK inents. 

Soliilion: we measiiie the diaineb i ol the add 'inlnm ciicF and iind 
that it IS, loi example, 12(> mm. II Die numiiei ol leelh aie, let us say, 

120 

36, then the inodnie wdl be ni .3 5 inm. 

3() 

llluslralive Problem 37. A g< ar of z 15 teeth and a module of 4 mm 
is to be made. \\h«i( must h. Die diameli i ol the linislud blank, and 
the culling depth ol the nulling mathinc? 

Solution: Du* laDu* opti«dor miisl machine the blank accoidiiig to 
the diameter ol Die addendum ciitli*; Dus must lie Dc = 1(45 F 2) = 
= 188 mm. 

The milling machine optiatoi must cut Die tooth spaces to a dopih 
equal to the lull height of flu* let Di h 2.2 v 1 = 8.8 mm. 


I(i7, Chief Foriii*9 of Spur-Gear Teeth 

In order Dial a maling j)aii of gears o])e]ale satislactorily, 
the sidCvS ol the teeth on liolli gears are given precisely (he same 
form. The curve ol I lie side siiiiace ol a tooth is called its profile 


(Fig. 211). The piolile lor the 
must be designed so as to 
ensure uniformity of speed 
ratio for all moments of lime. 
The most common curve lor 
this profile is Iheinvoliile ciirx t*. 
Teeth of this shape are called 
involute leelh. 

Gears are also distinguished 
according to their form along 
the face width, the most corn- 


tee Ih oi a pair ol mating gears 



Fig. 212 
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mon form beinj;; the straight spur gear shown in Fig. 212a. If the 
lines along the face width are slanting, the gear is called a helical 
gear (Fig. 2126). Often lielical gears are cut as shown in Fig.^l2c, 
where each tooth line along the face width is formed of two 
slanting segments meeting at an angle. This type is called a 
herringbone gear. Both helical and herringbone gears result in 
smoother (ransini.ssion, and the herringbone type of teeth lend 
particular strength to the gear. 

1G8. Intermittent TransmisMon of Rotation 

In transmitting rotational motion it is sometimes required that 
the continuous rotation of tlie driver shaft be changed to intermit- 
tent rotation of the driven shaft, the latter pausing fully a number 
of times during the course oJ each revolution. One of the mecha- 
nisms used lor this purpose is the (iencoa wheel, a simple type 
of which IS shown in Fig. 21.1. 

The continuously rotating ciauk A, which is fixed fast to 
shaft Op has a driving pin /) made to tit into the radial slots 
C in disc B which is part of shat t O^. As the pm entrt s one of these 
slots, the rotating crank forces disc B to turn until the pin aban- 
dons the slot, at which luoment disc B slops turning and dwells 



in this position. But as the crank continues to rotate, the pin 
enters the next slot and again imparts rotation to the disc as 
before. In this way as the centre of the driving pin D describes 
a circle around axis Oj as it rotates, it will successively enter all 
the slots in the disc in a radial direction, first approaching axis 
Oj and then receding from it. The number of pauses (periods of 
dwell) made by disc B will depend on the number of slots in the 
disc. It there are three slots, the disc will rotate between each 
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360° 

period of dwell through an angle ^ = -g - = 120*; if there are 
four^lots, it will rotate through an angle ^ ^ 90°, etc. 


Thus, whereas the driver crank A will rotate uniformly, the follow- 
er disc B will turn intermittently. When the pin lirst enters a 
slot, the velocity Vo of llie centre 


of the pin will be directed towards 
the centre ot the disc and the speed 
of the disc will be zero. The disc 
will subsequently rotate with 
increa.sing speed till it reaches 
its maximum when the crank 
coiiifcides with the centre line O/)^. 
Then a slowimj down will occur, 
reaching a full stop when the 
crank is in position O^F and the 
pin abandons the slot. 

However, this simple type of 
Geneva whc#l is not entnelv 



satisfactory. If for some rcasmi 


the disc should turn e 'cr so slightly after the pin leaves a 
given slot, all the slots will be thrown out of line with the 
crank, and when the pin is again ready to enter a slot, the 
latter will not be in its desired position and the mechanism will 
break. To jirevent this, the mecluinisin must be constructed 
so that the disc is locked in position during each period of 

dwell. 



Fig. 215 


A mechanism of 
Ibis kind, in which 
the follower shaft 0* 
makes one full revolu- 
tion with SIX periods 
of dwell equal to six 
revolutions of the 
driver shaft Oj, is 
shown in Fig. 214. 
Disc A and the crank 
aie fixed fast to shaft 
Oj. Disc B has radial 
slots, between which 


it is cut away by arcs cd, the radii of which are equal to 
the radius of disc A. Disc A is also cut away tare ab), making 
it possible to clear disc B and rotate unhindered together with 
the crank, as shown in the drawing. As the pin abandons a 
slot in disc B, the convex side of disc A slides into one of the 
hollows cd, thereby locking disc B in position. Disc A itself, 
however, continues to rotate, its convex side sliding through the 


237 


hollow in (}isc B. This arrangement is used in cinema apparatus, 
in the reversing mechanisms of machine tools, cic. 

Another type of mechanism for transinitUng intermittent 
rotational motion is the ralcheUand-pawl (Fig. 215). A teethed 
wheel A, called a ratchet, is fixed fast to shaft 0 which is to rotate 
intermittently. The pawl B turns freely on pin of the lever C 
and is pressed to disc A by a spring (not shown in the drawing). 
Lever C is pin-jointed by means of 0^ to slider E which, in its turn, 
is pin-joinled by means of O 3 lo the crank D rotating around the 
fixed axle O 4 . If the teelh are shaped as shown in the drawing, 
(he pawl will be driven into a loolh space when the lever C swings 
counter-clockwise and will turn the wheel through an arc depend- 
ing upon the amplitude oi swing. When the lever swings in the 
other direction, the pawl wjU slide over the teeth of the ratchet 
without causing the latter to move. In order to ensure that 
shaft 0 will dwell absolutely motionless during the given 
moment, a second pawl K, on a lixed axle, is introduced. 
The pin O 3 can he set to any position in the slot of crank 
D for the purpose of regulating the amplitude of swing of lever C. 

Ratchet-aiid-pawl mechanisms are used a great cjgal in machin- 
ery, particularly in planing and other machine tools. 


169. ^<>1* Review 

1. What is tlu‘ clillcMoiuo the speed latios i and 

2. If the speed lalio i - - , what is the Iransinission number? 

3. The rpin ot tlie du\(‘ii shall in a diive with jiliant connectors must 
be increa.sed m limes. What ehauf^e must be made in Ihe diameter of 
the diiving sJiea\e? In the diameter oi the diiven sheave? 

4. If it W"('rc necessaiy to change the direction ol lolalion of shaft 
O4 in tlie licit dii\e shown in 18,3 wJiile maintaining the same direc- 
tion of motion of shall Op how should it be done? 

5. If slip is ignored, is there any dillerence in the speed of the belts 
between shalts O, and Oj, O and Oj, and O, and O4 in Fig. 183, when 
the sheaves are of difleieiit diameters? 

6. Are the lor({ue and the power on shalts O,, O., Oj, and O4 (Fig. 
183) the same? (Neglect harniJiil resistance.) 

7. If the rpm of the driver are constant, wiJl the speed ol the belt 
on the different steps of stepped cones be uniform? 

8. Given two pairs of gears — one external and ihe other internal. 
The number of teeth on the driver and follower of the ^irst pair are 
each equal to the number of teelh on the corresponding gears of the 
second pair. Wliat will he the dillerence in the rotation of the driven 
shafts? 

9. What rearrangement can be made in a train of several pairs of 
gears without changing the inJl speed ratio of the train? 

10. How can one tell the difference betw^een an idh*r gear and a working 
gear in a train of geais? When are idler gears us^’d? 

11. Will the rpm of shafts O4 and Os in Fig. 208 change if gears 
and Zs are interchanged? 
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170. Elxereises 



Pi(tn 


87. Fig. 216 shows a belt drive: between shafts Oj and 0^ 
is situated shalt Oj, to which is lixed a sheave of diameter 
connected by a belt with Ihe driver sheave on one side and 
by another belt with the follower 
sheave on the other. What are 
the rpm of the driven shaft il the 
rpm of the driving shait are n^. 

88 Shaft Oi (Fig. 18.1) exeuites 
1,500 rpm. Calculate the rpm of 
shalt O4 and also the torque on 
that shaft, if the following data 
is ^iven: power N 22.5 kw, 
diameters of the sheaves /), 

= 300, D, -- 450, 7^3 200, 

D^ - 800, i)„ — 200, and - 
= 250 mm. 

80. Using the same data given 
in Ex. 88, determine (he rpm of shaft O3 and the torque of 
that shait. 

90. Given the rpm of shaft / /ij - 7.^0 and 800 mm as the 
distance between two shails(l''ig. 196) At what distance 7^, from the 
axis of shaft 7 must tlie loller 77 bi mounted if shait II is to 
attain 250 rpm'? 


Fiq. 210 



91. Shaff I (Fig. 217) transmits rotation to shaft II on which 
are fixed gears to z,. On shalt 7, gear Zq slides in a keyway 
and is permanently meshed with gear z'o which rotates on an 
axis fixed to the housing A. By moving this housing along axis 
Oi so that it is opposite any one of the gears Zj to z, and then 
bringing gear zi into mesh with it, it is possible to transmit ro- 
tation from shaft I to shaft 77 at the required speed ratio. Write 
all the speed ratios that can be obtained with this gear 
train. 


239 


92. In tht|^^n of cears shown in Fi^. 218 shaft O, transmits 
/Ji = 150 shalts O3, and 0^ Calculate the rpm n^, 

and of these shafts if the number of teeth on the gears 
is as follows - — .‘to, Zg = 50, 23 = 20, — 50, Zj = 25, Zg ^ 50, 

Z7 — 20 and Zg — 45. 




1 ig 218 




Fi« 219 


93. Calculate the torque on shaft O4 in Ex. 92 if the power 
transmitted N = 1.5 hp. 

94. Calculate the rpm of shafts Og, O3, and 0^ of the mechanism 
represented schematically in Fig. 219, assuming that shaft 
Oi executes = 300 rpm. 
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CHA.I»TEIt XVJl 

TRANSMISSION BETWEEN NON-PARALLEL SHAFTS 


171. Transmission of Rotation Between Non-Parallel Shafts 
Through Pliant Conneelors 

Now that we have studied the main types of transmisi^n 
for transmiLlinjT roLalional motion between parallel shafts, 
we shall invesliifate transmission of rota- 
tion between non parallel shafts that inter- Fo llow er 

sect at one level and also those that inter- 
sect at a distance. 'fi A 

220 shows a belt transmission be- 'r t) 

tween two shafis that intersect at a distance 
and form an ani,de of 90°. In this trans- / 

mi.ssion the centre lines of the belt seg- J H 

ments advancing upon the pulleys A and j /j 

U must lie approxiinalelv in the mid-planes J yW 

of these respeclivc pullevs. Such an arratif^e- “J 

ment is classfTled as a (jnnrlrr-lnrn Irans- 1 // J 

mission. Experience shows that this kind . y driver 

of transmission operates properly it tlie r — J r-TB 

sejument of the bell recediny tioin Ihe ® — ( J— ^ 

driver forms an antfle a. not <»reater than 
approximately 25° to the mid-plane of the A 
pulley. This kind of transmission is also ^ 

used between non-iiarallcl shalls that in- Id 

tersect each other at a distance at an |-j-^ | 

antjle other than 90°, in which case guide I TT 

pulleys are sometimes irseil. . I , i® 


driver 


172. Friction Traiisiiiissioii ^ I ■* 

Between Non-Parallel Shafts - ^ 

Transmission between non-parallel shafts 
can also be accomplished through friction Fig- 220 
gearing. Fig. 221 shows a transmission 
of this kind called rolling rones: on the ends of shafts I 
and II, whose axes lie in tlie same plane and intersect at an 
angle at point 0, are .situated two rollers in the form of frusta- 
cones. If sufficient friction is created under the action of axial 
forces Qi and Qa the frusta will rotate without slipping. Let us 
^see how to determine their speed ratio. 

Assume that at a given moment the two frusta-rollers are in 
contact along line Bh. We shall take any arbitrary point M along 
the line of contact (Fig. 222), where two points on the surfaces 
of the two rollers coincide. The point on the driving roller K 
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lies at a distance of MN^ from thei^S^ of rotation If this roller 
executes rti rpm, the \elocity at tlrifl point will be, according 
toEq (54), ^ 

— 27iMN{n^. 


In the same way the velocity of point L on the surface of the 
driven rollei 


^2 2nMN^n^ 


1 


If theie IS no slip, the velocities of the two points will be equal, 
e , 27TMNj^ni 2 'TM]S^ri 2 from which the speed ratio is 


n 2'rl/Vj _ U\, 
n, MN ' ' 


(a) 


Let us denote l)i as the diameter AB of the base of the driv- 
ing cone, and as the diameter ab of its apex The light trian- 



C 


Fit? 221 



Fifl 222 


gles OBI , and Obf aie similar, tiom which it lollows that 

B1 _ b! 

OM ~ on “ Oh 

Likewise fiom the similaiily ol tnangles OMN^, OBG, and 
Obq we obtain 

MN^_ JO _ bq 

OM ~ on ~ Ob ' 

If we devldc the first group by the second, we obtain 
MN, __ BJ _ bf 

MN^ no ~ b(j ’ 
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By equating this 



that is, the speed ratio between two roUinfi frusta is inversely equal 
to the diameters of their bases or their apices. 



Friction transmission between non-parallel shalts can also 
be accomplished with variable speed ratios. yVssiime it necessary 
that shaft / (Fig. 22.‘5) with a constant rpm transmit rotation 
to shaft II, and that shaft II rotate at varying angular speeds 
as needed. We mount the cone A on the driver sliaft with its slant- 
ing side parallel with shaft //to which wheel B is mounted on 
a sliding keyway, thus making it po.s.sil)le to set it into any 
position. If we denote as the diameter of the cone in the sec- 
tion corresponding to the centre line of wheel B, then the speed 
ratio between the shafts 

= ('S5) 

Therefore at /ii rpm of shaft 7, the latter can transmit varying 

rpm to shaft II, ranging from a minimum of to a maxi- 

JJo 

t Dt 

mum of n, • 

^0 

Fig. 224 schematically represents a friction transmission with 
a variable speed ratio for geared shafts whose axes intersect at 
right angles. Disc A, which is fixed to the driving shaft 7, is 
pressed to the friction wheel B .which moves in a keyway and 
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can thus be set into any position along rti aft II. Accorriingly, 
it is possible to obtain a circle of contact between disc A and 
wheel B of any radius With the wheel in the position shown 
in the drawing, the speed ratio fi 


. ( 156 ) 


It is obvious tliat if the wheel is moved to the right, the speed 
ratio will diminish; if it is set opposite to tlie axis of shaft I, 



Fig. 224 


the speed ratio will bo zero and the driven shaft will not rotate; 
if it is moved still furtlier to the right beyond the centre of the 

disc, the direction of rotation of 



the diiven sliatt will be the op- 
posite to that when the wheel was 
to the leit of the centre and the 
speed ratio will increase as the 
wheel is moved further from the 
centre. Hence if the driving shaft 
is rotating at Oj rpm, the rpm of 
the driven shaft will range 

from 0 to in either direction. 

lliustrative Problem 88. Fig. 225 is 
a general view of a friction press. On 
the driving shaft O which can move 
somewhat in an axial direction, are 
lixed two friction wheels B and C. 
The rim of frictum wheel A, which is 


Fig. 225 


fixed fast to screw cf, is covered with 
leather. Screw d turns in a threaded 


bushing fixed in the frame of the press, 
and to its lower end is attached the ram D in such a way that the screw 
can turn about its axis. The ram slides in guides. 

Let wheel A be pressed against wheel B, and if the driving shaft 
is moved in the direction shown by the arrows and the screw has a right- 
hand thread, it will screw into the threaded bushing and impart down- 
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ward motion to the rafc with an increasing speed as the distance of 
wheel A from tlic ccnti^ qt wdieel B increases. When this stamping 
operalion is finished, driver shaft O is shifted in an axial direclion to 
the j^ight with the aid of a spiM*ial mechanism and wheel C becomes 
pressed against A. Then the screw will begin to turn in the opposite 
direction and the ram will rise with deci easing speed. 


173. Bevel-Gear Transmission 


Let ns assume tliat we have eiil^ teelh oji a pair of rolling 
fnista-cones in such a way that if their edges were prolonged 
beyond the apices of the cones they w^oiild inlerscet at point 

0 (Fig. 226). We wmiihl then have a pair of beuel gears. Axes 

01 and O 2 of the gears in Mg. 227 inlersec t at 0 . forming the 
an^e b. Bevel gears are mostly used between shafts that are 
perpendicular to each other. 



Assume lhal (he gear on sliall / has 7 ^ teeth, that the one on 
shaft II has Zy teelh, and that the driver gear makes z., rpm, i. e., 
77 i - Zoi thereby 73 y teeth would pass an immovable mating 
point of the gears and the driven wheel would tlicrefore execute 

— z=r Zj^ ~ 772 rpm. From this it tollows that 

Zz 

( 157 ) 

Wlicrefore, the speed ratio /'a.i f>f hevel gears, just as of spur 
gears, is equal to the ratio of The number of teeth on the driving 
gear to the number of teeth on the driven gear. 

As concerns the direction ol rotalion of bevel gears, it is de- 
termined either with respect to their bases or their apices. If 
the bevel gears are external, the driven gear will rotate in the 
opposite direction to the driving gear. 
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Bevel gears may be internal (Fig. 228!) as well as external.' 
If internal, the rotation of the driving and driven gears will 
be in the same direction. Internal gears are little used due to 
the difficulty of cutting bevel gears with the teeth on the iiuiide. 


Fig. 229 shows another type of bevel 
gear in which a conical gear A is in 
mesh with a toothed disc B. 

Differential mechanisms are made with 
bevel gears just as they are with spur 
gears. Fig. 2.‘1() rc[)rescnts a simple type 
bevel-gear differenlial. Shall I, which is 
in one piece with spider B, passes Ireely 




Tia. 228 


FiK. 22<J 


through the hub of gear A. dear A is mounted on the spider 
and meshes simultaneously with gears A and L, the latter 
being a part of slialt II. When gear A and slialt 1, together 
with its spider, rotate, the two motions comliine to rotate 
gear L together ^\i^h slialt II. If gear A is pre^cnted from 
rotating, shaft II will receive rotation Ironi one source of 
motion only -Irom shaft I. dear h is a jilanclary gear. 



Fifj. 230 


Fig. 231 


Illustrutlve Problem 119. h'lg. 231 represents bevel gears wiiich allow 
the direction ot rolalion ol tlie djiven shall to be changed. and A,, 
whose apexes face each other, lonn a double bevel gear capable of sliding 
along a key on driving shaft 7. Gear B is pail of the driven shaft 77 
‘ which is perpendicular to the driving shaft. In the position of the double 
gear shown in the drawing, gears A, and B are in mesh. But if the double 
gear is moved to the extreme left, gears A, and B will bff disengaged and 
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A. will be brought into mesh with gear B, It is evident that shaft 11 
will then rotate in the opposite direction, although the driving gear 
will continue to rotate in tne same direction. The speed latio in both 

cases ^11 be the same, i.e., — . When the double gear is in the central 

position, shaft II will not lotate. 

Illiistralivc Problem 00. Fig 2.*12 illustiates a bevel-gear drive intend- 
ed to iinpait two angulai velocitus ol diifcient magnitude and direc- 
tion to the diiven shaft II liom the iiniloimlx rotating diivmg shaft 
/. Gears A, and A possess dilTeient nimiixis ol hith z, and (thus 
diffeiing fiom Kx. 89), and Ihni aie two gtais on llie diiven shaft 
and Z?o with z and te( th In the position sliown in the diawing the 

speed ratio = but wlnn A^ and A aie at the extreme left it 

will become and lolation will be m the opposite direction. 

When they arc in the ctnii al position, shaft II will not lolate. 
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Illustrative Problem 01. big 211 shows a nuchanisin with an idl^T 
geai, Diixei shall / tiansmits lotalion to sluilt III bv nuans ol gears 
A and B, B im shes intnnallv with gcai C wlmli is pait ol shaft ///. 
Shafts I and III aie luaMnl (t]ie\ lolati alKnit uiii axis) 

It IS seen that gcat B is an idki I lent e the spied latio r,,i ~ 

Z2 

and lotation of slialt III is opposite I 0 that ol tlit diiving shaft 7. 

174. The Screw 

Let us cuj; out ot paper a n^hl Inaiiifle ABC (Fijf. 231); the 
leg AD will be equal to the cireuiulerence ol the cylinder shown 
in plan and elevation in Fig. 2.34 «. Let us wrap the triangle about 
the cylinder, whose diameter is denoted by <h m such a way 
that its apex A will coincide with some arbitrary point K on 
the cylinder’s base, and leg AB will lie along the base. Since 
AB is equal to the eircumlerence oi the cylinder, point B will 
coincide with point K and the initial point A, and the hypote- 
nuse AC will rise around the side of the cylinder in a three- 
dimensional curve called ^ helix. Angle BAC is formed by 
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the tangent to the helix and the plane of the cross-section of 
the cylinder and is known as the lead angle x of the helix. Leg 
BC is perpendicular to the base of the cylinder and oi^upies 




position J\C'. We thus sop lhat the dislance belwcon two turns 
of the helix, measured along a line perpendjciilar to the base 

of the cylinder, is a constant (fuantity 
' — called the lead of Ihe helii and is desig- 

nated by s. 

From triangle ABC wc obtain the rela- 
tionship 

s nd tan a, (158) 

that is, Ihe lead of the helix is equal lo the 
cireumfeieiue of the eglinder multiplied by 
the tangent of the lead angle. 

It is evident from triangles ABC and 
AB/Ji in Fig. 2Mb that it the lead 
remains the same, the smqller the dia- 
meter of the helix the greater will be 
I J V I the lead angle Xy. 

^ It we cut a groove of definite profile 

Fig. 235 along the line of the helix, we shall 

obtain a thieaoed screw. The groove, or 
thread, may be triangular, rectangular, or square in profile, known 
correspondingly as V-thread, flat thread, and square thread. 
A screw has external and internal diameters do and d, respectively 
(Fig. 235). It is apparent from what has been said above, that 
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the lead angle of a screw with a given lead s will differ in its 
internal and external cylinders, lor which reason it is classified 
on yjie basis ol its a\erage diameter, denoted by d. 

Assume that after having delineated one helix hA^A^A^A^, 
we delineate another with the same lead angle 

(Fig. 2.'fG). It the second helix is started at point Lj exactly op- 
posite the starting point ol the lirst helix, it will occupy 



a position between the turns ol the lirst helix and cut its lead 
in half. A Strew threaded in this manner is said to have a double 
thread (Fig. 237). Triple-ihreaded screws are made in the same 
way: between tlie turns of the first thread, two more threads 
are cut at ec/ual distances liom each other and Irom the first 
^ 360 

thread, their angular distances from each other being g = 

— 120°. In a quadruple-threaded screw tlie angular distance 
between threads would be = 90°, and so forth with addi- 


tional threads. 
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In a multiple screw, the pitch is the distance s between cor- 
responding points on two adjacent threads and the distance 
between corresponding points on one and the same thread will 
be the lead, llcnce l)y denoting the lead as It and the number 
of threads as z, then 

h--sz. (159) 

Accordingly, for a multiple screw, Eq. (158) becomes 

li -jrdtana (160) 

while the pitch Ijccomes 

( 161 ) 

In all the above cases llie thread of the screw rises from'left 
to right. Such a screw is said to have a iiqhl-hand thread. If the 
thread rises Irora right to let I (Fig. 2.88), the screw is said to 
have a left-hand llii'ead. 

Ornl F.xerci'ie't 

1. The load angl(“ of Iho tin cud on l\so cylindois, of dilifcront diameters 
is the same. What can bo said ol llio load? 

2. The threads on two o\lindois have Iho same load angle but a differ- 
ent load. What can be said of the diainelois ol Iho cyluidors? 



175. Ilclieal-Gear and Worm-Gear Transmission 

We shall now pass on to the sludv of gear lransniisf>ion be- 
tween shalls whose axes intersect at a distance and for which 
purpose helical qeats aie used (iMg. 2.‘>i)). A helical gear may 

1)C regaided as a mulliple-tliicaded screw 
with in\ohite teeth, the number ol threads 
of which is e(|ual to the number of 
teeth (Fig. 240). Helical gears are mostly 
used belw'cen shafts which cross at a 
distance and lorm an angle of 90°. 

Reasoning as in the case ol bevel gears, 
we come to the conclusion that while the 
dri\ing gear makes one re\olution, the 

I'ig. 239 driven gear executes a turn of in 

which ?! is the numher of teeth on the 
driving gear and the number of teeth on the driven gear. 
Therefore the speed ratio for helical gear is 




In helical gears one must understand the difference between 
normal and circumferential pitch. Let AB and CF (Fig. 241) 
represent the pitch elements of two adjacent teeth on a gear, 
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The distance between them — BD and is measured perpen- 
dicular to their length; this is called the normal pitch. The dis- 
tance^ --- BF and is measured along the pitch circle; this is called 
the circumferential pitch. By denoting, as wc did with the 
ordinary screw, the lead angle of the thread as a, we obtain 
from triangle BDF the relationship between these two pitches; 

tn — sina. (162) 

A variant of the helical gear is the wotm gear. The worm A 
(Fig. 242) IS part of the diiving shaft and liansmits rotation 



to the worm geai B, who h is pait ol the dinen shall Tl is clear 
Irom the illustration that the woim is a c yliiidei with a screw 
thread cut into it, which tits into the tooth spaces of the mating 
worm geai. The worm may be single- oi imilliple-lhreaded and 
either lelt-hand or iiglil-hand. It is obMous tlial the pitch of 
the worm and the worm gear are the same 

Let us denote the riumbei ol tin cads on the worm as z,„ and 
the number of teeth on the gear as z,, If Zu, 1, which means 
that the worm is single-threaded, in one revolution it will turn one 

tooth of the mating gear, that is, the gear will turn — of one 
revolution artd the speed ratio 

1 


If the worm is multiple-threaded, it will turn Zu, teeth of the 
mating gear when it executes one revolutin, i. e., the gear will 

turn — of one revolution ; hence, the speed ratio 


f J}a 

" n,„ “ 



(163) 
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that is, the ratio of rpm of the worm gear to rpm of the worm is 
equal to the ratio of the number of threads on the worm to the nu/n- 
ber of teeth on the worm gear. 

It is thus ck*ar that the speed ratio of worm-gear mechanisms 
is expressed similarly to the speed ratio of spur gears, the only 
diiterence being that the number of teeth on the driving gear 
is replaced by the number of threads on the worm. The spe- 
cial feature of the worm-gear drive is its possibility of obtaining 
very small speed ratios. 

The direction of rotation of the gear depends on the direction 
of rotation of the worm and direction ol Ihe thread, i.e., whether 



angle of the thread on the worm and the eoetficient of friction 
between this I bread and the teeth ot the gear, 'bhe greater the 
coeflieient of Iriction, the greater Ihe lead angle must be. 

Fig. 243 illustrates the meshing of the worm and worm gear, 
where it can be seen that the thread of the worm in cross-section 
possesses the form of an equilateral trapezoid. 

Illustrative Problem 92. Fig. 244 shows schematically an ordinary 
index head of a hori/onlal milling machine. The worm A, which is part 
of shaft /, meshes with the worm gear B mounted on spindle II with 
which the workpiece is connected. Shaft /, lo the front end of which 
is fixed the handle D, passes fieely through the rigidly fixed index 
disc C. On disc C there are perloialions arranged at equal distances 
in concentric circles. The handle D can be set on the shaft / so that its 
dowel E aligns with any one of the pirforaLed concentric circles. Assume 

it necessary that a workpiece executes -i of a turn. By setting the dowel 

to align with the circle with q holes and by turning the handle along 

that circle for a distance of p holes, we transmit ^ turns to shaft 1 
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carrying the worm. If the number of IhreadvS on the worm is and 
the number of teeth on the gear is Zgy we obtain 



from which ~ • 

q z,, z 

The worm in index heads is made single-threaded as a rule, and the 
number of teeth on the worm gear is usiiaJlv 40, i.e.,z,(; =- 1 and Zn = 40. 

Accordingly, = — • 

Assume it is necessary to mill a gear willi 28 teeth. By giving z its 
numerical value ol 28 in this ecfiiation, \\t‘ obtain 

p _ 3 

q ~ 2S 7 7 

Accordingly, since we must give the handle 1 turns, we choose a 

perforated circle on the disc corresponding to IIk' number of holes divis- 
ible by 7, for example, 40. We set lh(‘ bandit' willi the dowel /s lo align 

8 ‘>1 

with that circle and subsequently gi\e the woik[)iece 1 - 1 turns 

9 

each time, i.c., we give it one full tiini plus 21 divisions in addition. 

170. The Universal Joint 

The iiniversnl joint is another mociianisni tlial servos lo trans- 
mit rotation between non parallel sliafls. 215 represents 
one such mechanism schematically; the ends ol shalls / and II 
rotate in bearings M and N (Fig. 

245o). Shackles C and A are lived 
to the ends of the shafts in such 
a way that the axes III and 
IV passing through the shackle 
holes are perpendicular to the cor- 
responding shalls. The lilting of 
the ends of a right-angle spider 
into these holes completes the uni- 
versal joint. 

When shaft I carrying shackle 
C rotates, the shackle also rotates 
while its ends turn about axes 
III and IV and transmit motion 
to shackle A which is part of shaft 
II. The driven shaft makes one 
turn lo each turn of the driving shaft. Fig. 245/) illustrates the 
symbol used to represent this mechanism is kinematic diagrams. 

However, the angular velocity of the driven shall is not con- 
stant, because while the driver rotates at uniform speed, the follow- 
er rotates at a variable speed. 
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Sometimes a double universal joint (Fig. 246) is used to transmit 
motion between non-parallel, non-intersecting shafts (in auto- 
mobiles, machine tools, etc.). In the double universal joint 
the two shafts I and II arc connected by an intermediate shaft 
III by means of two joints A^BiCi and The axes of 

the shackles A^ and Ag attached to the ends of the intermediate 
shaft must both be in one plane, while the axes of shafts I and 
II must be parallel to each other or be in a symmetrical position 
with respect to axis connecting the centres of the joints. 

It is frequently necessary to transmit rota- 
tion to a driven shaft whose position is not 
permanent. Fig. 247 is a diagram of a mechanism 
used in such cases. Assume that the driven shaft 
II changes its position in relation to the driving 
shaft I when llic machine is in operation, thus 
causing the distance between the two joints lo 
vary. To provide lor this situation, link III must 


Fig. 240 Fig. 247 

be able to vary in length: spindle O, which carries on one of 
its ends the shackle ot universal joint B, is made to slide in an 
axial direction into the cylinder C which is part of the shakle 
of the second universal joint A. There is a keyway in spindle 
D in which a key, fastened to the wall of the cylinder, slides 
freely. With this construction, shaft II can change its position 
while receiving rotation through the variable-length link III, 
which is known as a telescopic joint. This type of mechanism 
with its two universal joints and telescopic joint, is used in cer- 
tain kinds of machine tools. 

177. Questions for Review 

1. Are the diameters of the friction frusta, represented in Fig. 222, 
the same at points B, M, and ft? 

2. Which of the mechanisms shown in Figs 223 and 224 makes it 
possible to change the direction of rotation of the driven Shaft while 
maintaining a constant direction of rotation in the driving shaft? 

3. Is the pitch of a bevel gear the same, no matter at what point along 
the pitch elements it is measured? 

4. Which is larger in a helical gear, the circumferential or the normal 
pitch? 




254 



5. What change occurs in the normal pilch of a helical gear if the 
lead angle is increased while the circumferential pitch remains the same? 
What will the normal pitch be when the lead angle a = 90 ° ? 

0. Jn one worm-gear transmission the worm is single-threaded, in 
anotffer it is double-lhreaded. II the number of turns on the worms 
and the number of teeth of the worm gears are the same, which ol the 
driven shafts will rotate faster, and how much faster? 

170. Exorcises 

95. The diameter of the apex ol the frulion cone, shown in 
Fig. 225, - 280 mm, the diameler of its base 1)^ 400 mm. 



and of the roller — 500 mm. 'I'hc rpm ol the driver shaft 
I is riy — 550. What are the maximum and minimum rpm that 
can he atlaiiied on the driven shaft? 

90. In the Jrielioii tiausimssiou shown lu Fig. 221, the greale.st 
pos.sihle distance /? ohlain 
able between the roller B 
and the centie of disc A 
is 250 mm; lire diameter 
of the roller is 1 25 mm. It 
the rpm of shaft I is 
/ij = 800, what is the 
maximum i^im that can 
be obtained on shaft 11 
of the drive? 

97. Crank A of the wind- 
lass in Fig. 248 turns with 
a peripheral velocity Vf, — 

= 0.785 m/sec. Calculate 
the speed with which it 
can move a load on the 
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cable that winds al)out its drum if a - - 250 mm, -- 15, Zj = 
= 45, and d — 180 mm. 

98. A sinjjle-lhreaded worm executes 900 rpm and its mating 
worm gear possesses 45 teeth. Find the rpm of the gear. , . 

99. Solve Kx. 98 for a triple-threaded worm. 

100 . From the driving shaft I in Fig. 249 rotation is trans- 
mitted as follows: a) to shaft II J through shaft II according 
to the schemes Zj X - ’3 X Zs, or X Zj, or z, X Zg! b) to 
shaft VII through shafts II, IV, V, and VI according to the 
scheme z, X Z 2 - z, X z, X z,o - Zn X z ,2 - worm with threads 
Zi 3 X z,^. .Slialt I executes /ij rpm. Find the rpm of shafts III 
and VII. 


C II APT HR XVTII 

CONVEK.SIOX OF ItOTATIOX. I\TO L1\EAR TRANSLATION 

AND VICE VERSA 

179. Conversion of Rotation into Linear Translation 

Motion in engineering is not limited to rotation. In machine 
tools the basic motion is rotation, but it is also converted into 
other kinds of rc(|uircd motion. l''or instance, the rotation of 
the driving shaft of a tlircad-cutting lathe is convcrLcd into 
motion ol translation for its caniage by means ot a train of gears 
and racks (tor longitudinal macliining) or with the aid of a screw 
and nut (for cutting threads). The rotation of a sheave ultimately 
becomes linear translation for the table of a planing machine, 
for the cutter of a shaper, etc. The conversion of linear trans- 
lation into rotation is exemplified in piston engines, but on the 
whole is less frequently applied. 

There are even more complex forms of motion often met with 
in machines, but in this chapter we shall study the chief ways 
of converting rotation into linear translation, and vice versa. 

180. Frietion Mechanisms for Oblaiiiiiig Linear 
Translation 

A frietion mechanism employed to obtain linear tianslation is, 
for example, one that transmits motion to the head of a fric- 
tion stamping hammer (Fig. 250): the head B of the hammer 
is suspenfied from a board A of hard wood (usiiallv beech or 
hornbeam) which is held pressed between rotating rollers and 
guided by slides. If the force of friction between the rollers and 
board is greater than the weight of the hammer and board, the 
board will rise when the rollers revolve in the direction shown 
in the drawing. The speed v of the board (if th^re is no slipping) 
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will be equal to the peripheral speed of the rollers and is there- 
fore 


0 


V — 


nDn 

60 X 1,000 


(164) 


in which D is the diameter of the roller in mm, n is its rpm, 
and u is the speed of the hammer in 
m/sec. 

The downward movement of the ham- 
mer occurs under the action ol its own 
weight. As it falls the rollers aie moved 
apart by a mechanism not shown in 
the drawing. 

Th^ motion of translation of the ingot 
held between the rollers of a rolling mill, 
or of logs in a sawmill, etc., is based on 
the same principle. 

Illustrative Prohlem 9.1. The weij^ht of the 
dropping paits of a furl ion hamiiur which is 
raised bv two oil rs Is G = 4')0 kg, I he 
coefficient of friction hi tween the lolkis and 
the lifting boaid / = 0 4o, the dianiett i of 
the roller D = 350 mm, the rpm of each 
roller n -= 135, and the foro( raising the I tting 
board and the hammer must be doubh lhai 
combined wi ighl What pressure Q musl b 
exeited b^ the ioIIts on th lifting boaid and 
at what speed will the boaid rise? 

Solution: the fiiction F b tween the' lolhis 

and the lifting board is 2/(>, wherein Q ^ 

And since the fore^e of fiiction must b* double 
the weight of G, 



0 = — = — — -= 900 kg 

^ 2/ / “ 0.45 

The speed at which the load Is laiscd 


rig 250 


V 


7r350 X 135 

^0'‘a'^1,000 


m/secj^2.5 in /see. 


181. The Rack-and- Pinion 

In the transmission just previously presented, motion was 
imparted under the action of friction. Now let us assume that 
we have cut teeth into the surface ot the aforementioned lifting 
board and its rollers. We would then have a toothed mechanism 
consisting of a spur gear A fFig. 251) and rack B. This kind of 
transmission is used to impart motion to the table of planing 
machines, the spindle feed of a drilling machine, etc. 

It is obvious that the speed of the rack is equal to the peripher- 
al velocity of the pitch circle of the gear, for which reason the 


17 - «tt8 
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former Eq. (164) is applied, but in a sli^ditly changed form than 
in the case of friction transmission, liy bearing in mind that the 
pitch diameter D = mz, then the speed of the rack 


ttDii nmzn , jtmzn 

V ■= = - „„ mm/sec 


tiO 


GO 


GO V 1,000 


m/sec, (165) 


in which 

m — module ol engagement; 

z— the number of teetli on the pinion; 

n — rpm of the pinion. 

The force P which transinils motion of translation to the rack 
is easily expressed. If we denote tlie tort|ne on shaft 0 of the 
pinion as M,, then the cllective pull on the pitch circle will be 

, in which li is the radius of the pitch circle, hence 

P . (166) 


\Ve have heeii assiinii]if> (hal Ihe pinion is tiansmiUini^ mo- 
tion 1o the rack. 1'he ojiposilc is also possible wIkmi the rack, 
possessing molion of linear translation, transmi^^s rotation to 
the pinion. And obviously the relationship just obtained like- 
wise holds true here: knowin^tj Ihe speed of the rack we can cal- 
culate the rpin ot Ihe pinion by Kq. (Ibo) and the effective pull 

on the ihnion, accordin^^to theforce 
ap})lied to the ra(‘k, by E(p (166). 
In both ])resented cases the pinion 
rolates aboul a lixed axis O. 
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Now assume that the pinion A in Fi^. 232 is rolling on an im- 
movable rack B. Such a Iransinission is similar to the rolling 
of a wheel on an immovalilc surface. It is easy to see that in one 
revolution the pinion’s axis will move a distance / - - ttD, which 
is equal to the length of its pitch circle, while in n revolutions 
(n may be a whole number or a fraction) it will attain a distance 
I ~ TtbiL An example of a transmission of this kind is found 
in the automatic longitudinal feed of a lathe where, geared to 
an immovable rack rigidly fastened to the frame of the machine, 
is a pinion which is part of the shaft in the apron of the carriage. 
As the pinion receives rotation from the feed mechanism, it 
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rolls on tlie rack and thereby transmits motion of translation 
to the carriage. 

Finally there is the rark-and-worm transmission in which the 
worm^s the driving link instead of tlic pinion. 


llluslratfve Problem Fig. 253 is a kinciiialie (Jiagrain oT a rack- 
type jack. When crank A is rotated^ shaft O, carryinj. 
rolato. Clear z, Iransiuils innlion to rack 
B according to the sclienic r, a 3, - 
— z.} X z., — Zj X ra( k li. the time 

t required to raise a huui verlicalJy lo a 
height h -= 220 nini, if 1 he peri[)heral sp(“xl 
of (he crank ~ O.S ui s(‘<\ lh<‘ Itaiglh 
0,C of the handle o ^ 250 iiinn the num- 
ber of teeth on tJie gi'ars z, 5, z. - 20, 

5, z,, = 20, z,, 5, aiul lie* inodjd'* ol 

the mating raek and geai* m - 14 mm. Also 

detei*mine the lifting capiicity of I lie jack 
if Ihe force exeited (Ui I lie crank P ~- 
= 35 kg, and the cftic'ienev of the Jack 
'll =. 0.75. 

SalLifinn: with a peripheral spi'ed Pq ‘ 

-- 0.8 m 'sec, tJie (*i’ank (‘Xi‘cules n, - 



II 

0 ^ 

- 30.5 

yjim. 

4'he s[)eed 

ratio 

1 

1 

‘ig. : 

25.3 


between 

shaft 


and ‘^•hafl O 

, \ia 





shaft 

Oo is 


5 5 

20 . 20 

I 

1 leiice, 

as 

f 

the 

ci-ank C 

altains 

111 rpai, 

gear z 

attains n. 

np,., 

- ,30.5 ■ 

1 

ii> 

rpni 

(!orre- 


sj'ondingly, llie V( rlieal disi)laeeim nl of llu* laek \)(*r miniifi* /j, .Trnr.',/?,— 

~ zT- P 20 mm, and Uu* lime m*etled lo raise a 
1 0 

load to a height h — 220 nun is 




220 

120 


0.525 min. == 31.5 sec. 


To determine the lifting ca])acily Q, we use \\(\. (131)) from which 
\vc find llie toiqne on shaft O,, : 

II -- s 0.7,-, ;5 2:>() ■ l() > 0.7.'j kj>-niin. 

h, 1 £ 

10 

The diameter of gear Z5 is D:^ ~ niZ:^ ^ 14 x 5 mm and, according 
to Eq. (1(36), 

2Mt • 2 ,< 35 K 250 \ 1(3 ^ 0.'^ 


^ D 


3,000 kg -- 3 tons. 


182. Kinenisilies oJf the Scrow-and-Xut Drive 

The transformalion of rotation inlo linear trarislalion is widely 
achieved through a mechanism consisling oi a screw and nut. 
Fig. 254 is a diagram of such an arrangement: a singlc-threa(led 
screw 2 rotates in fixed bearings; the screw carries a nut 1 which 


17* 
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slides in friiidcs but cannot turn. When the screw turns once, 
the nut is displaced for a distance equal to the pitch s of the screw; 
when the screw revolves half a turn, the nut is displaced for a 
distance of 0.5s; and at a quarter of a turn the displaceil*ent is 
for a distance of 0.25s, etc. From this we may say that when 

the screw executes y turns, the nut moves for a distance 



(167) 


There is a mechanism of this kind, for example, in a thread- 
cuUin;:} lathe, where the rotational motion of the lead screw 
is transformed into linear translation 
of a nut connected with the apron. j ^ 



The principle of the screw-and-nut drive is used in other 
devices for (he transformation of rotation into linear trans- 
lation, an instance bein^ the parallel vise illustraletl in Fig. 255: 
screw 2 turns williin nut /, which is immovably fixed to the base 
ol the vise li. Furthermore, screw 2 turns freely 
in the movalile pari of the jaw 3 and transmits 
linear translation to it, thus pulling it so as to 
pinch the workpiece between the immovable and 
movable jaws A and 3, respectively. 

In the above illustrations the screw is the driv- 
ing link. However, the opposite is also possible, 
where the nut acts as the driver. Fig. 256 is a 
1 diagram of a screw jack which works on this 
piiuciple: the nut 3 can turn freely in base 1 
but cannot move axially. Screw 2, passing 
through the nut, can move axially, but cannot 
turn. Accordingly, by turning the nut we impart 
linear translation to the screw. 

Fig. 256. li- is (juite obvious that in all these cases we 

may apply Eq. (167), in which denote 

either the turning of the screw in the nut, or the turning of 
the nut on the screw. The direction in which the screw (or the 
nut, as the case may be) moves, depends evidently on whether 
the thread is right-hand or left-hand, and in which direction 
the screw or the nut is being turned. 
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The screw-and-nut drive may also be used to convert linear 
translation into rotation. For instance, by moving a nut in an 
axial ilirection, we can impart rotation to a screw if the lead angle 
is sufficiently great. The hand-drill shown in Fig. 27)1 operates 
on this principle: the screw 2 rotates together with the chuck 1 
when the nut 3 is moved along its axis. 
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Incidentally, a screw-and-nut diivc ol this kind will not work 
if the lead angle of the (hread is small. A screw mechanism in 
which the screw cannot rotate under pressure ol the nut, is 
called a self-loching mechanism. 

Fig. 258 is 41 diagram of whal is called a diUcrcnhal screw. 
Screw 1 has a pitch of s„ along part a. and a pilch ol .s,, along 
part b. Part a of the screw rotalc's within the immovable nut 

nut 3 winch cannot turn but can 
Assume that the direction of the 








2, and part b rotates within 
move in an axial direction, 
thread on parts a and 
b is the same. Hy giving 
the screw one turn, we 
displace it axially with- 
in nut 2 for a distance 
equal to the pitch .v 
If nut <3 had turned wit h 
the screw it would also 
have moved in an axial 
direction for a distance 

of Sft. However, since the nut cannot turn, it moves along the 
screw in the oppo.site direction for a distance equal to the pitch 
«(,. Consequently the absolute displacement of the nut with 
respect to the immovable guides is .s„ ~s,,. II the threads a and 
b were dissimilar, the displacement ot iiiit 3 would be -j- s*. 

From this it lollows that it the screw rotates tor y turns 
the nut will be displaced for a distance 


tea. 25S 


S = — (SaiSfc)- (168) 

The minus sign is used when threads a and b have the same 
direction, and the plus sign when they have opposite directions. 

It is readily understood that when both threads have the 
same direction, the displacement of the nut will be small because 
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forteach revolution it will only amount to the difference between 
the pilches. 

All these simple screw mechanisms can be used in a. ^jreat 
variety of coml)inalions. 'take Fig. 251) for example: screw 2 
is j)revenled trom moving in an axial diiection by bearing 1; 
on parts a ajid h of the screw the threads have the same pitch but 
are opposite in direclion. Nuts *7' and o' cannot rotate and 
when the screw is turned they will either move closer or further 
apart, in either case with e({ual speed. This kind of mechanism 
is used in a double-jawed drill chuck. 
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Ihe lunihiirlJr shown in big, 2t)0 works on the same principle. 
When th(‘ screw which has a riglil-hand thread al one end 
and a lell-haiid lhr(*ad on the oIIhm*, is IiujumI, the stirrups /' and 
1" and 1h(‘ lods (or ropes) ('oniUMded wilh lliem will l)\i pulled 
together. J'lg. 2()1 also shows a tuiubuckle. but wdth another 
arrangenuMil ol pails. 




IML^ 201 


Fie. 2(r2 


llliistrativo Prolil<»m J)5. I'lie screw / in Fi^. 2()2 has a rii^ht-haiul 
thread wilh a j)ileh .s - 2..") nun. One of its ends is within tlie inniiov- 
ablc nul ‘2 and llie oilier rolales freely in llie block r3 which slides in 
fixed guides. How many limes, and in wbal direction, miisl the screw 
be liirned lo displace Ihe slideblt>ck lor a dislaiu'c S ^ 81 mm fiom left 
lo right? 

Solution: = — turns -32.1 turns = 32 full turns plus 

q s 2.5 

144°, all clockwise. 

Illuslrutive Prohloin 5)0. The screw mechanism shown in Fig. 258 
has a light -liand thread with a pitch .s„ — 4 mm on its length a, while 
on length h it lias a Ihread of Ihe same diieidion Init with a pitch = 
3.5 mm. If Ihe screw is turned 45° clockwise, how far will the slide 
block 3 be displaced, and in what direction? 




Solution: by applying Eq. (168) (with the minus sign because the 
threads are in the same direction) we obtain 

S (4 — 3.r>) = 0.0623 mm. 

Since the screw is turned clockwise, the slider moves from left to 
right. 

183. Statics of the Scrcw-aii(I-\iil Drive 

Assume that a force P is applied al point A oi the lever 3 
fixed to screw / and having an arm a (hdg. ruder the action 

of lliis force the screw will I urn in the iigidly lived nut 2, moving 
upwards and overcoming iiseiul resist a nee (J. J'Ajiress the re- 
latioliship belw'cen forces P and O. 

As we liave alrcaify in)intcd out se\eral linu's, the w^ork of 
the motive lorce must be e({ual to lh(‘ total woik done by the 
lorces ol resistance. For the lime being we sliall assume that harm- 
ful resistance is ru'gligible and (‘an thendou^ lu‘ 
ignored. 

Now let us ^|uate the woik ol the moti\e lor(‘e 
P and the loice oi usclul i (‘sistaiice, dining one 
turn of the screw. 

When the screw is turned onc( , the point ol 
application A of force P descnlu's a tia|ccloiv 
ecpial to 27t(i, Hence the weak performed by lorca^ P 

\Vp 2t/\/. 

During one turn, the scrxwv moves a\iall> lor 
a distance e(|ual to its |)itch. Ac(‘ordingiv. the 
work performed liy the loice ol lesistance O is 
equating the amount ol w'oik 

we let 

27rP(i (A, 

whence 

Q 2;t " (I ()'.)) I'i!,'. 203 

From I his we eoncliule I lull the lonqei the ruin »[ upphralion 
oj the motiuc lorce and the smrdler the pilch of the sereiv, the rjrerder 
the mechanisal arlvanlarjc. 

In order to actually express tlie obtained lorce Q, we must 
multiply the right-hand part ol Ihis ecpialion hy ethrieney ??: 

Q--271J Pi]. (170) 

Eq. (169) may be presented differently. By expressing the 
pitch of the screw in terms ot its average diameter da„ accord- 
ing to Eq. (158) we obtain 

s — ndav tan «. 
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By substituting this value for s in Eq. (169) we obtain 


0 = 


2a 

dao tan a 


P, 


,( 171 ) 


that is, the longer the arm of application of the motive force 
and the smaller the average diameter of the screw and the tangent 
of the lead angle, the greater the mechanical advantage. 

Accordingly, when taking the force of friction into account, 
Eq. (171) becomes 

0 = 072 ) 

Finally, the relationship we seek can be obtained in another 
form: since Pa is the moment of force of P relative to the axis 
of the screw (the torque Mt), we may, thereby, write * * 


Q = 


2Mt 

dan tan a 


(173) 


that is, the magnitude of the force acting on the screw in an axial 
direction is equal to twice the torque multiplied by the effii iency 
coefficient and divided by the average diameter of the screw 
thread and the tangent of the lead angle corresponding to this aver- 
age diameter. 

Since the lead angle ot the screw may be made sufficiently 
small, a great mechanical advantage can be obtained with 
a screw transmission. With the aid of the screw and nut, we 
can make very strong fastenings with comparatively small 
physical effort, can hold workpieces in a vise, and apply the 
same principle to jacks, screw presses, etc. 

The efficiency coefficient is calculated for each individual 
case, depending on the lead angle of the screw and the coeffi- 
cient of friction. 


Illustrative Problem 97. In the screw jack represented in Fig. 263 
the arm a = 800 mm, efficiency r) — 0.4, and the pitch of its screw 
s 8 mm. What force P must be expcndid in order to raise a load Q =• 
= 3 tons at a constant speed*** 

Solution: from Eq. (170) we obtain 


P 


2:ra 1 ) 


3,000 X 8 
2;t800 X 0.4 


^ 12 


kg 


184. Thread Profiles 

ot Principal Types of Transmission Screws 

If we cut a screw across a longitudinal plane coinciding with 
its axis, the section thus obtained will be through the turns 
of its thread. A thread receives its name in accordance with the 

* Screw jacks must be self-locking, which means that the screw must 

not turn under the action of an axial load. For this reasqp the efficiency 

of a screw jack is always less than 0 5. 
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profile thus revealed in section. There are various types of profiles, 
corresponding to intended use. 

If j^he screw is to transmit motion, it is obvious that it must 
possess the greatest efficiency, possible and the least mechanical 
loss. If the screw and nut are to be used for the fastening of all 
kinds of parts, they must be constructed so as to create the greatest 
possible amount of friction between their contact surfaces to 
keep the nut from unscrewing. 



Fig. 264 



In more detailed courses of engineering mechanics it is proved 
that, other geometrical elements being erjiial, the lo.ss due to 
friction is the least when the thread is ledanqular (Fig. 264) 
and the depth ot the thread is equal to half the pitch, i. e., 

when /j — . Such a rectangular thread is called a square thread. 

The square thread has certain disadvantages, the greatest being 
the difficulty of achieving precision in its manufacture, for 
which reason it is being displaced bv the Acme thread shown 
in Fig. 265. In cross-section this thread is an equilateral trapezoid 
with the inclination of its sides forming an angle of 30° ivith 
each other. The technical terms of other elements of threads 
shown in Figs. 264 and 265 are desciibcd in Sec 200 and illus- 
trated in Fig. 293. 


185. Slider-Crank Mechanism 


The slider-crank meihanism shown schematically in Fig. 
266 is another means of transforming rotation into linear trans- 
lation. The crank 2 which is part of shaft A turning in fixed 
bearings in the frame 7, is jointed to the connecting rod 3 by 
the crankpin B. The other end of the connecting rod is jointed 
by means of a wrist pin C to the slider 4 which moves in straight 
fixed guides. Thus we see that when the crank is continuously 
rotating, the slider will achieve reciprocal motion o/ translation 
and reverse its direction at the end of each stroke. Accordingly, 
during one revolution of the crank the slider will execute two 
strokes, first in one direction and then in the other — a feature 


of this mechanism which chiefly distinguishes it from other 
mechanisms presented in this chapter. 

The slider-crank mechanism is also employed for Conv^Jting 
reciprocal linear translation intq rotation, as for instance in 
steam engines and internal combustion engines, where the driving 
link is the piston which, with the aid of a connecting rod, causes 
the crankshaft to rotate. In this arrangement another specific 

factor must be coped with: 
when the slider 4 moves from 
left to right, the crank will 
rotate clockwise and when the 
slider has travelled as tar as it 
can go, the crank will occupy 
position AB'o before the slider 
begins travelling in the opposite 
direction. This position of the 
crank is called the dead centre. In order that the crank continue 
revolving past the dead centre when it is the driving link of 
a mechanism, a flifwheel is used, which is a wheel with a heavy 
rim and mounted on the crankshait. The kiuetio«energy of the 
flywheel keeps the mechanism in constant motion. 

18(>. Kinematics of the Slider-Crank Mechanism 

Now let us study the motion ol the slider when the crank is 
rotating umlormly. 

Assume that the crank in Fig. 2(i7n is rotating uniformly in 
a clockwise direction. We shall take yl as the initial position 
of the crank. From we mark off with a compass a distance 
equal to the length ol the connecting rod along the line on 
which the wrist-pin centre (1 moves, and obtain point 
which at the given moment coincides with the centre of the pin. 
This point is the extreme left position of the slider. To find the 
position of wrist-pin centre C at other moments of time, we 
divide the circle described by the centre of crankpin Uinto several 
equal parts, let us say 12. Then each part will represent an arc 

equal to ~ of the circle through which the crank moves at equal 

intervals of time while executing one revolution (provided it ro- 
tates uniformly). In the course of its movement it will occupy, 
in turn, position AB^, AB 2 , AB^, . . ., ABy^. and finally return 
to AByy (its initial position). Now, with a radius equal to the 
length of the connecting rod BC, we will mark off points from 
By, B2, B 3 , etc., on the straight line along which the wrist-pin 

centre C moves. As a result, we find that after -jj of a turn of 

the crank, point C is at Cy, having moved from its initial position 
for a distance Sy — CdCy’, after two such intervais, the displace- 
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ment of point C will be Sa = CoCa; after three intervals — 5# = 
= CoCj, etc. When the crank reaches position ABt, point C will 
be at position C, at a distance equal to the length of the connecting 
rod from point and corresponding to the extreme right position 
of the slider. Then the slider begins to move in the opposite 
direction (from right to left) and its distance from tts initial 
position steadily diminishes. Thus, po.sition AB^ of the crank 
corresponds to the position of wrist-pin centre C at point C, 
and which coincides with point C^‘, position ABg of the cranlc 
corresponds to the position of wrist-pin centre C at point C®, 
etc. When the crank returns to its initial position, point C will be 
at Cq. 

We thus see from this diagram that the linear segment CqC* 
equals segment B^B^, i.e., the diameter of the circle described 
by the crarikpin B, while the diameter of this circle is equal to 
twice the length ot the crank. Therefore, by denoting the length of 
the crank as r and a stroke ol the slider as H, we lind that 

// -- 2r, (174) 

that is, in a slider-crank mechanism the stroke oj lhe*slider is equal 
to twice the length oj the crank. 

From what lias been said it follows that in order to find the 
position ol the slider at a given moment, we must mark off from 
the crankpin centre at that moment (using a radius equal to 
the length of the connecting rod) a point on the line described by 
the wrist-pin centre. And, vice versa, it the position ot the slider 
is given, the position of crank can be toiind by marking off from 
the wrist-pin centre (using the same radius) a point on the corre- 
spondingsemicii clc described by tlie crankpin centre and connecting 
this point with the centre of this circle. 

Having located the centre of wrist pin C, we can now plot 
a curve representing its distance from the initial position Cq, by 
the method explained in kinematics (Sec. 571. By adopting a right- 
angle system of coordinates as shown in Fig. 2676, we lay out 
equal segments according to a chosen scale along axis Ot, each 
segment representing the time during which the crank achieves 

of a turn. Then constructing perpendiculars at points 1, 2, 3, 

etc., and laying out segments / S^, 2 —S 2 , S—S^, etc.s represent- 

ing the distances CoCi, CoCj, C 0 C 3 , etc., from the initial position, 
we obtain a line of points 5i, 83 , etc., which we connect with a 

curved line. In this way we obtain a displacement-time graph 
for the centre of wrist-pin C and can find its position for any given 
moment of time. 

From this curve we see that displacement of the slider differs 
for equal intervals of time although the crank rotates uniform^. 
For instance, when the crank turns through the angle B^ABit 
the slider moves a distance of J—Sii when it tunis*»through angle 
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BiAB: the slider is displaced for a distance of Oi-Sjj while 
through angle it is displaced a distance of S^, etc. 

Thus the displacements first increase and then decrease. 

Fi*m this we come to the conclusion that when the crank is 
the drioer aTid rotates uniformly, the slider moves non-uniformly; 
and vice versa, when the slider is the driver. Us motion is uniform 
and the crank's rotation is not uniform. This is an important feature 
of the slider-crank mechanism. 

Having solved the displacement-time graph, wc can now plot 
the velocity curve which makes it possible to dclermine the 
velocity of the slider for any moment ol lime. As already explained, 
while the crank is moving through the angle B^ABi (Fig. 
267a), the slider is displaced lor a distance of / 5, (Fig. 2671»). 
By dividing this displacement by its executed time, we obtain 
the average velocity of the slider during thal interval; similarly, 
by dividing the displacement Aj by the same interval of 
time (for we have already divided one revolution of the crank 
into even parts), we obtain its average speed lor that interval, 
etc. Thus we may calculate the average velocity of the slider 
during a 180^ turn of the crank. 

Now let us draw a righl-augle system of coordinates at a 
suitable scale, and lay out the time along axis Ot and the average 
velocity of point C of the wrist-pin on axis Ov (Fig. 267c). We 
mark off these speeds on perpendiculars constructed on the time 
axis Ot at points 1^, 2,, etc., and lying between the segments 
0 — 1, 1 — 2, 2 — 3, etc. (b’ig. 2676). As a result wc obtain point.s 
Wi. v'z, v's, etc., (Fig. 267c) through which we draw a line Ov^v^v^v'i 
VfV'fP^ which constitutes the velocity-time curve of the slider 
during the first half-turn of the crank (the time consumed in 
turning from position AB^ lo AB,,). 

From this moment the slider starts moving in the opposite 
direction, from right to left, and its velocity is directed in the 
opposite direction; therefore we construct a second leg of the 
curve, symmetrical with the first but below the time axis. 

When analysing the velocity-time graph thus obtained, we 
see that when the crank is at the left dead centre AB^, the velocity 
of the slider is zero (point 0 on Fig. 267c). As it rotates further, 
the velocity of the slider grows and reaches its maximum when 
the crank is between AB, and AB^ (Fig. 267«). Then its velocity 
begins to dfecrease till it again becomes zero when the crank is 
at its right dead centre AB,. Then, as the crank executes the 
second half of its turn, the curve is repeated in reverse order. 


Oral Exercises 

1. What Is the sum of the segments (Fig. 2676), 1 — S „ Oi ~ S„ 

a, — ct, — St, Ot — St, u, S%7 ^ 

2. Indicate these sums on Fig. 267a, on both the left and right sides 
ot the diagram. 
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3. Indicate on Fig. 267a the position of the crank corresponding to 
point Vb on the time axis 4n Fig. 267c. 

Illustrative Problem 98. The length of the crank AB (Fig. 266) is 
120 mm and the length of the connecting rod BC is 420 mm. The rrank 
attains n = 180 rpm. Plot the displacement- and velocity-time curves 
for point C and find its velocity at the moment the crank forms an angle 
a = 50° with the left dead centro. • 

Solution: we draw a diagram of the mechanism similar to Fig. 267a 
at a scale of 1:8, then divide the circle described bv point B into 

420 

12 equal parts. Selting our compass at a radius oi = ^>2.5 mm, we 

mark off points Cq, C,, C 2 , etc., and then delineate a displacement- 
time curve (Fig. 267/)), At 180 ipm the segments 0-1, 1 — 2, 2 — 3, etc., 

on the time axis (6 mm each) repicsent intcivals of time equal to = 

= sec, or a ,‘30° turn ol tlie crank, 

Ry measuring the displacements 7 — 5,, a, — S , — S^, etc., 

and multiplying them by the scale of 8 and dividing by sec, we 

obtain the average velocity for each interval of lime. Then establish- 
ing a scale of velocities ol 50 mm/sec — 1 mm, we lay out points 1^, 
2i, etc., as the oidmates lepiesenling Ihe velocity v0L this scale and 
then connect the points with a curve. 

The position of crank AB, forming an angle a = 50° with ABq will 

5 X 20 

correspond with a point on Fig. 267/), Ijing at a distance of — — = 

— 3-^ mm to the light of point /. 13y plotting a line from this point to 

its intersection vvilh axis Ot on the velocily-limo curve, we obtain an 
ordinate ol 28.5 mm in length repiesenting the sought velocity which, 
at the chosen scale, is v, 28.5 x 50 - 1,425 mni/scc — 1.425 in /sec. 


187. The Eeceiilrie Meehaiiism 

AsvSume that we increase the dimensions of crankpin B shown 
in Fig. 266 to the size illustrated in h"ig. 268, and that now 

erankpin B^ is part of the 
crank while its hushing B^ is 
part oi the connecting rod. 
It is evident that the mecha- 
nism is still a slider-crank 
in which the length of the 
crank 2 is equal Yo AO, the 
^ length of the connecting rod 
5 is equal to OC, and in which 
Fig. 268 0 remains the centre of the 

main bearing. By still further 
increasing the diameter of the crankpin, we obtain a mechanism 
whose skeleton outline is shown in Fig. 269: a round disc Bi turns 
freely within the bushing which latter is part of the connecting 
rod 3 rotating around axis A. This mechanism works similar to 
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a slider-crank which has a crank 2 whose length AO equals the 
distance between ^e axis of rotation A <f>f disc Bi and the geo- 
metrical axis of the disc, and a connecting rod 3 whose length 
OC e(^ials the distance between this axis and the wrist-pin centre 
on slider 4. This is called an eccenlrir mechanism, its disc 13^ is 
known as the eccentric, the 


connecting rod 3 is the 
eccentric rod, and the seg- 
ment OA is the eccenti u itif. 

It is apparent from the 
above that an eccenti u 
mechanism operates hhe a 
slider-crank whose crank 
lenglkt is equal to the eccen- 
tricity, and the length of the 
connecting rod is equal to 
the distanee between aies 0 



Fig. 2()i) 


and C of the eccentru rod. 

The special teal m e oi this mechanism is that its slider posse.sses 
a short stroke ^nd the diameter ol the cranUpin is large enough to 
withstand great pressure. The eccentnc mcchainsm is widely 
used in stamping and forging pi esses, etc 


1(18. 'The Rocker- Ann ’Mechanism 


F’ig. 270 is a scheme ol a mechanism witli a crank / which 
rotates about the fixed axis 0. On the crank’s end is a pm, centred 



Fig. 270 


on A, upon which is Ireely 
moiiiilcd lh(‘ slide-block 2 which 
.slides in a stiaight longitudinal 
guide cut into the arm 3. Th's 
arm, known as a rocker-arm, can 
swing from tlie lixcd axis Ox 
when the crank rotates: swing- 
ing is caused when the slide- 
block 2 slides in the guide of 
the rocker-arm. 

Assume that the crank turns 
in the direction shown by the 
arrow. After an interval ol 
lime, the axis OiD of the rocker- 
arm will be in position OiL, 
tangent to the circle AiAqA^A'^ 
de.scribed by the centre of the 
crankpin A. At this moment 
the crank OA^ occupying a 
radial line of this circle will 
be perpendicular to the axis 
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oi the rock^r-ann. Obviously this will be the extreurfe ri^t 
position of the arm, since as the crank cdKtinues turninff as 
before, the arm will begin moving in the opposite direction — 
from right to left — and when the crank has turned throu^ the 
angle A^OAi — the arm will be in its extreme left position 
OiK and perpendicular to the crank OAj. Then the arm will again 
move from left to right and when the crank has turned through 
the angle = a, it will return to position O^L. 

Thus, while the crank in its continuous rotation executes one 
turn, the rocker-arm oscillates, with axis 0^ as its centre, passing 
from its extreme left position to the extreme right and back again. 

Now let there be a pin B at the upper end of the arm, around 
which slider 5 turns freely as it moves in straight guides which 
are part of the slider M which, in its turn, moves in immovable 
guides 4. When the arm oscillates with this arrangement, slider 
5 will transmit motion to slider M as it moves in the guides which 
are part of it. M will move Ironi one end position to the other and 
back. 

Thus with the aid of the rocker-arm. the rotational motion of a 
crank is converted into reiiprocal motion of translatipn of the slider. 
The crank is usually made so that its length can be changed, 
thereby changing the length of the slider stroke. 

This rocker-arm mechanism is used in a number of machines, 
including planers. * 

189. Kinematics of the Rocker>Arm Mechanism 

We have shown that the rocker-arm mechanism converts 
rotation into reciprocal translation. In this it is similar to the 
slider-crank, but there is a good deal of difference between them 
in other respects. 

First let us take up the method for determining the length 
of the stroke of the slider 2 in relation to the geometrical elements 
of the mechanism. We will denote the length of the crank OA as 
r, the length of the rocker-arm O^B — O^K = O^L as Z, and the 
distance 00^ between the axis of rotation of the crank and the 
axis of oscillation of the rocking arm as a. 

Since the right triangles OyCK and OiA^O have a common 
acute angle, they are similar, from which it follows that 

or ^ • in which = KC and represents half 
a stroke of the slider. From this the length of the stroke is 

H = (175) 


It becomes evident that the stroke of the slider is directly 
proportional to the length of the crank and tjie length of the 
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rocker-arm, and inversely proportional to the distance between 
their axes of rotation*. 

Hence, in order to determine the distance r == OA for a given 
Strok#, we evolve the relationship 


r = 


Ha 

21 


(176) 


The slider makes its stroke from left to right in the time interval 
that the crank turns through angle a, and executes its return 
stroke during the time the crank turns through angle p. We will 
denote the time it takes the crank to turn through angles a and 
P as ta and fp, respectively. Then the average velocity of the slider 

from,left to right Woo = » while from right to left ~ * 

and the relationship between these velocities will be 


V(n3 H JI 


(177) 


Inasmuch as the crank rotates uniformly, the time spent by 
it to turn thrcJligh angles a and p is directly proportional to the 
angles : 

1L_- P , 

la “ 

which when placed into Eq. (177) gives 


Cao ^ ^ 

Cat) “ 


(178) 


If we name the lelt-lo-right stroke, duiing which the crank 
turns through angle a, the advance stroke, and the right-to-left 
stroke when the crank is turning through angle /?, the return 
stroke, then*on the basis of Eq. (178) we may state that the average 
speeds of the advance and return strokes of the slider are inverselg 
proportional to their corresponding angles. 

Hence the time taken by the return stroke is less than that of 
the advance stroke in the same ratio as the angle a is greater 
than angle p. This is the chief dillerence between the rocker-arm 
mechanism and the slide-crank mechanism, and it is this very 
feature of quick return that explains its use in shapers where the 
advance stroke is slower because it is limited by the cutting speed, 
and where it is desirable to make the return stroke as fast as 
possible. 


* In the mechanism used in shapers, the length of the crank is adjust- 
able; this is done by shifting the crankpin A in a radial slot provided 
in the disc of the gear fixed to shaft 0 and which operates as the arm 
of the crank. 
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Heretofore the inferred speeds of the slider have been average. 
But the actual speeds are not constant: at the end position the 
slider speed is zero, from where it gradually increases its speed till it 
reaches the centre position and then its speed again falls dif till 
it reaches zero at the opposite end. Thus in the rocker-arm mecha- 
nism, just as in the slider-crank mechanism, the slider^ possesses 
non-uniform motion and the crank has uniform motion. 

There is a variant of the rocker-arm mechanism in which the 
arm rotates instead of oscillating. 


Illustrative Problem 99. If it is necessary to set the stroke of a shaper 
at if = 400 mm (Fig. 270), at what distance OA = r must the slide- 
block 2 on the arm be set from the axis of rotation and what will be the 
average speed of the working (advance) and of the return strokes Vu, 
and Vret if / =* 900 mm, a = MO mm, and the rpm of the crank is 40? 

Solution: we find the length r of the arm through Eq. (176): 


r 


Ha 

21 


400 X 540 
2 X 900 


= 120 mm. 


We find angles a and p. 

o 

From tiiangle wc evolve OAi = OOj cos r^hence 



OAi 

00 , 


_r _ m 
a 540 


= 0.222, and \ - 77n0'. 


60 


= 1.5 sec. 


p = 154°20S and a = 360° — 154°20' - 205°40'. 

At 40 rpm the crank executes one turn in ^min. = 

40 40 

The time spent to turn through the angle a = 205°40' will be 
U =■ -= 0.857 sec. Hence == 1.5 -0.857 = 0.643 sec. 


400 


The average speed of the workingstrokc Vav.w = Q- gg y = 467 mm/sec = 


467 X 60 , . 

: — J- 0 QQ — m/min 28.02 m/min. 

The average speed of the return stroke Vav.ret -= o~643^ ~ mm/sec — 

622 X 60 , . . 

Yqqq — ^ - 37.32 m/min. 


190. The Cam Mechanism 

Let slider A (Fig. 271) execute reciprocal motion di translation 
and move in fixed guides. To the slider is fastened a fascia piece 
K called a cam. A rod B, called the stem of the follower and which 
moves in fixed guides, has its end pressed against the cam by 
means of a spring C. Assume that the cam is in the position 
indicated by the dotted line and the end of the follower-stem is 
in contact with the surface of slider A. As the slider moves 
frpm left to right, the tip of the follower-stem will rise along the 
incline nm of the cam, then from surface m to Zjthe follower will 
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remain motionless if this surface is parallel to the axis of the 
slider, and from I to k the tip of the follower will move down to 
the ^d of the incline. When the cam moves in the reverse di- 
rection, the follower tip will slide along the cam’s surfaces in 
the opposite order. If the cam had no horizontal segment, there 
would be no prolonged pause of the follower-stem at the apex 
of its position. If the slider moves uniformly, the character of 
motion (speed and acceleration) of the follower will depend on 
the profile of the cam and the speed of the slider. 

Direct contact between the follower and the cam would create 
friction and subsequent wear of the two contiguous surfaces. 
To avoid this, a roller, which rolls on the surface of the cam, is 
usuajly attached to the end of the tollower. 



n 

3E 



Fig. 272 


If the follower were given the form of a lever with one end 
pressed to the cam by means of a spring, it would achieve oscillat- 
ing motion around its relational axis. 

In the above cases we have dealt with linear translation of one 
direction being transformed into linear translation of another 
direction or into oscillating motion. 

Fig. 272 is a diagram of a cam mechanism transforming rotation- 
al motion into linear translation. The cam K, which rotates 
round axis 0, imparts to the follower B reciprocal motion of 
translation, the nature of which is determined by the profile of 
the cam. If the curve klm were a circle with its centre at 0, the 
follower wojild remain motionless as it skirts along this part. 
Fig. 273 shows the skeleton outline of a mechanism in which 
the rotation of the cam K causes oscillating motion of the 
follower B. 

In the cam examples presented thus far, their profiles and the 
trajectory of the various points of their followers lie in a single 
plane or in parallel planes. This type is called a disc cam, aa 
distinguished from a cylindrical cam, which does not answer tqt 
the enumerated conditions. Fig. 274 is a schematic view 
cylindrical cam K, ringed with a groove that is not parallel with 
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any cross-section of the cyhnder. A roller C that moves in the 
groove, turns freely on a spindle which is part of follower B. 
Follower B moves m fixed guides parallel to the axis of rotation 
of the cam. When the cam rotates, the follower receives reci^ocal 
motion ot translation 




Fig 274 


It IS deal from what has been presented that in a cam mechanism 
the motion ot the lollowei is determined by the profile ol the earn 
Cams are extensively used to impait many kinds of motion, 
particularly in automatic machines and machine tools. 

191. Determining (he Working Surface 
of a Disc Cam 

To determine the required profile of a earn, it is necessary to 
fust know the requiicct motion of the follower, or as they say, 
the “specilication” ot the followers motion 

Assume that the diagram shown in Fig 2756 is just such a 
specification Ihc angles a of the tuin of the cam are laid out 
on the axis ot the al)scissae Ox, and the corresponding distances 
between A of the follower D and the rotational axis 0^ of the cam 
are plotted on the axis ot the ordinates OS It is fuithermore 
speciticd that the (am rotate uniformly and that its rotational 
axis intersect the axis ot the tollowci (Fig 275a) It is seen that 
the curve representing one levolution of the cam has been equally 
divided into 16 parts 

From the displacement diagram (Fig 2756) we fin(l that when 
the cam makes its fust two-sixtcenths of a turn, the distance 
between the contact surface of the follower and the axis of rotation 
remains the same, as shown by the equal segments 0 — Oq = 
= 1 — Ol = 2 — Oj, and then this distance increases. At the end 
of the third-sixteenth of a turn, it is equal to the linear segment 
’3-*— Oj, at the end of the fourth- and fifth-sixteenth it wnll be equal 
to segments 4 — o^ and 5 — Oj. Then the follower remains mo- 
tionless during two-sixteenths of a turn, after which the distance 
grows until a moment corresponding to linear segment 10. During 
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turns 10 — 11 the follower again has a period of dwell; then be- 
ginning with moment 11 the distance decreases, i.e., the follower 
moves in the reverse direction; at the moment corresponding 
to tlft completion of the full turn of the cam the distance between 
the end of the follower and the axis of rotation is represented by 
the linear segment 16 — which is equal to the initial distance 
0 — Oj and means that the follower has returned to its initial 
position. As the cam continues to rotate, the follower again 
executes its motions in the same order, or, as they say, repeats 
the cycle. 



Now let us proceed wilh the cousi ruction ot the working surface 
of the cam (Fig. 27.')«). Wc oxteml axis Oa to the lelt and mark 
upon it an arbitrary point 0^. This we shall consifler as the rota- 
tional axis ol the cam. Assume that the follower B is moving 
vertically upwards. Since it has been stipulated that its axis 
intersect the axis of the cam, we delineate a vertical line through 
point Ol, and by laying out on it the linear segment OiAq = Oa^, 
equal to th*e initial distance between the contact surface of the 
follower and the axis of rotation Oi, we obtain the initial position 
of the contact surface 6f the follower Aj. At moment 3 the con- 
tact surface of the follower A will be at a distance of 3 — a, 
from the rotational axis; by laying out this segment on the axis 
of the follower we obtain position Aj of its contact surfacoi*. 
Transferring the other points a^, a„ Ug, etc., on the displaceilient 
diagram, we obtain a number of positions for the contact surfafip 
of the follower, to wit, A, and A,, which coincide with positions 
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At and Aj, and Ag, A^, A^^, which coincide with position An, 
etc.*. 

Now we draw a circle with point Oi as its centre and a radius 
equal to the shortest distance OiA^ and, dividing it als^ into 
sixteen equal parts corresponding to sixteen cam revolutions, 
delineate radial segments through points 2^, 3^, 5^, etc. 

When the cam turns through an angle of 22.5° X 2 = 45°, 
the contact surface ol the follower A will remain in its initial 

position A o', by the end of the next 
turn through the angle 2i0i3, of 22.5°, 
the contact surface of the follower 
will be at position A 3 . Hence, in order 
to find the point on the surface of the 
cam corresponding to point A3 of the 
follower, we plot an arc from centre 
0,, with a radius equal to OjAg, to the 
point where it intersects the radius In the same way position 
At of the contact surface of the follower will coincide with point 
4i of the profile, etc. Repeating this process for all the other 
positions of the follower we obtain the other jpoints on the 
working surface, which we unite with a curved "line and thus 
obtain the profile of the cam. Between points 5^ and 7i, and 
lOt and 111 (just as between Ao and 2 i) it will consist of arcs of a 
circle. 

If the follower had a roller on its end, we should first have found 
the curve corresponding to the motion of the axis of the roller 
and then, having delineated from various points on this curve 
a number of circles with radii equal to the radius of the roller, 
we would plot the profile ol the cam, tangent to all these circles 
(or arcs) (Fig. 276). 

192. Questions for Review 

1. In the rack-and-piniou transmission represented in Fig. 277, the 
pinion z, transmits motion to the lack B through the idler gear z,. 
What change would there be in the speed and direction of the rack if 
pinion z, was in mesh directly with the rack? 

2. Two screws of different diameteis arc threaded to the same pitch. 
What can be said about the lead angle of their threads? 

3. In two screws of the same diameter the distance between turns 
of the thread is the same, but one is single-threaded and the o/her multiple- 
threaded. W'hat can be said about their lead angles? 

4. In the mechanism diagiammed in Fig. 258 the threads on lengths 
a and b have the same direction and pitch. What is the absolute dis- 
placement of nut 3 when screw 1 is rotated? 

5. What would be the answei to question 4 if the threads on lengths 
a and b possessed different directions? 



Cam profile 
Fig. 276 


♦ Positions A,„, A, a, A,, and Ajs, are not shown so as not to compli- 
cate the drawing, 



6 V{h9t change would there be in the mechanical advantage obtained 
with a screw-and-nut if the lead angle were decreased? 
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7. What kinematic diffeicnces are there between the rocker-aim 
mechanism and the shder-crank mcthanism? Why Is the shder-crank 
mechanism impractical for use in a shapei? 


* 193. Exorcises 

101. A load of Q = 1.5 tons is raised to a height h — 180 mm 
in 25 sec by the screw jack whose principal properties were 
enumerated in Ex. 97 (Fig. 263). What force P is exerted on its 
handle and what power expended it the elliciency of the jack 
ri = 0.4? 

102. The rack B in Fig. 278 is put in motion hv the train of 

gears z^, Z 3 . and in which z, is llie diivcr The power 

on shaft Oi is iV = 12 hp. P'lnd the 
force transmitted to the lack and 
also its speed if the rpm of the driving 
shaft rii -- 900, the number of teeth on 
gears z^ = 24, Zg — 60, Zg — 25, z^ — 75, 
the module of the last gear in — 5 mm, 
and the efficiency of the drive >7 — 0.85. 

103. The driving gear z^ in Fig. 279 
transmits motion 1) to rack A accord- 
ing to the scheme Zj X z* — Za X z* — 

— Zg X rack, 2) to the screw mecha- 
nism with nut C which cannot turn and according to the scheme 
Zi X Zj — Zg X Z 4 X Zg — screw B X nut C, and to 3) shaft VI 
according to scheme z, X Zg X z, — worm D X worm gear Zg. 

Given the following, z, — 30, Zg = 60, Zg = 25, z^ — 80, z, = 
= 40, Zg = 50, Zg — 40 teeth; module of the rack — i niim 
pitch of screw B = 5 mm, the worm D is triple-threaded, the 
niimber of teeth on the worm gear Zg = 60, the rpm of the driving 
shaft n = 400 , 



Fig. 278 


279 



Find the speed v of the rack A, the speed Vc of the nut, and 
the rpm ng of shaft VI. 

104. Fig, 280 shows the skeleton profile of a slider-crank 
mechanism with the following working properties. The %lider 



Fig. 280 


3 turns freely on crankpin D of ci'ank 2 which rotates about the 
fixed axis A. When the crank rotates, the slider receives relative 
reciprocal motion of translation in the slot of arm 4 which slides 
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in fixed guides I. The length of the crank AB — 120 mm and it 
achieves 180 rpm. Plot the displacement ahd velocity curves for 
the mechanism. 


CHAPTER XIX 

AUXILIARY PARTS EMPLOYED IN TRANSMITTING 

ROTATION 

194. Axles and Shafts and Their Components 

In order that sheaves, gears, cams, etc., achieve rotation, they 
are mounted on parts called axles and shafts. Assume that sheave 
K (Fig. 281a and b) receives rotational motion Jrom a belt 
and transmits this rotation further through sheave L. Rotation 
is imparted by the effective pull Pj which creates the torque 

Mj = i'*! , whence is the diameter of the sheave K (Fig. 

2816). Acting against this torsion is the moment il/j 

equal in magnitude and opposite in direction, in wdiich Pj is 
the pull transmitted to the sheave connected by belt with sheave 
L, and is the diameter. of sheave L. In tliis way the part of the 
shaft 2 situated between sheave K, which receives the pull, and 
sheave L which imparts it, tends to twist under the action of two 
equal and opposite moments. Furthermore, the shalt tends tp 
bend because it is subjected to its own weight, the weight of 
the sheaves, and the stretching action of the belts. Due to all 
these factors we may say that under opciation a shaft is subject to 
combined torsion and bending. 



Fig. 281 



Now let us assume that a unit consisting of two sheaves B is 
turning freely on a cylindrical shaft A (Fig. 282). It is clear that 
in this case the cylindrical shaft will be subject only to bending, 
inasmuch as torque will be imparted from one sheave to the other 
via the bushing C. This type of detail, whose geometric axis 
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coincides with the axis of the revolving part that it carries, is 
known as an axle. Accordingly, the principal difference between 
an axle and a shaft is that ah axle is subfect only to bending, 
whereas a shaft bears both bending and torsion forces. 

In the above example there' is no need for the axle to revolve in 
order that the sheaves turn. But there are other instanjces where 
the axle must turn, an example of which is the axle of'a railway 
carriage: as the wheels revolve, the axle upon which they are 
mounted also revolves but is not subject to torque. 

Shafts and axles are held in supports the construction of which 
corresponds to the given function of the detail. Thus, the trans- 
mission shaft A schematically shown in Fig. 281a is installed in 
three supports, or sliding bearings. The part of the shaft within 
the bearing is known as the journal. > 

Shaft A thereby possesses three journals 1“ ■■ ■ j " ^ 

1, 2, and 3. Journals 1 and 3 at the end of W 

the shaft (or axle) are called pivots, while V 

the intermediate journal (numbered 2 in L k :-- ■ A ) 

Fig. 281a) is a neck journal. If the Ion gi- / / 

tudinal (axial) forces acting qpon the shatt ^ Ja r ■' ^ 

arevery great (Fig. 2fl3), abulllng journals • p 

are used to bear the thrust and they ^ 

are therelore known as thruk I , ) 

bearings. / 

1 The shaft and supports 

I must mate in such a way as I 

to prevent any motion ot ^ 

' the Shalt in an axial direc- ^ 

I lion. There are various ways ) 

\ [^ ol doing this. One method ' ^ ' 

is to cut out a part at the /I 

T end of the shaft or the axle c) 

Fig. 283 so as to have a cylindrical 284 

portion of less thickness 
than the rest, thus making 

a pivot with two shoulders (m and n in Fig. 284a) which will, it 
is clear, prevent axial displacement. A simpler construction is a 
pivot with a single shoulder (Fig. 2846). 

The transition from a surface of greater diameter to one of 
lesser diameter (r in Fig. 284a and b) and called a hellow chamfer, 
is made in the form ol an arc, of definite radius for every shaft 
diameter. The chamfer is indispensable for long service of shaft 


Fig. 283 


c) 

Fig. 284 


or axle. 

Often collars are used to prevent axial displacement of the 
shaft (A in Fig. 284c). These are fastened to the shaft with set- 
screws. When necessary, collars are also employed together with 
neck journals. 
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195. Main Types of Sliding Bearings 

TJie support in which a shaft or axle rotates is called a bearing. 
In softe bearings the force from the shaft is perpendicular to the 
axes of the bearing (Fig. 281) and then they are called radial 
bearings ; in other cases the force is directed parallel to the axle 
or shaft, in which case they are known as thrust bearings or step 
bearings. Some bearings niay be of the combined radial-tM'ust 
type. 

Bearings for the axles of rolling stock of railways are failed 
journal boxes. 

The choice of bearings depends on the conditions under which 
they are to work; the most important factors are the applied 
load ^nd the rpm of the axle, or shaft. 

In sliding bearings, the journal of the axle is in contact with 
the inner surface of the bearing and slides over it, thus creating 
the first kind of friction. 


196. Antifriction Bearings 

As already explained in Sec. 50, the loss from rolling friction is 
much less than that from sliding friction and explains the wide 
use of antifriction bearings. 

Antifriction bearings are of various types, depending upon the 
direction of the acting forces. Figs 285 and 286 show one type — 
ball bearing — and its components (the numerals for the respective 
parts are repeated in bolh illustrations). 



The split sleeve 1 is mounted on the journal of the axle, or 
shaft. The outer surface of the sleeve is slightly conical and carries 
the inner race 2. The outer race 4 is concentric with the inner one 
and between them are 4he steel balls. When the round nut 3 is 
screwed on to the sleeve 1, the latter is drawn into the inner race 
2, thus fastening it on the Journal. When one race turns relative 
to th? other, the balls roll in the grooves in the outer surface of 
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.the innej; race and the inner surface of the outer race. To keep 
the halls' at a constant distance from one another they are placed 
in the ciige 5. 

When the outer race 4 is rjastened to the shaft housing (Fig. 
287)*, we get anbearing to support a rotating axle or shaft. Fig. 

288 shows a similar arrange- 
ment for a sheave; the ball 
bearings are mounted in 
the hub. 

Jn^the bearing j ust present- 
ed', the balls are arranged 
in one row and from which 
it derives its name — single- 
row ball bearing; whereas 
Fig. 289 shows a cross-section 
of a double-row ball bearing. 

Another type of antifric- 
tion bearings is where rollers 
are' used instead of balls. 
Fig. ?87 these are ca]}ed roller bear- 

Besides rddial ball- and roller-bearings, thrust and combined 
ntdial-thrust bearings are also used. Fig. 290 shows a cross-section 
of one type of thrust ball bearings: the shoulders of shaft A rest 
pn race i which is fastened tightly to the pivot; race 2 is immov-;. 
''‘Mle and the balls, rolling in the grooves between the two races, 
take up the thrust transmitted by the shaft. 
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Fig. 290 


Antifriction bearings arc better than sliding bearings in several 
ways: there is less friction loss, a sraalJer amount of lubricant is 
required, a smaller longitudinal clearance is achieved, etc. But 
they also have a number of objectionable features, amongst 
which are their larger diametrical clefirance and at times the 
complication of their assembly. 

* The housing is shown with the cover removed tyt®8 niohgBid*, 
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197. Couplings 

Couj^ial shafts are joined by a lailehiiie part called coupling*. 

The simplest couplings, used fak*" rigid conipections of Ste 
ends of two shafts, are called rigid eoiiplings. Fig. 291 iS, a cross- 
section of a flanged rigid coupling: two Ilanges / and J'ure 
to the-ends of the shafts and bolted togetha^j, To ensufe 

one of the fla*Qj|||ea has a c^ taiMg^ ft^L 
cction 2 '<(rhich fils in^‘a 
)S«^|j^Mssi©n ift the other flangi»‘*-(l^ 



Fig. 29k 


Fig. 292 


Another type of coupling is the ribbed coupling shown iq, Fig. 
292. This consists of twolongitudinalflalves mounted simultaneml* 
ly on the ends of both shafts and then tightened with bgl^s. To 
preclude the pos.sil)ility of the shaft tlwisting in the 'cOf)i!p1fn|| 
the ends of both are keyed together. ' ■ 

It is often necessary to engage or disengage two coaxijd shafts 
during their rotation.' Couplings used for this purpose aw cajled 
clutches. 

198. Questions for Review 

1. What is the main ditferenw b'tweon an axle' and a shaft? 

2. What is the dilference between neck journals of an axle or shaft, 
and pivots? 

3. When is a bearing called a step bearing? 

4. What arc collars used for? .. 

5. How arc bearings classified as to load and type of friction? 


c H A p T K n XX 

DEMOUNTABLE CONNECTIONS 

199. Threaded Connections 

Every machine or assemblage of engineering equipment consists 
of parts joined into unitt. In some instances the parts forming 
such units move relati-^e to one another, in other cases they 

♦ The cohnectlons used in joining pipes, spars, tie rods and other 
similar equipment are. Incidentally, also called couplings. 
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comprise a fixed whole without any movement relative to each 
another. 

Often the parts are so joined that when necessary (as 4uring 
repairs or overhauling) they may be taken apaft without damag- 
ing the joint. Such connections are said to be demourdable, as 
distinguished from permanent connections which cannot be sepa- 
rated without destroying some of the members. 

!fhe m'Ost prevalent demountable connection is the threaded 
type»Its cbnstruction depends on the parts to be joined and on 
the expected load. The threads are either cut into the parts to 
be joined, or are prepared on special fastening details — screws, 

, bolts, nuts, etc. 

j^amples of permanent connections are those that are rweted 
or welded; the only way such assemblies can be taken apart 
is to destroy the basic elements forming the riveted or welded 
seam. 


200. Threads for Connections 

The chief element in a threaded connection is 9 helical thread 
classified by its diameter, pitch and profile. In the U.S.S.R., 
government standards (GOST and OST) have been established 
which must be strictly observed. 



Fig. 293 


The reliability of a threaded connection depends on the magni- 
tude of friction acting between its elements; the greater the 
friction, the more reliable the connection. Since the greatest 
friction is obtained with a triangular thread, it is the one chosen 
for holding purposes. Fig. 293 shows a thread dimensioned by 
the metric system and designed for thread diameters of from 1 to 
^00 mm. The drawing shows that the apex angle of the thread is 60% 
and since the sides of the thread form equal angles with the axis 
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of the bolt, the thread has the form of an equilateral triangle. 
The height of the triangle 


fo = 0 866 s, (179) 

in which s is the pitch of the thread. 

Since the amount cut off at the thread’s apex and base is 
the actual height of the thread 

/jj = /o - 2 4- 0.75 to = 0.6495 s. (180) 

Further examination will show that between the roots of the 
thread on the bolt (diameter d^) and the points of the thread* on 





Fig. 294 


the nut, a radial clearance has been left the magnitude of 
which 

^ = (181) 

whence represents the depth of the working profile of the 
thread. OST Specifications for each size of screw include the 
dimensions of the external diameter do, average (mean) diameter da®, 
internal dialneter d^, pitch s, height of thread t^, and the 
clearance c'. 

When dimensions are given in the metric system, they are 
marked with an M followed by the external diameter and pitch. 
For instance, M 30 X 3.5 infers that the screw has an external 
diameter of 30 mm and a pitch of 3.5 mm. Screws with dimensions 
based on the inch are also used in the U. S. S. R. Fig. 294 shows 
such a thread with a profile angle of 55°, used for diameters of 
from 3/16' to 4' (OST 1260). The cross-section of the thread is 
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in the form of an isosceles triangle with an angle of 55° at its 
apex. The altitude of this triangle 

fo = 0.96049 s, iX182) 

in which s is the pitch of the thread. 

The distance of the cut-off of this triangle from the apex is 

Irom which we obtain 

- /o — 2 -| = -I ^0 -- 0.6403 s. (183) 

Another difference of this thread as from one of the metric 
type IS that there are two clearances ^ y between the bolt 

and the nut at the root and apex of the profile. The rest of 
the notations in Fig. 294 are the same as for the metric-type thread. 

The number ot threads per inch ranges from 3 (when the 
diameter is 4") to 24 (when the diameter is 3/1 G"). 3'he inch-style 
thread is forbidden* in the manufacture of new articles. Among 
other threads tor connections is the GOST G357-52 for piping 
with diameters of 1/8" to 18". » 

201. Tapered-Pin Connections 

Some demountable connections are implemented with tapered 
pins and are therefore called pin connedinns. Assume it is nec- 
essary to join two details 1 and 2 as in Fig. 295a. Alter drilling 
holes to fit the exact shape of the pin in both details (Fig. 2956), 
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a) b] 

Fik. 295 


we drive in the pin with a hammer or a press. Under the action 
of the tapered pin 3, the end ot detail 2 will be drawn into the 
socket in detail 1. If there is a flange m and the pin is driven in 
firmly, a reliable connection is formed which, if neceskary, can 
easily be taken apart by forcing the pin out in the opposite 
direction. 

* In the U.S.S.R. — Editor’s note. 
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fjuch connections may also be made as shown in Fig. 296a: 
the two parts to be joined are enclosed in a common bushing 
and the connection is made with two pins. 

Tapered pins are held in place by friclion, which increases as 
forces Nj and Nj increase (see Fig. 162) As already explained in 
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Sec. 110, these forces increase as the anglea toimed l)y thesloping 
sides of the pin decreases, llince angle a is made as sm.ill as pos- 
sible, its ratio ^ (Fig. 2U6/>) lo llic lengih l>eing , or 

and very seldoiii gt eater. 
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STttENGTH OF MATERIALS 


(> H A P 1 C 11 XXI 

BASIC PRIXCII'LES 

202. S(rps>» and Strain in a Body 
IJndpr Ihp Artion of Evlornal Forces 

Assume that a rectilinear bar is reslint; A\ith ils ends on two 
supports and \vc exert a force on if, at some point between the 
supports, by haiu,Mnj:{ a delimte weight to it. Under the action 
ol this lorce the bar will liend and become (“m'Yjiiuear in form. 
By repeating this experiment with weights ot various magnitude 
applied at the same point, we will find that the liar bends more as 
we increase the lorce. Such a change in form, or dimensions, of 
a body under the action of applied ton es (catted loads) is known 
as diaui 

By oiM^erving the form ot the liar alter removing the load 
causing the strain we will see one of two things: either the bar 
will return entirely to ils original shape, or its iorm will be only 
partially restored. In the lirst instance the strain is called elastic 
while in the second case, when the bar remains partially de- 
formed, it is said to have attained plastic strain ora permanent 
(residual) set. We thus see that Avhen a body is subjected to the 
action ol a load undei certain conditions elastic strain may be 
accompanied by a permanent set. II the load is still further 
increased, strain will become so great that the bar will fail. 

Strain is not only caused by direct action of one body upon 
another, but also by a body’s own weight. 11 we place a metal 
bar on two supports and it is very long in comparison to its thickness, 
we shall see that ils own weight and corresponding reactions at 
the supports will cause it to liecome curvilinear ih form. 

In the above examples, strain is so great that it becomes visible ; 
such strain is not permis.sible in engineering structures or machines 
except where special parts are used (springs of various kinds), 
meant to absorb strain of considerable magnitude. However, all 
parts of any structure or machine may become somewhat strained 
under the action of applied external forces; and though such 
strain may not be visible, it can be measured with precise instru- 
ments. 
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203. External and Internal Forces, 
and the Cross-Section Method 

Wf know from experiment that the ^jrealer Ihe force applied 
lo a body, the greater the strain. For instance, in the case of 
the bar just mentioned as being subject to bending, the extent 
of curvature depends on the magnitude of the applied forces at 
a given cross-section. 

In all cases when external Forces cause strain in some member, 
internal torces arise, in proportion to the magnitude and direction 
of the forces, to resist the external forces. How can we determine 
the magnitude of internal 
forces caused by the action 
of external lorces? 

Assume that a beam A BCD 
(Fig. 207) is under the action 
of a system of l)alance(l lorces 
Pj, Pg, 1 * 3 , P 4 , and Pj. Let ns 
lind LJie internal forces acting 
in the cros.s-sc^dion run. To 
do this, we reason as follows, 
if the beam as a whole i« in 
equilibrium, then all parts l'i«. 297 

of it are also in equilibrium. 

Let us try to deferinme, foi example, what lorces would be 
acting on the part rnCDn. In the iirsl plai'o there ai external 
forces Pi and P^, and then there are, apparently, some forces 
acting from portion BtntrA. Let us imagine that \ve cut the beam 
along line inn, and remove the portion BmiiA. Tf wc denote U as 
the resultant ol the elementary lorces acting lioni the discardel 
portion upon Ihe remaining free body, then we may say that the 
free body mCDn is in eipiilibrium under Ihe action ol forces Pi, 
Pg, and il. This force It is the internal lorce that balances lorces 
Pi andPg. As already explained in Statics, when there is a system 
of forces in equilibrium, any one of the forces balances all the 
others. Hence the force R is equal and oppo.site in direction to 
the resultant of forces Pj and Pg. 

Reasoning in the same way with respect to portion BtntrA 
(that is, discarding portion ttiCDn), we come to the conclusion 
that it is umfer the action of the internal force R' which is equal 
to the resultant of forces Pi and Pg, or what is just the same, force 
R' balances the external forces Pg, P 3 , and P 4 , as applied to 
portion BmnA. 

We therefore find that the internal forces in tin' right and left 
portions of the beam are equal in magnitude (which is as it 
should be according to the law stating that action and I’eaction 
are equal and opposite), but the direction of these forces depends 
on which of these portions we consider as the given free body. 
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As we shall eventually see, the direction of internal forces deter- 
mines the nalure of strain that the body undergoes. 

In this ease tlie system of external forces is such that the result- 
ant R of the internal forces is not perpendicular to the giVen 
cross-section mn. We therefore resolve R into two components - N, 
perpendicular to I he vertical plane and T, lying within it. We 
**TOay thus replace R with these two components. The first is called 
the normal force, and the second the langrnlial force. 

Now let us find the answer to the question as to whether the 
internal force will })e the same in all sections of the beam. Assume 
that we cut the beam along line parallel to mru and discard the 
left portion With the given distribution of forces we see 

that there are now three forces instead of two - P^, P5, and P4 — 
acting on the remaining free body. Hence the force balancing 
them and equal to the I'esultant of the discarded forces P^ and 
P3 will differ from them and thereby the internal foice in this 
cross-section will also differ. 


Furthermore, if instead of a vertical plane we had taken our 
section of the l)eam in some direedion olher than i)erpendiciilar 
to its axis, the force R wonid i)e directed towards this plane 
at a different angle and eonse(|uently the components N and T 

would have been different. Thcre- 
lore in general the internal forces 
dilfor at dillerent sections of the 
beam. 

Idiismelhod lor determining inter- 
nal forces in a strained body is called 
the cvoss-scrlion method and is made 
wide use of in solving strain prob- 
lems ol bodies. 

lllusirativf* ProMoni 100. A roof Iruss 
is resting on two supports A and li 
(Fig. 298«). A verlicaJ force P is applied 
al C. wSiiice the truss is syinnietrical with 
respect lo the kin g-posl?C/^, the reactions 

p 

ol the supports will each be — , i.e., 

J<A = Hf{ 0.5P. Find the internal 
forces acting in the ralter AC and the 
lie beam AD. 



Fig. 298 Soludoti: Let us assume that, by 

cuttiiig -through plane mn, we have 
procured a free body at joint A. A is in equilibrium under the action 
of the reaction Ha und 1 he internal forces in both AC and AD. We begin 
with a point A, below the diagram (Fig. 298^>), and after delineating 
the vector of force 11^, we resolve it into two components AjD, and 
AjCi directed towards AD and AC. In order that these two forces be 
balanced by force R^, they must be directed in opp^le direc tions . 
In this way wc obtain a balanced system of forces Ra, AyD', and A,C'. 
From this we find that the lie beam AD is under tension, while the rafter 
AC is under compression 
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204. Internal Forces of 

'^heu a body is strained under the action of external forces 
the points of application of these forces are more or less dis- 
placed, with the result that these forces perform a definite amount 
of work in the si rained body. This work is eciual to the negative 
work of the internal for(‘es resisting strain. If strain is elastid? 
the work of the internal forces is equal to the potential energy 
accumulated J)y the strained body. This energy is returned when 
the Imdy assumes its original form. 

This factor coiineeted with the polenlial energy of strain is 
frequently utilised in engineering - among oilier things in 
machines and instruments employing springs, membranes, and 
similar resilient |)arls. 


205. Slres^ in Si rained Hodie> 


The internal lorces Hand IF as jiresented in Sec. 203 are result- 
anls of the elementary forces of jiileraction between the particles 
of two parts»ol a sliained body. Thus it I he s( rained body repre- 
sented in Mg. 200 ^\cIe imagined lo be cut as shown, then we 
may assume such an vhmnmtaiy lorce aiding on eacdi particle. 

Lei Mie eleimmlaiv loree IF be aehng on some small area 
AF oJ ])ortion / of llie body. It is ouMons Dial Ihegi’ealer the 
force, (he great ei (lu‘ inlernal 

bv 


These forces an' measined 
is found by dividing the 
elementary forc(' /!!* by 
the area Hy denoling 
the force as o-, we obtain 


forces set up in I he material, 
a (piaiililv called sticss, which 

J JI 


a 


\P 

ir 


(184) 



Jn general, stresses diflei 
in difleronl parts ol a 
strained body. 

Inasmuch as force is expressed in kilogrammes and area in 
centimetres or millimetres, then stress is expressed in kg/cm^ 
(read, kilogrammes per square centimetre), or kg/mm^. 

It internal forces are distributed e\enlv over the given cross- 
section, the siress will lie the same at all its points and can be 
determined by dividing this lorce P by the whole area of the 
cross-section F: 

(T -- . (185) 
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206. Ultimate Strength and Safe Stresses 

If we take two pieces of steel wire of the same quality and 
length butjof different diameters and hang them so as to support 
equal loads, we shall find that the one of the smaller diameter 
will have the greater elongation. Thus, under the sam^load, the 
strain of the wires will differ. If we further load the wires, we 
shall find that at a certain load the thinner wire will acquire a 
permanent set and will not recover its initial shape when the 
load is removed, whereas strain in the thicker wire will remain 
elastic. Finally, at a certain further load the thin wire will snap, 
whereas the thick one will remain unbroken under the same load. 

Thus we see that strain in the two wires diifers under one 
and the same load. The reason is that the stress is less ift the 
cross-section of the thicker wire because its area is greater. 
PTom which it follows that it is not the magnitude of the exerted 
force that determines the nature of strain, but the magnitude 
of stress. However, stress alone does not determine the charac- 
ter of strain. Indeed, if we repeat the experiment with two 
pieces of copper wire of the same diameters, we Ajfould find that 
they acquire greater elongation under the same loads and break 
under smaller loads, 'this means that the nature and magnitude 
of strain depends also on the physico-mcchanical properties 
of the material. 

Strains of \arious kinds find practical application in engi- 
neering. P^or instance, in the forging or rolling of melal we force 
it to undergo non-elastic strain which enables us to give it the 
required shape. In the cutting of metals, forces required for 
separating the chips are pul into action. In all these cases we 
create stresses which correspond to the produced strain. 

Where machines and other engineering eepupment are con- 
cerned, however, the problem is entirely different. Ol^viously 
in their case there must be no permanent set, since such strain 
would cripple normal work of the parts. Accordingly, all parts 
of machines and other e{|uipment must be subject to only elastic 
strain, to disappear when the action of the load is removed. 
Whereupon machine })arts are so constructed as to keep strain 
within permissible limits, from which it is clear that the created 
stress under a load must also be within permissible limits. To 
accomplish this, calculations in design are based on certain 
safe stresses which are established as a delinite fraction of the 
stress that would break the member. Obviously the magnitude 
of a safe stress depends firstly on the material of which the part 
is to be made. 

All these factors concerning determination of strain and stress 
under the action of external forces, as well as calculations of the 
strength of elements of machines and all other types of struc- 
tures, are treated in the science called Strength of Materials, 
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207. Static and Dynamic Loads 

There are various kinds of action of a load on a structure. 
Let 'js consider a bridge for example; here the load fluctuates 
within narrow liinils. Its own weiglit is constant, hut the load 
created by the traffic passing over it changes gradually in the 
course of comparatively prolonged intervals of lime. The floor 
load in an apartment house changes in a similar way, as does 
also the hydraulic pressure exericd upon a dam, etc. This kind 
of load, which grows gradnallv and I hen either remains constant 
or undergoes comparatively little ehange, is called a s/o/ir load. 

There are other cases where external iorces ap])lied to a body 
do not increase slowly hut act with a force that grows quickly 
to iti maximum; and linally there aie cases where the whole 
load is applied simnllaneously and produces impact. These are 
called dynamic loads. Wagon couplings undergo such loads when 
a train starts suddenly, and such loads occur when a forge is 
working, and when l)a(lly centred workpieces are being ma- 
chined on a lathe. 

A dynamic load produces greater strain and stress than a static 
load. Hence, iiFthe designing and opeiation of niaeliines and other 
engineering structures, everything is done to avoid dynamic 
loads except wlnm impact is needed to obtain greater effect 
(the blow ot a forge hammer, i>ilc- driver, etc.). 


208. (Ihlef Tjpes of Strain 


All parts ol a structure act upon each other in various ways 
and, accordingly, the Iorces exerted by one part upon another 
cause different kinds of strain: the calilc of a hoisting machine 
is stretched, the foundation ol a 
structure is compre.ssed, a hori- 
zontal beam is bent, etc. 

Strain is di\ided into the follow- 
ing categories: 

1. Tension and compression (big. 

300a arid b): such strains occur in 
the elements of bridge trusses, lorge 
hammers (compression), the shank 
of a bolt when tightened by a nut, 
etc. 

2. Transverse displacement (shear) 

(Fig. 300c): under the action ol 
equal and opposite forces a rivet 
may shear along the line m:v, a too 
great tightening of a nut and bolt will cause the thread to 
strip off the shank of the bolt along the internal diameter, 
etc. 





s) 

Fig. 300 
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3. Twist (Fig. 300d): twist is a strain that occurs in all parts 

that undergo torsion. Shafts of machines are most subject to 
twist. , 

4. Bending (Fig. 300e): beams and girders of all kinds are 
subject to bending, any axle may bend under its own weight, 
the weight of other parts mounted on it, and the actioii of applied 
forces. 

All the above strains are classified as simple; but very often 
machine parts are subjected to several stresses at once. Shafts, 
for instance, are acted upon by torsion and tension at the same 
time, resulting in combined strain. 

209. Questions tot Review 

1. What is meant by strain and upon what factors docs its magnitude 
depend? 

2. Is it possible to judge the magnitude of strain by only the magni- 
tude of the load acting on Ihe member under consideration? 

3. In what eases is i1 necessary lo induce a jiermanent setin a material? 

4. In what kind of calculations is tlu cioss-section method used? 
Explain it in biiel. 

5. State the kinds ot stiain piodueed in llie following components: 

a) an ordinar\ (utter wlien a surlace is being machined; 

b) a drill in operation; 

c) the lead screw ol a Ihread-cutting lalhe when in operation; 

d) the jaws ol llie chuck on a lathe when the outer surface of a work- 
piece is being laslencd; 

e) the screw of a paiallel \ise holding a workpiece; 

f) the shank of a rivet in its cross-sections directly beneath the heads 
where they hold the live tied parts. 


OlIAPTl, R XXII 

TENSION AND EOMPIIESSION 

210. Tension. Absolute and Unit Elongation 

Assume that a force P, constant in magnitude and axial in 
direction, is applied to the lower end of the immovable pri.s- 
matic bar shown in Fig. 301. The bar is in equilibrium under 
the action of two equal and ojjposite forces — P and the reaction 
P'*. Let us take a cross-section mn perpendicular to the axis 
of the bar at an arbitrary plane; by imagining that we have 
discarded the lower part (if the bar, we come to the conclusion 
that the upper part as a free body is in equilibrium under the 
action of force P and its opposite force P'. Accordingly, the bar 
will stretch along its whole length under the action of force P. 
If the cross-sectional area of the bar is equal to F, the stress 


* In the given example the weight of the bar is ignored, 
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in the cross-section 


p 

^ F 

from which 

P -- aF. (186) 

If wc increase the magnitude of force P, then the length of thi* 
bar also increases. Assume that with a certain magnitude of 
force P, the length of the bar ~ I 4- in 
which I is the original length, and Al is its 
elongation when in a state of strain. This 
final length is called absolute elongation. IBut 
absiplule elongation does not tell us all about 
the character of strain. To illustrate this let 
us take a rubber l)arid, cut it into two unequal 
lengths and Jiang equal weights on them; it 
will be found that their absolute elongations 
differ in magnitude. Hence, absolute elon- 
gation is no indication of proportionate strain 
under the ac+ion ot a given tensile force, f lowe- 
ver, it we compare the elongation per unit 
length of I he two bands of rubber, we shall find 
that it is the same for both. This i.s called unit 
elongation and is a ratio of absolute elongation 
to original lengtli. By denoting unit elongation 
as e, we obtain 

-V- (187) 

Since the numerator and denominator of fhg. 301 
.this fraction arc both expressed in units of 
length, it is an abstract number. Oidinaiily, unit elongation 
is expressed m percentage, tlien 

£%-^ 100. (188) 

Wherefore, longitudinal sham of a body under the action of a 
tensile force is measured by its unit elongation. 

211. Transverse Strain of a Body 
Under the Action of a Tensile Foree 

Experience has shown that the elongation of a bar under a 
tensile force is accompanied by transverse contraction, that is, 
by a decrease in cross-sectional area perpendicular to the line 
of action of the force, \ssume that the bar in Fig. 301 is being 
stretched by two equal and opposite forces P and P', that it is 
square in cross-section, and that one of its sides is equal to a. 
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When the bar is elongated by a length equal to the dimension 
a is decreased to a^, and the difference between a and is the 
absolute transverse contraction Aa, i. e., 

Aa-~a--a^. ^89) 

Transverse strain of a bar is measured by unit Iransverse 
compression: 


The relationship between unit transverse compression s' 
and unit elongation e is 

jiie, (191) 

tliat is, transverse strain is proportional to unit elongation. 
The coefficient p is known as the coefficient of transverse compres- 
sion and is a constant determined empirically for each material. 
The coeliicient for carbon steels, for instance, is fiom 0.21 to 
0.28; lor copper it is from O.dl to 0.34; for aluminium it is from 
0.32 to 0.30, etc. It is less than 0..5 for most materials, while 
for rubber it is almost 0.5. Unit elongation for fliost materials 
is three to four times more than transverse compression. 


212. The Tensile-Stress Diagram 

III iu\estigating the properties ot metals in the study of ma- 
terials, changes are examined in the length ot a bar when 
it is stretched in a tensile testing machine. In the tensile 
diagram the loads arc plotted along the vertical axis and 
corresponding elongations marked off along the horizontal 
axis. 

Up to a certain load elongation is proportional to the load. 
Under greater loads, elongation increases faster in proportion, 
and at a still greater load P, elongation continues without any 
further increase of the load: the material begins to “yield’ . 
Then resistance to strain increases until a moment is reached 
corresponding to a certain maximum load. At this stage a cross- 
seclional reduction (a “bottleneck”) becomes apparent at 
some place along the specimen's length. This is the beginning 
of complete failure: for henceforth the bottlenack narrows 
rapidly even with a decreased load and finally the specimen 
snaps. 

With such a tensile diagram we can make a tensile-stress 
diagram to show the relationship between stress and unit elon- 
gation. 

On a rectangular system of coordinates (Fig. 302) we plot 
unit elongation in per cent (e%) along the axis of abscissae, 
and corresponding stresses a along the axis of ordinates. The 
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form of the curve obtained will be similar to that in the fensile 
diagram. Point A on the curve will correspond to a stress beyond 
which unit elongation ceases to be proportional to the stress. 
The Jtress at this point is the limit of proportional elongation 
and is denoted as Op. Point B on the curve will correspond 
to the stress Og and is called the yield point. Point C wilt cor- 
respond to the stress when a neck begins to form on the 
test bar and will show the moment when failure begins; this 
stress is called ultimate strength*. And finally, 1) will mark the 
point at which the metal snaps. 

It must be additionally noled that slightly higher than point 
A is a point corresponding to the stress at which strain passes 
from elastic to plastic: this is called the elaslir limit. However, 
since *this stress is very 
close to the limit of pro- 
portional elongation, the 
two may be considered 
the same for practical 
purposes. 

The magnitude of stress- 
es Ob) ancroTp charac- 
terise the mechanical prop- 
erties of a material, i. e., 
the capacity for resisting 
the action ot external 
forces causing strain and 
lailure. For steel contain- 
ing 0.15% carbon, -.35 15 kg/mm- and o, 20 kg/rnm^ 

for steel containing 0.6% carbon, cr^ 61 -87 kg/mm® 
and Og — 50 kg/ninP; for chroiniuni-nickel steel 00 kg/mm* 
and Og = 75 kg/mnF. From this we see that the strength of 
steel increases as its carbon content increases, and also as spe- 
cial alloying clemenls are added. 

The unit elongation of a material undergoing a tensile lorce 
is denoted as 6, is expressed as a percentage, and characterises 
the elasticity of the material. The smaller il is, the more brittle 
the material. 

An illustration is grey cast iron which fractures before hardly 
receiving any elongation or transverse contraction. The ultimate 
strength of vast iron is considerably lower than that of steel: 
for grey cast iron, Ob -- 18 — 27 kg/mm*. Thus the tensile- 
stress diagram for brittle materials is quite different from the 
one characterising the previously-examined materials. 



* Sometimes this stress is called temporary re.n.'itance. 
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213. Relationship Between Stress 
and Unit Elongation. The Modulus of Elasticity 

The reader is reminded that up to the limit of proportional 
elongation Cp, elongation of a test bar is proportional to its stress 
and the linear segment OA is a straight line, as is seen from the 
diagram in Fig. 302. Within these limits, if under the stress 
Cj the bar receives a unit elongation of and under the stress 
<72 receives an elongation of e^, etc., we obtain the following 
identities : 




Fj 



- , etc. 


This means that the relationship between stress and cor- 
responding unit elongation is a constani, which, if denoted as 
E, assumes the general form of 




or 


eE. (192) 

This coctlicient /s is called llie modulus oj clnsticilij; giv- 
en au equal strain, then the greater the stress the greater the 
coefficient E. Since stress is expressed in kg/em® or kg/mm®, 
and unit elongation is au abstrail number, the modulus of 
elasticity is expressed in the same units as stress - ordinarily as 
kg/cm®. 

As already noted, the limit of proportional elongation may be 
considered the same as the elastic limit and, hence, Eq. (192) 
may be used either to find the magnitude of elastic strain under 
a given stress or to obtain the stress corresponding to a given 
strain. The numerical value of the modulus of elasticity has 
been determined empirically tor different materials with the 

aid of the equation E by measuring their elongation under 

a given stress. 

For example, the moduli of elasticity, in kg/cm®, of carbon 
steel is from 2,000,000 to 2,200,000, for steel casljngs 1,750,000, 
for cold-drawn brass from 910,000 to 990,000, for wood along 
the grain from 90,000 to 120,000, for wood across the grain 
from 4,000 to 10,000, and foi’ leather belting from 2,000 to 6,000. 


Illustrative Problem 101. A steel specimen, pulled with a force P = 
= 500 kg, received an elastic elongation /!/ = 0.0272 mm. Its cross-sectio- 
nal area F = 181.2 mm* and length I = 200 mm. Find its modulus of 
elasticity E. 


Solution: we find that the stress o = -77 = 




and unit 
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elongation e = — 


0.0272 

200 


and by applying Eq. (192) we obtain 




!L— iL 

6 - FAl 


500 X 200 _ _ _ _ . . , 

T 8 lX 7 ~ 0 .r) 272 ^ ^ kg/nim* = 

=- 2,025,000 kg 'cm 2. 


Illustrative Problem 102. Delernunc the absolute clongalion of a 
steel bar of length / = 2 in and cross-sectional area F = 2 cm* under 
a load P = 3 tons. 


Solution: Eq. (192) indicates that unil elongation ^ nnd stress 

P P Al PI 

cr = Therefore e = — ^-==-— , from which Al = -y . Taking E as 

2,000,000 kg/cm* and substituting numerical values, we oblain 

_ 3,000 X 200 _ . _ 

2,000,000 X 2 ~ 


Illu'tirativc I'ntbleiii 103. I-ig. 303 shows n shall ol Icnglh I - 20 m 
and diameter d =. 50 mm. It levolvcs in three healings with collars 
A and B at the ends of I he shaft to 
prevent longitudinal displacemenl. 

The collars were installed on llie 
shaft in close contact with (he healings 
during the sumnie# months when I lie 
temperature was 30° (i. Whal a vial 
force will the collars exert on I he 
bearings in winter wdien the lempcna- 
ture in the building is 10°(.? 

Solution: the coellicient ol linear expansion of steel is 0.0000125. 
Since the tempejatui*e tails 30° - J0°==20°, Ihe shaft contracts 0.0000125 x 
x20 = 0.00025 of its length. This will give lise to a tensile stress in 
the shaft which we lind through Kq, (192) and by taking the modulus 
of elasticity E ■= 2,000,000 kgycm^ and c — 0.00025. Then by substi- 
tuting numerical values we obtain 

r/ 2,000,000 > 0,00025 500 kg /cm*. 


/I 




I ~ 
big. 303 


In order to find Ihe force P acting on Ihe shaft axially, we multiply 
this stress by the cioss-seci lonal area ol the shall: 

/72 \2 

F = -= = 19.0 cm*, whence the lequiied force P 500 \ 

4 4 

X 19.0 = 9,800 kg. 

If nothing prevents the shall liom shorUning, il will attain its abso- 
lute longitudinal contiaction which, according to Eq. (187), will be 

Al = el = 0.00025 x 20 0.005 m = 5 mni. 


Wc thus see that the collars arc exerting too great a pressure on the 
bearings to achieve normal operation, and the work of the drive will 
be disrupted. * 

Illustrative Problem 104. Assume that the bar vertically suspended 
in Fig. 301 is not undei the action of any external force P, but only of 
its own weight. At a freely-chosen cross-section mn the internal forces 
will be equal to the weight of the part of the bar below it. Obviously 
the higher the cross-section, the greater the internal forces, and the 
greatest force will be in the uppermost cross-section where the bar is 
suspended. The greatest stress will also be in this cross-section, i.e., 

or = ^ , in •which G is the weight of the bar and F is the cross-sectiona 
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area. By denoting specific gravity as % then G = FlyvaA a = —j- ly. 

We thus sec that in this example the stress does not depend on^ cross- 
sectional area. 


214. Compression 


Compressive strain is the opposite of tensile strain. All the 
relationships that have been given for tension are also applic- 
able to compression : if the bar in Fig. 304 were under the action 
of compressive iorces P and P', at any cross-section perpendic- 
ular to the line of action of the load there would be compressive 

p 

stresses a - , in which P is the load and 

^ • 

F is the cross-sectional area. The bar will 

strain longiludiTially along the direction of 

the load and its length will diminish as 

expressed by e - or in percentage as 

expressed by c % — 1 00. 

(kmipressive stre.sscs arc proportional to 
unit longitudinal strain, i. e., cr — Ee. The 
modulus ot elasticity F for compression is the 
same as tor tension for most materials. 

Under compression, contrary to tension, 
the lateral dimensions of a specimen bar will increase. 
Eq. (191) expresses the relationship between the magnitude of 
these dimen.sions and longitudinal strain. 
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215. Design Furiiiiilae for Allowable Tensile 
and Compre-ssive Stresses 

Tensile or compressive .stresses, occurring in the same direc- 
tion as the load, are determined by Eq. (186): 

P -- aF. 

As already explained in Sec 206, machine parts are designed 
so that their stresses do not exceed safety limits. By substituting 
the allowable tensile or compre.ssive stress for the stress a in 
Eq. (186). we can determine cross-sectional area for*a given load 
to ensure the strength of a machine part. 

The allowable ten.sile stress is denoted as and E(}. (186) 
becomes 

P = R,F. *(193) 

We replace stress a by the allowable compressive stress Ra 
in the same equation, which becomes 

P-FdF. - (194) 
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Eqs (193) and (194) areior soloing allowable tension and compres- 
sion. 

In (determining the cross-sectional area of a part, the magni- 
tude of the tensile or compressive load and the allowable stress- 
es must be known. As already noted, the allowable stress is 
a fraction of ultimate strength and may be expressed as 

li (195) 

in which R is the allowable tensile or compiessive stress {R^ or 
RfD, 0*5 is the ultimate slrength, and n is a number indicating 
how much larger the second is than the tiist and called the 
factor of safelij. 

This safety factor is not a constant, it must ensure the strength 
of the given part against permanent set and depends on a num- 
ber of circumstances. Foi instance, the satety lactor Jor hiilLIe 
materials is larger than for elastic maleiials, and Iarg(u* tor a 
dynamic load than for a static load, etc. 


^robloii 

to 


AJ3 oi Ihe hunket ni Jlliisli dive Piob- 
lein n (Sec. 21) i? to be made ot mild sit cl and loiiiul cioss set lion. ( aleii- 
late its diameter d iJ the allowable 
stress Hz is 1,400 kg/eriF. 

SoluUon, in the quoted pioblem 
it was loiind that loice l*^ aetiii^^ 
along arm AH w^as equal to 900 kg. 

Whereupon 

1 ^" - JL 

4 " f{, ’ 


F = 


whence 


^ - fX - 


9 mm. 


Illustrative Problem I OH. n]\eboll 
2 in Ing. 305 is passt d fit*ej\ tliiougli 
the wooden beam 1 and has a itid 
6 suspended fiom pin 6 passt d 
thoough its eyes. A tensile loiee 
P is applied to the rod. Denote 
the interna] diameter of the bolt 
as d, and calculate the dimensions 
required for the various mcnibcis 
of this assembly. 

Solution: fi-om Kq. (193), 



F 


P 


- 9 

4 


whence 




= 2 



9 


which, when the numerical value of the allowable stress enters the 
equation, gives us the internal diameter of the bolt, and Iroin Standards 
Tables (OST) we then fqid the corresponding external diameter of the 
bolt. 
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Then we calculate the dimensions of the eyes of the bolt. We see that 
failure may take place along cross-section kl, the area of which for the 
two eyes is 2(D — dj)c, in which is the diameter of the hole for the 
pin, and c is the thickness of the eyes. Hence the design equation wyi be 

P =.2(0 - dt)cl{.. 

Lastly, we calculate the size of rod 6. With a thickness oi^a and a 
width of b, the area resisting fracture J<’, — ba. The design equation is 
= P, from which, havijig found the area ba, we can take some 
siiilabic value either lor a or b, and calculale the other dimension. Sinoe 
at cross-seclion kl the rod is weakened by the iiolc required for pin S, 
it must satisfy the equation 

(D - dt)aRi P. 


21 1>. Compressiuu and Buckling 

Try the following experiment: place a Ihin steel bar in a 
vertical position on spring scales as shown in Fig. 306. Press 
your hand vertically down upon Ihc upper end ol the bar, thus 
gradually increasing the axial compressive force P but maintain- 
ing the bar’s vertical posilion. Hy observing the pointer on 
the scales we will sec lhat force P increases but the bar remains 
straight. As we increase the pressure, it reaches a point at which 
the bar begins to bend, but when we release 
the pressure, it recovers its original shape. If 
we increase the force beyond the point where 
thebar just begin.s' to bend, bending will increase 
and, with further pressure, Ihc bar will acquire 
a permanent set and then break. 

If we repeal this experimeni with bars ol 
dilferent lengths but with their cross-sectional 
dimensions and their material remaining the 
same, we shall see that the magnitude of the com- 
pressive force at which^the deflection of the bar 
ceases to be elastic depends upon its length, 
i. e., as the length increases, the magnitude of 
this force decreases. This is called the criliml load 
and is denoted as P^,.. 

Fig. .30() Thus, the failure of an axially-compressed bar 

may occur not because compressive stresses 
exceed their allowable magnitude, but because of longitudinal 
distortion, technically known as loss of slabilitif and resulting 
in buckling. 

The eminent Russian scientist Academician L. Euler was 
the first to investigate buckling; the formula determining the 
critical, or buckling, load for slender columns is known as Euler’s 
Equation. 

Columns, compression struts of various types of trusses, the 
connecting rods of piston engines, and other machine elements 
and members of engineering structures are all subject to buckling. 
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217. Questions for Review 

^ Two bars of the same material and similar cross-sectional ared 
become elongated to different extents under equal loads. What is the 
explanation for this? What can be said about their unit elongations? 

2. Can it be said that absolute elongation is proportional to unit 

elongation? ^ 

3. Why must machine parts be made so they can acquire only clastic 
strain? 

4. Does the load alone indicate the magnitude ot the stress in a mate- 
rial? Does the absolute strain indicate it? 

5. What can be said of the modulus of elasticity ot materials that have 
different unit elongations under the same load? 

6. Under what condition will a veiticaljj suspended bar fail because 
of the action of its own weight? At what cross-section will the fracture 
take 4 )laec? 


218. Everei'^es 


105. A chain made of IG-mm round sled links is under a 
load of two tons. Calculate the tensile stress in ils links. 

10(i. Wl)at*will be the absolute elongation ot a steel rod 8 m 
long and GO mrn in diameter under the action ol a load P = 
— 30 tons? (The modunis ol elasticity 
2,000,000 kg/cm^.) 

107. What stress is created in a steel 
bar G m long and 25 mm in diameter 
if its absolute elongation under a 
load is 3 mm? (The modulus of elas- 
ticity E - - 2,0()0,00() kg/cm*.) 

108. A copper bar 100 mm in dia- 
meter was tightly fixed between two 
immovable walls when the tempera- 
ture was 15°C. What stress will be 
created in the bar and what pressure 
will it exert on the walls at a tempera- 
ture of 50 °C? (The coefficient of linear 
expansion of copper is 0.00001G7; and 
E -= 1,000,000 kg/cm*.) 

109. At what length would a bar ot 
mild steel break under the action of its own weight if its ultimate 
strength is* 4,000 kg/cm®? (Specific gravity y — 7.85 g/cm®.) 

110. A copper bar that is being tested in a tensile testing 
machine has an initial length, between two marks, / = 200 mm. 
Under a load P = 500 kg the marked length elongates' 
0.032 mm. Find its modulus of elasticity if the diameter of 
the bar was 20 mm before the test began. 

111. The chain of a hoisting machine is under a load G — 500 kg. 
Find the tensile stress in the links of the chain if it is made 
of 8- mm round steel. 



20 - 5018 


305 



Hint io solution. It must not be forgotten that the load is 
distributed between two cross-sections. 

112. What must be the diameter of rods 1, 2, and 3 (Fig. *107) 
whose allowable stress is 1,400 kg/cm®, a — 30°, — 60°, and 

from which a fixed pulley is hung and with the aid of which 
.4 load G 2 tons is raised? * 


CH AP’j nn xxiii 

SHEAR AND TORSION 

219. Shear (Strain in Lateral Displaeement) 

A sheave, prismalically keyed io a shaft revolving as sliown 
by the arrow in Fig. .308a, transmits rotation to another (driven) 

sheave mounted on a parallel 
shaft. A force P is acting 
trom the first-mentioned 
shatt (right to left) upon the 
lower part of the key, while 
ail ccjual and opposite force 
P' is exerted on the part of 
the key entering the key-seat 
in the sheave’s hub. If the 
key is not strong enough it 
Will shear along line mn as 
shown in Fig. 308ft. From 
this it follows that internal 
stresses, due to the interac- 
tion of these forces, arc set up along line mn that resist the shear. 

13y dividing the internal force, eijual to force P, by the area 
F of the cross-section mn, we obtain the stress t: 

r - ^ (196) 

or, by denoting the width of the key as ft and its length as /, 



The stress r is the shearing stress and is expre.ssesl in kg/cm* 
or kg/mm*. This stress acts along the plane of strain mn and is 
a tangential stress. Depending on the magnitude of the tangential 
stress, strain may be either elastic or plastic, or it may even result 
in complete shearing of the member. 



220. Determining the Amount of Shear Strain. 

The Modulus of Elasticity for Sheai; 

us investigate, as we did in the ease of tension, what 
quantity may be used to measure the magnitude of shear strain. 

Assume that two equal and opposite foreesPand P' are act- 
ing on a portion of a beam (Fig. 3090) at cross-sections AC and^ 
BD, situated at a small distance x from each other. Under 
the action of these forces th»i parallelejnped AJi!)C (shown at 
an enlarged scale in Fig. 3096) will become twisted and take 
the form of the parallelogram ABJ\C in Fig. 309c. Hence, 
points B and /), and any other point lying along segment BD, 
will be shifted with respect to segment AC to the extent of 
BBi ^ DDi -- .s. 

A 




log. .50!) 

This quantity .s may be considered to be the absolute shear 
strain in the section ol beam under consideration. However, 
just as with absolute elongation, absolute sliear does not give 
a full picture of the degree ot strain, since this latter depends 
on the dimensions of the body. 

If we take cross-section B'D' at a distance of from AC, 
absolute shear strain will be B’ B[ D’l)\ - s^. From the 
similarity of triangles ABB^ and AB'B[ we obtain 

— = — or — = iL which denotes a cert ain value of y. 

Thus we see that the ratio between absolute shear strain and 
the distance between cross-sections is a constant and for that 
reason is iisvd as a measure ol shear. The quantity y is called 
umi shear slrain (the angle of shear). 

Wherefore, unit shear strain is equal to absolute shear strain 
divided 6j/ the distance between the planes of shear. 

When investigating elongation we found that the stress a is 
proportional to unit elongation within the limits of elastic strain. 
Theory confirmed by empirical research show that the same 
relationship exists with respect to shear, that is, 

T = Gy, (197) 




20 * 
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in which t is the shearinf» stress, y is the unit shearing stress, 
and G is a coefficient called the modulus of elasticity for shear. 
This equation is analogous to Eq. (l'J2). And since t is expressed 
in kg/cm^ (or kg/mm*) wliile y is an abstract number, the mod- 
ulus of elasticity G for shear is expressed in the same units as 
stress (usually in kg/cm^). * 

’ Several values lor the modulus G, given in kg/cm’^, are: car- 
bon steel -810,000; aluminium — 200,000 to 270,000; copper - 
400,000, etc. 


221. Allowable Shear 


Let us denote i?, as tlie allowable shearing stress considered 
necessary to ensuie tlie strength of a part, liy assuming thtit the 
stresses are equally distributed over the whole cross-section, 
we obtain the tollowing design equation for shear: 

P R,F (198) 

with which, knowing the given force I' and the allowable shear 
stress Rg, we can determine the area ot the cross-S(fjCtion required 
to ensure necessary strength of a part. The value tor allowable 
shear just as ior tensile and compressive stresses, varies in 
each case and depends on the material and specific conditions 
that must be provided tor. Allowable shear is smaller than 
allowable tensile stress R^ II may be ajiproximately consid- 
ered that lor plastic materials ranges liom 0 55 R^, to 0.7 
Ej and foi brittle materials irom 0.8 R^ to Rz- 


Illustrative Problem 107. In Pig. 30.') llic pin 5, lefeiiid in in Illustra- 
tive Problem 100, has a di.nm-tei - 15 min. What is the iiiaximurn 
shear P that it can withstand if the allowable shear /k = 900 kg/cm*? 

Solution: under the action ot load P the pin may shear along two 
planes ni,ni and m n,, corresponding to (he planes ol contact ol the eyes 
and the rod G. This shear strain is le.sisled by two cross sections oi area 

each. Hence, through Isq. (198) we obtain 

P = — X 900 pa 3,200 kg. 


Illustrative Probloni 108. A sliafi traiusniils toiquc Mt = 29 kg-m. 
Find the shear exerted on the prisiiiatic key (Fig. 308) along section 
mn if the diainelcr ol Lhc^ shalt d = 45 nim, the width of the key 6 -= 14 
mm, and its length I = 70 mm. 

Solution: the plane of shear F = W = 14 x 70 = 980 9.8 cin^ 

The stress along plane /n/i is equal to jP = Mi: — *2 25 ^ 
shearing stress exerted on the key 
P 2,900 

^ ~ F ~~ 2.25 X 9.8 


132 kg/cm2. 


* We express torque in kg-cm, and diameter in cm. 
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Illustrative Problem 109. Tensile forces P = P' = 2,900 kg are actmg 
in opposite directions on the lap joint shown in Fig. 310, It is held logetHet* 
by two rivets of diameter d = 13 mm. 

Find^ llie shearing stress in the shanks 
of the rivets. 



Solution: the rivets may shear along 
the cross-sections of their shanks where 
both Japs of tlie joint are in contact with 
them. The area of shear of the two 

Ttd^ 

rivets F = 2— , and the shear in their 



shanks 


Fig. 310 



2,!)0() 


N 2.000 : 

2 J7 1 . 3 " 


1,094 kg/cm*\ 


222. Puiieliing of j^lclals and fhining TJhmii 
willi SicH Blades 

Shear strain is taken advantage of in (oil ling metals by means 
of dies and steel blades. Unlike inaehine^N and other engineering 
structures whft’e strain most not be allowed to ex(*eed Ihe elastic 
limit, strain in culling is (“arried to the lailnre stage of Ihe mate- 
rial along the plane ol shear. 

Fig. 311 is a seliemalie illiislialion showing strain in metal 
wlien it is being peilorated by a jiiineh. Under the pressure 
V oi the punch A, I lie mtdal lirsL begins to 
bend within the die li (Fig^ 31 la) a1 the 
same lime acqmiing compressive strain. As the 
punch subsc(|nenlly presses harder on the 
metal, the stress lieeoines so great that the 
melal iiegins lo shear, which is inaiiifcsled by 
crack formalioii in (he workpiece along the 
edges of llie punch and die (]'"ig. .3I]/>). The 
same thing ociairs when metal is cut with 
steel. 

Pressure P is determined according to the 
Fig. 311 equation 

P ^ aF, (199) 

in which F is the area of shear (the product of the length of the 
shear I and tfie thickness ot ihe metal h), a is the shear in the met- 
al and is found empirically. For steel, for example, it has been 
thus determined as 

cr -- 1 1.0 -f 0.56 ai kg/mm^, (200) 

in which is ultimate strength. 

Illustrative Problem 110. Find the pressure P required to punch a 
hole of diameter d = 10 mm in sheet sled of thickness <7 = 8 mm 
and ultimate strength <7^ = GO kg/mm®. 
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Solution: the pressure (stress) a = 11.0 + 0.56 x 60 fa 45 kg/mm.* 
The perimeter oi the hole 1 = jtd = ;i X 10 = 31.4 mm ; th6 area of 
shear F = = 31.4 x 8 ftf 251 mm*, and the pressure required is 
F = Fa = 251 X 45 fa 11,300 kg. 


223. Torque 

Assume thal we have a cylinder on wliich we delineate a line 
AoBa parallel to the axis on one side, and mark two plane circular 

sections mn and 
(Fig. 312a) lying at a 
short distance x from 
one another. Assume 
that the cylinder is 
Jixed at its left ead and 
that tonpie Mjis applied 
to the right end. The 
lorijue is ol course 
balanced by an equal 
and opposiie moment 
acting on the fixed end 
of the cylinder. Under 
the action ol these mo- 
ments the cylinder expe- 
riences strain. 

'riiis strain consists 
in the turning of sec- 
tions inn and niiUi with 
respect to each other 
around tJie axis of the 
cylinder OOi. The line 
AqBq, which was per- 
pendicular to the cross- 
section before torque 
was applied, becomes 
a helix whose tangent 
IS inclined towards the 
cross-sect i on . Th e poin ts 
Aq and Bq, which were 
mutually exactly op- 
posite at different ends 
of the cylinder, are now 
shifted with respect to each other along a length of the 
arc BqB which corresponds to the central angle BoOiB = <p. 
This is called the angle of iwisl and shows the absolute strain. 
By dividing this angle by the length I of the twisted cylinder, we 
obtain the unit angle of Iwist. By denoting this angle by the letter 
9 we obtain „ 9 > 




^ = f 


( 201 ) 
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If we express the angle f in degrees, unit twist will be expressed 
in degrees divided by the length in metres or centimetres. By 
knowing the unit angle of twist 0, it is possible to calculate the 
angular displacement of one plane circular section with respect 
to another when the distance between them is given. Thus, 
the displacement of plane section mjii in relation to plane section 
mn will be tpx = Ox, and with respect to the left-end plane section 
it will be 0(li -f x). 

224. Torque as a F«»rni of Shear 

’ Assume that two lines «o&o ‘*nd (Fig- •1126) are ilelineated 
between sections mn and /nj/Ji on the already-mentioned cylinder 
before it was subjected to torsion. It the figure OgbodoCo were 
unfofded it would be a rectangle. And it is clear that alter twist- 
ing, this reel angle will become a parallelogram Oo^idiCo. The 
line aobg, which was at first perpendicular to the section mn, 
will become inclined through an angle point b„ will shift 

to b'o, line c^do will be inclined tliroiigh and 

point do will shift a distance dodo - bob'a. By comparing this 
strain with ttic shear strain shown schematically in Fig. 3()9c, 
we see that it is similar except that in the given case the tlisplace- 
ment of a point on plane section m^n^ is along a peripheral 
arc, whereas in the former case point li, like any other point on 
section DD, was displaced along a straight line. Therefore, we 
come to the conclusion that torque is a form of shear. 

225. Distribution of Torsional Stress 
in a Plane Circular Section 

If tonpie strain is distinguished by the turning of one plane 
section with respect to another, then the same relationship is 
valid for it as between stress and unit elastic strain, as already 
expressed in Eq. (197), i.c., 

t — Gy, 

in which G is the modulus of elasticity for shear. 

It need only be determined whether the tangential stress r 
is the same at all point s on the plane or whether it changes accord- 
ing to some specific principle. To answer this question we must 
first find if»the unit strain y is constant at all points on the plane 
section. 

Let us assume as before that for the short distance x between 
circular plane sections mn and min^ (Fig. 312c), absolute strain 
is expressed by the arc 6„6i. The length s of this arc is related to 
the angle as given in degrees and to the distance x through 

the identities 

I, 1^/ 27tX TtXOC. 

S — DqDo — 3^ a - jgQ ’ 
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By entering the unit shear strain y instead of we obtain 


s — yx. ^202) 

On the other hand, wc can find the length of this arc from 
plane section m^rii in which it corresponds to the cenjral angle 
boO'iK; this angle, as already explained in Sec. 223, is the angle of 
■*fwist along the distance x and is equal to dx: 


s 


2n^x 

3fi0' 


Tir 

180 


Ox, 


in which r is the radius of the plane circular section. 

By equating its right member with Eq. (202), we evolve 


whence 


czrd 

^ ~ 180 ■ 


(a) 


We now mark point / at a distance of g irOm the axis on radius 
O'obo of the plane section and (ieiermine its absolute displace- 
ment as expressed by the length of the arc //'. According to 
Eq. (202) the lengtli of this arc * 


Se -- y^^, (b) 

in which y^ is Ihc unit torqueat this point, as distinguished from y 
(for .Vg is not equal to .v although the lengtli x is the same). On 
the otlier hand 


Z~W n 

■'e “ .‘KIO®* 


'le 

180 


0i . 


liy equating its right member with h’.q. (b) wc ol)laiu 




-rew 

ISO ' 


Then by dividing each member of this equation by equation 
(a), we evolve the sought-for equation: 


-y - 7 • (203) 

Wherefore, ihe uml slrain at various points of ilie cross-sertion 
is proportional to the distance of these points from ihe axis of the 
cylinder subjected to torsion. 

By denoting t as the slicaring stress at a point on* the side of 
the cylinder and as a similar stress at a point lying on the 
same plane section at a distance ol q from the axis, then according 
to Eq. (197) 

r = Gy, 

-fq = Gy^, 
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Is. 

T 


r 


(204) 

(205) 

(206) 



Wherefore, the stress at different points on the cross-section 
of a cylinder is not constant under a given torque; it is proportional 
to the distance of the point from the axis of the cylinder. 

The greatest stress is at points farthest from the axis, i.e., 
on the surface of the cylinder. It follows that shearing strain is 
zero at points on the axis of the cylinder, 
and therefore the stress is also zero at 
these points. This can be expressed 
graphically as shown in Fig. 313: if 
we imagine that the cro.ss-seetiori is com- f 
posed of an infinite number of concentric 
rings, wo can then evolve the principle 
governing the change in stress by deli- 
neating the triangle ABC. The stros.ses Fie- 313 
are greatest at the siiriace of the cylinder 
and decrease as the diameters of the rings decrease. 

Oml lixernsf.'i 

t. WliicJi aiiLjle in FiR. 312c is larger, y or Vj? 

2. l.s absoiulc shear siiain the s.nnc at ail |)oints on a circular section? 
Is unit .stiain ^he same? 



221*. The riindamental Equation lor Torque 

Heretofon' we have established the relationship between 

stresses m a strained body and the external forces causing these 
stresses, 'i'orriue strain is caused by the action of the torsional 
moment. Now let ns see how toisional stress is determined if the 

^ moments causing torque 

I I y I are known. 

/“I A j / l' We shall iKse the already- 

//I «Vl /f \ cross-section 

I i - i_-J_ method. Let a cylinder be 

T\ I V V ‘ / fwisled by equal and op- 

I V I y I / posite torques Mj and 

I applied at its two ends 

v (Fig- 314). Assume that 

Fit-. 314 we cut the cylinder at 

section mn; after discard- 
ing the right half, we examine the remaining half as a free 
body to see what forces or moments are acting upon it to keep 
it in equilibrium. 

Moment A/j is applied to this hall of the cylinder, and in cross- 
section mn there are elementary shearing forces acting opposite 
in dii'cction to moment Mi. in order that this half of the cylinder 
be in equilibrium, the sum of the moments of the elementary 
shearing forces must be equal to the moment of the external 
forces Ml. 


Fia. 314 


ing the right half, we 
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At an arbitrary point K we select an infinitesimally small area 
f at a distance of g from the axis of the cylinder. By denoting 
Tg as the shear at tliis poini, we obtain the elementary shearing 
force in this area, which is e(|aal to tj, and the moment o^this 
force with respect to the axis of the cylinder, which is equal to 
tJQ. There will be as many moments as there are such areas in 
cross-section mn and the sum of these areas will be equal to 
the entire area of the cross-section. Whereupon, by indicing all 
these small areas, their distances from the axis, and their corre- 
sponding stresses, we obtain the following equation for equilibrium 
of (he given free body of the cylinder: 

- •fei/iPi I W 202 f- V/sPs + ••• etc. (a) 

By denoting, as belore, r as the stress in the plane circular 
section of radius r, we obtain, on the basis of Eq. (205), 



which, alter it enters (a), becomes 

= T^/iCh f '^■~fzGz+ t etc., 

or 

I (fiQi I fiQl + /ael + • • • etc.). (b) 

The expression enclosed in parenthesis comprises the sum of 
the products ol all the elementary areas multiplied by the squares 
of their distances from the axis ol the cylinder, and is called the 
polar moment of ineilia of the cros's-scclion with respect to the axis. 
Its denotation is Jp. 

Accordingly, equation (b) acquires the torm 

(207) 

This relationship, Avhich is the fundamental equation for torque, 
links torque with the maximum stress r on the surface of the 
torsion-subjected cylinder in the given section by means of the 
polar moment of inertia and the radius of the section. 

The quotient obtained by dividing the polar moment of inertia 
by the radius of the plane section is the eijlinder s resisting moment 
under torque and is denoted as Wp, i. e.. 


W = 

''p J. 

(208) 

Mt = WpT. 

(209) 


Since the full deductions of this formula are extremely compli- 
cated in calculating the magnitude Jp of the cylinder, we have 
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evolved it in its final form as follows : 

T — 

2 - 32 ' 


( 210 ) 


where r is the radius and d is the diameter of the plane section. 
After placing this value into Eq. (208), we obtain 


and 


Wp 


?rr* Ttr* Ttd* 

~2T ~ ~2' ~ 16 ” 


(217) 


Mt = 


Trd* 

16" 


r. 


( 212 ) 


Of course both sides of this equation are to be expressed in 
the same units; if d is given in cm, and t is in kg/cm^ the right 
half bf equation will be in cm^ X kg/cm^ -- kg-cm, and according- 
ly the left part of the equation will be expressed in kg-cm. 


Having found the relationship between the stress r and the torque 
we ran now determine the angle of twist q> of the cylinder. I'rom Kq. 
(207) 

r . 

A J p 

On the other hand, according to Kq. (204), 

T == Gy. 


(ioiisequently Gy = 


Mtr 

~T' 


from which 


Mir 

" - UT, 


By installing here the value of y from Eq. (a), Sec. 225, we obtain 

^rO_Mir , 180 ^ M, 

180” CjJ. 


from which 0 = x „ , 

n 17 Jr 


(213) 

fp 31 MO P 

Angle 0 is the angle of twist in degrees per unit of length. Hence the 
full angle of twist along the length I of the cylinder 


(p = 


180 Mtl ^ 

n ^ OJp 


(214) 


It is fully evident that the greater the torque and the greater the length, 
the greater will be this angle; and the greater the modulus of elasticity 
for shear and the greater the diameter, the smaller will be the angle. 


Oral Exercises 


1. What points on the cross-section correspond to stress t referred 
to in Eqs (207), (209), and (212)? 

2. What jehange will there be in stress t if the diameter of the cross- 
section is increased while the torque remains the same? 


Illustrative Problem 111. A steel shaft of diameter d = 60 mm and 
length I = 1,500 mm is subject to torsion by two equal and opposite 
moments Mt = Mt = 8,600 kg-cm. Determine the maximum stress 
on a cross-section of the shaft and the angle of twist (p. 

Solution: we find the stress r, acting on the surface of the shaft, through 
Eq. (212): 

- - 16 >< 8,^0 = 203 kg/cm». 
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We find the angle of twist (p in degrees through Eq. (214). By entering 
/ = 150 cm and the modulus of elasticity for shear G = 800,000 kg/cm* 
we calculate 


(p = 


Jl 


8,600 X 150 X 2 
800,000 X X 3‘ 


0.73“. 


227. Computing the Dimensions of Shafts 
for a Given Torsion 


The stress t, as we have learned, is the maximum shear in a 
cylinder under the action of torque Mj. It we replace x in Eq. 
(212) by the allowable shear if,, the equation can be used to 
calculate the dimensions of a shall which is to transmit a definite 
torque Mj. Whereupon the equation becomes • 


11 

X R . 0 2dmg, 

(215) 

from which the diameter 




= ■ 
f 0.2J<, 

(216) 


Another way to find the diameter would be to express it in 
relation to tlie power it traii.smits and the rpm, substituting 

71,620 kg-cm lor Mi in the equation: 


d - 


71,020 N 
0.2/h ^ n ■ 


(217) 


As tor the allowable stress R,, its magnitude depends on the 
material and conditions of service, tor steel it ranges trom 200 to 
1,200 kg/cm®. For instance, lor steel tiansmission shatts subject 
to ordinary service conditions the accepted magnitude Rg — 420 
kg/cm^; tor short but not heavily loaded shafts Rg -- 600 kg/cm^; 
and when the shaft is subject to impact, Rg - 280 kg/cm®, etc. 

When calculations are made on the basis of these figures, the 
strength of the shaft is ensured. Nevertheless, the diameter ob- 
tained by this method is often checked by means of a special cal- 
culation of the unit angle of twistof the shaft, which is ordinarily 
within the limits of 1/4 1/2° per metre of length. . 

Calculating the dimen.sions of heavily loaded shafts (in steam 
engines, turbines, internal combustion engines, etc.) is considerab- 
ly complicated because, aside Irom twist, such members are 
subject to extensive bending. Furthermore, in computing vital 
construction, it must also be remembered that additional margins 
must be included to make up for such shaft weakening factors as 
keyways, transition from one diameter to another, dynamic loads, 
and so forth. 



Illustrative Problem 112. Sheave 1 mounted on a shaft as shown in 
Fig. 315 attains n = 200 rpm and receives power = 18 hp which is 
distributed through sheaves 2 and 
3 to# two other shafts (not shown) 
in the following way: sheave 2 
transmits ATo = 12 hp to a second 
shaft and sheave S transmits N3 = 

6 hp to a third one. 

What must bo the diameter ol 
the first shaft if its allowable stress 
Rs = 400 kg/cm*? 

Solution: as we see horn the Fif?- 315 

illustration, length 1 ol the shaft 

imparls Nz = 12 hp. The diameter of this length, aeeording to Kq. (217), 



4 ' 

/ 

3 ^ 

- 


d, = 


' 71,020 

0.2 X 400 


X 

200 


3.8 cm = 38 mm. 


Since the Standards (OST) do not include a shaft ol exactly this 
diameter, we take the next largest, which is dy = 40 mm. 

In the same way we caJculate the diameter for length //: 


0.2 X 4 


b20 X 0 
"400 X 200 


3 cm -- 30 mm. 


228. Queslioiis for Review 

1. How is the magnitude ol shear strain measured? 

2. In what plane does shear act in relation to the plane of action of 
external forces? 

3. What is denoted by angle y and segment s in Fig. 309c? 

4. Analyse Kq. (203). Can it be used in eases of permanent set? 

5. Why is toiquc regarded as a form of 

shear? 

(). What is the dilieience between torque 
and regular shear? 

7. Name the following symbols in Pig. 312c 
and explain what they repiesciit: y, angle 
and the aic b^h^. 

8. The mechanical energy obtained by means 
of sheave 1 (Pig. 316) is transmitted to another 
shaft by means of sheave 2, Along which 
length (7 or Zj) is the shaft subject to torque? 

9. In what direction will elementary forces 
^c/ (Fig. 314) act il we consider the right half of the torsion-subjected 
cylinder as a free body? 

10. What change would there be in the solution to Illustrative Prob- 
lem 112 if sheaves 1 and 3 transmitted power received from sheave 21 

229. Exorcises 

113. In a rivetted joint (Fig. 317) the thickness 5 of plates 1 and 
2 is 8 mm, their width b 100 mm, and the diameter of the 
rivets d = 13 mm. Find the shear x in the shanks of the rivets and 
the tensile stress a in the plates, assuming that all the rivets 


r' 




- 1 


Fig. 31() 
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arc carrying the same load and that the external forces P = P^ — 

4,000 kg. 

Hint to solution. The weakening of the lateral cross-sectioii of 
the plates due to the holes for the rivets must be taken into 
account. , 

114. A sheave of diameter D = 800 mm rotates uniformly un- 
ff6r the action of peripheral force P — 50 kg. Find the shearing 
stress exerted on the key in Fig. 308 if the diameter of the shaft 
d — 50 mm, and the dimensions of the key are: width 6 = 16 mm 
and length I = 80 mm. 

115. Determine the maximum stress r in the cross-section of 
the shaft in Ex. 114. 
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116. Find the maximum stress in a shaft of diameter d — 4.5 
mm which transmits JV — 18 hp and attains n =• 180 rpm. 

117. Assume that sheave 1, in Illustrative Problem 112, Fig. 
315, receives the same power ^ 18 hp^ but changes its place 
with sheave 2 which transmits N 12 hp.'Calculate the diameter 
required for lengths 1 and II of the shaft with the same allowable 
stress of 400 kg/cm*, and also state which of the two arrangements 
of the sheaves is more advantageous. 

118. Solve Ex. 117 by assuming that sheave 1 {N^ = 18 hp) 
is in the place of sheave 2, sheave 3 (N^ -= 6hp) is in the place of 
sheave 7, and sheave 2 takes the place of sheave 3. 


CHAPTER XXIV 

BENDING 

230. The Nature of Bending Strain 

Let us take a prismatic wooden beam in which several cuts 
abf cd, e/, etc., have been made perpendicular to its axis and 
extending half-way up its height. We place it on supports A and 
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B Avith the cuts facing downward (Pig. 318a) and apply force 
P to it. Under the action of this force the beam bends, and the 
cuts c, e, etc., wden and take the form of trapezoids as shown 
in the same drawing at the right. As compared with a beam under 
the same load but without cuts, of course tliis beam will bend to 
a much greater extent and fail sooner. 

The change in form of the cuts shows that the fibres in the con*” 
vex side, curved from the bending of the beam, are stretched; 
the cuts on that side 


weaken the beam. 

Now let us repeat the 
experiment but place the ^ 
beam with the cuts up- 
ward *(Fig. 3186). Again 
applying force P we see . 
that the cuts a, c, e in ^ 
the concave side are now 
drawn together as is shown 
on the right, and when 
the force reaches a certain 
magnitude the cut edges 
will touch each othe»', 
after which greater resist- 
ance to bending will be 
set up in the beam. Then, 
removing the load from 
the beam, we fill the cuts 



snugly with little slabs ol b) 

wood and again apply 
the same force with the 


result that the beam 

will resist the action t)f force P just as il il had no cuts and 
the little wooden slabs will be held tightly iii place. From all 
this we must come to the conclusion that the fibres in the con- 


cave part of the beam are under compression. 

In order to better understand the phenomenon just described, 
let us perform another experiment with another wooden beam. 
This time we make longitudinal dovetail grooves in opposite sides 
of the beam for its entire length (Fig. 319a), and insert into them 
planks of wdod of the same shape as the cuts and the same length 
as the beam. When Ihe beam has not yet been .subjected to defor- 
mation, they fit exactly in place. But when the beam is bent 
under the action of force P (Fig. 3196) we shall see that the ends Of 
plank 1 on the concave side of the beam protrude beyond the 
ends of the beam, whereas the ends of plank 2 on the convex side 


♦ The term fibres is figuratively given to longitudinal elements, of 
infinitely small cross-section, in beams, bars, etc. 
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are drawn within the groove. From this we again conclude that the 
fibres on the concave side of the beam are compressed and those 
on the convex side are stretched. ^ 

Wherefore, in a bent beam the fibres in its concave side undergo 
strain of tension while the fibres in the convex side are subjected to 
compressive strain. ' 

231. Distribution of Normal Stresses 
During Bending. The Neutral Plane 


Our experiment has thereby shown that bending ol a beam is 
accompanied by the elongation of some fibres and the shortening 
of others; from this it is evident that iii a beam subjected to 
bending, tensile and compressive stresses are set up which cause 
this strain. In order to determine the magnitude of such stresses 



Fig. 320 


at various points along a 
cross-section of a beam, it is 
first necessary to determine 
how strain of the fibres of 
the beam varjes at different 
heights along the cross- 
section. 

Assume that a straight 
beam immovably fixed at 
one end is sulijected at the 
other end to a force P ap- 
plied in its plane of sym- 
metry zz (Fig. 320f/). As a 
result the beam bends and 
ils axis becomes a curved 
line lying in the same ])lane 
of symmetry. Now let us 
assume {that two straight 
lines mn and m'n' are deline- 
ated beforeliand on the flank 
of the beam, Iperpendicular 
to its axis. Experiment has 
shown that wlien strain has 
occurred, tliese lines will 
remain straiglit fiuL wifi no 
longer be parallel to each 
other. This means tliat, fol- 


lowing strain, the cross-sections corresponding to these lines 


remain in the form of planes but turn relative to one another 


through a certain angle. 


Now let us take two cross-sections mn and m'n' situated very 
closely together (Fig. 3206). When strain has occurred, these two 
sections i^l form a small angle mAm' — a with each other. It 


320 



Consequently follows that the fibres along the convex side of the 
beam — for example, in the same horizontal plane as mm', aa', etc., 
-jre stretched while those in the same plane as nn’, bh', etc., 
are shortened; and the further the fibre is from the convex 
surface the less it is stretched, and the further it is from the 
concave surface the less it is shortened. It is therefore evident that 
there should be fibres in some part of the beam that are nttl 
strained at all. There actually are such lihres in a beam; they lie 
in the plane yij (cross-section given in Fig. ;i20a) and coincide 
with axis oo which passes through the centre of gravity C of the 
cross-section*. The plane in which these unstrained libres lie is 
called the neutral plane. 

From all this there is no longer any doubt that all the fibres 
betwtJdh' the neutral plane and the convex side of the beam are 
elongated, and those between the neutral plane and the concave 
side are compressed. 

Now let us see just how strain varies between fibres lying in 
different planes parallel to the neulral plane. Let ns take fibre 
aa' in the strained section of the beam mm'n'n (Fig. .‘1206), lying 
at a distance ^ from the neutral plane oo'. Since the neutral plane 
is neither elongated nor shortened, the length of a very small 
segment an' between sections mn and m'n’ is the same before 
strain as that of oo'. Thcicloie the alisolute elongation of this 
short leiiglli is equal to aa' — oo' 

By denoting a as the angle mAm' iormed by these sections, 

we obtain aa oo - 360“ 300 “ 180^’ which g is 

the radius of the small arc 00'. 

Accordingly, the unit elongation of this segment 


aa — 00 

e 

^00 


loi no. _ 

180^'' 180 ^ ~ 


By repeating this procedure for a very small segment bb' of 
the compressed fibre lying at a distance of z' from the neulral 
plane, we obtain the unit contraction oi the segment as follows: 



(b) 


The radius g may be considered to be constant when the angle 
a is very small. Therefore we deduce that the unit elongation 
and unii contraction are both proporMonal to the distance the 
fibre is from the neutral plane. 

Eqs (a) and (b) may be combined into one as follows: 



* It is seen that this plane is perpendicular to the plane of symmetry zz. 


21 - nia 
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And since within the bounds of the elastic limit stress is propor- 
tional to strain, we obtain 

a = Ee = Ej^ (S18) 

in which E is the modulus of elasticity and is alike for tensile or 
(!f»mpressivc strain. 

This shows that in the given section stress is proportional to 
the distance of the fibre from the neutral plane. Therefore the 
fibres lying farthest from the neutral plane, along the convex or 
the concave surface of the strained beam, are subjected to the 
maximum stress. Fig. 320f shows graphically the distribution 
of normal stresses at section mn if we figuratively disregard the 
right half of the beam. ■■ - 

Another important point must finally be noted. Since the 
fibres lying in the nenlal plane are not strained during bending, 
it follows that all cro.s.s-.sections may be considered as turning 
about their corre.sponding axes oo' (Fig. .320/;), i.e., arountl the 
straight lines along which these .sections intersect the neutral 
plane. Each such straight line is the neutral axis of each given 
section and is jierpeudicnlar to the plane of sylnmetry (axis 
yy on the cross-section shown in Fig. 320«). 


232. The Fundamental Fqnniiun for Bciidiuy 


In using Eq. (218) to determine the normal stre.s.s a at any point 



on a cro.ss-section of a bent beam, we must 
not only know the modulus of elasticity E 
for the given material and the distance z of 
the point from the neutral plane, but also 
the radius q of the arc oo' which is a segment 
of the bent longitudinal axis pa.ssing t hrough 
the centre of gravity of the section. This 
radius we do not know, therefore this 
ecjuation must be given a form in which the 
stresses causing the bending of the beam 
are used instead of radius q. As an illustra- 
tion, we shall continue the investigation of 


1 I strain of the same preceding beam, using 

i~x-H \Pf } p the cross-section method already familiar 
|— tt -J to U.S. 

I— / 1 — _ Let us make a cross-section mn (Fig. 321a) 


through the beam at a distance of x from 
the plane of support. By figuratively 
Fig. 321 discarding the left half of the beam, the right 

half as a free body is kept in equilibrium 
under the action of the external force P on the one hand. 


and by the internal normal forces directed perpendicular to 
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the cross-section mn on the other. Thus we obtain the arrange- 
ment of forces mnoO' shown in Fig. 3216, constituting a 
three-member lever. 

As silready explained, section mn turns during deformation 
about the neutral axis which passes through point o. In order to 
•express the conditions of equilibrium of such a lever, we must 
equate the algebraic sum of the moments of the internal forces 
with respect to the neutral axis and the moment of force P relative 
to the same axis. Taking a very small area on section mn at a 
distance of from th6 neutral plane, we lind the moment of force 
acting on that area, which is equal to and the algebraic 

sum of all the moments will be o^fiZi + + erj^z^, etc. 

The moment of the external lorce in lelalion to the neutral 
axis of ^he. given section is the bending moment of that section. 
By denoting it as the letter M, we obtain 

M — aJiZi -\- f ...etc. 


By applyinfj Kq. (218), we inav rewrite I he above equation as 
follows: 


E 


E 




/<; 




etc. 


i: 


= — ilA t fA + fA \- 


etc.). 


The sum in parenthesis is called the moment of inertia of the 
section about the neutral axis (i.e., axis ijij in Fig. 320fl) and is 
denoted by the letter Whereupon 

M = . 

Q 

Eq. (218) gives us y = 7 • 

Hence by substituting it in (a) we finally obtain 

M a, 
z 

whence 

( 220 ) 

Thus, by knowing the bending moment and moment of iner- 
tia of the beam section, we can determine the normal stress 
at any point on that section which is at a distance of z from 
the neutral axis. It will be seen that the greater the moment 
M and the distance z, the greater the stress. At each section this 
stress attains its maximum when z is a maximum, that is, the 
maximum stress is at the points farthest from the neutral axis. 
When z is zero, the stress a is zero, which is only to be expected, 
since there is no strain in the neutral plane. 


(a) 


(219) 


21 * 
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Eqs (219) and (220) can be presented in different forms. The 
quotient, obtained in dividing the moment of inertia by the 
distance between the neutral axis and the fibre farthest from it, 
is the moment of resistance to bending W. Then Eq. (219) becomes 



M = Wer, 

and Eq. (220) evolves into 


( 221 ) 

( 222 ) 


The magnitude of the momejil of inertia, just as 
Fig. 322 the resisting moment, depends on the form and 
dimensions of the cross-section’*'. 

For example, for a rectangular section ol width b height 

h (Fig. 322) the moment of inertia in relation to axis gij is J ^ * 


in accordance with which 


z 


h_ 

2 


and 



h bh^ 
2 “ () 


(223) 


For a round section 


hence 


J 


T 


fi4 


and since z 




~T 


~V2 ‘ 



(224) 


By substituting this value foi VV" in Eq. (222) we obtain the 
maximum stress a in the given seclion, with the bending moment 
expressed in kg-cm and the dimensions of the cross-section in 
cm; thereby the stress a is evolved in kg-cm/cm^ — kg/cm^ which 
is as it should be. 


233. The Ueiidiiig Moineiil 

To determine the stress at any cross-section of a bent beam it 
is first necessary to know the bending moment, that is, the mo- 
ments of external forces with regard to the neutral axis of the 
given section. 

Let us examine a few simple cases. 

By denoting x as the distance from the section to the plane 
of support of the beam (Fig. 321a) we obtain the moment of 
force P with respect to axis o lying in section mn and which is 
equal to M ~ P (I — x). Then by taking succeeding sections to 
the left of mn we shall see that the arm I — x increases with a 

♦ All engineering handbooks contain formulae for calculating the 
moments of resistance to bending and torque for various cross-sections. 


^1 
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corresponding increase in the bending moment, which obviously 
reaches its maximum at the plane of support 0 where a; = 0. 
It thu^ follows that the stress will be the greatest at the extreme 
left section of the beam where il can be determined by E({. (222) : 

M PI 
^ ' W ~ W ' 


If the cioss-section of the beam is reclangiilar, the bending 
stress 


o = PI : 


bhl 

(! 


UPl 


(225) 


Tlie section in which normal stresses reach their maximum is 
called the^crilical seciwn. 

Let us assume that another lorce is applied to the same beam 
in addition to force P, at a distance Irom the plane of support 
(Fig. 321r). As will be recalled from Statics, in this case the bend- 
ing moment in relation to the same section mn will be equal to 
the sum of the moments ol both lorces, i.e., 


M P(l 0 I F, (/i 0- 

• 

And as belore, the closer the section to the plane ol support, 
the greater will be the moment. 

Now' let us find the l)en(ling moments lor dilfeieJit sections of 
a beam lying on two supports (Mg. .■>2.‘l). Take a section lying 
at a distance of i, lioni the sup- 
port at the left end, and bv suppo- 
silionally disregarding the part 
of the beam, to the right ol the 
section, we obtain the bending 
moment tor the remaining Iree 
body APi — Fill, in wdiich It, is 
the reaction ol the left support. 




^ 




ffz 

1 


When r, - 0, the moment will 


Fig. :V23 


be't zero and there will be no 

bending moment acting on the section lying at the left support. 
As the distance x’, increases, the moment liiX^ also increases, 
and when ar, — a it will be 


Ma - BiO. 

Inasmuch as*fhe reaction li^ - P — R.^, then 




(P -Rt)<i - Pa -R^a. 


(a) 


Now let us take a section lying to the right of the point of 
application of force P at a distance x^'^a. 

The bending moment in this section 

M*2 = RxXi — P(X2— a) ^ -- Pxg + Pa = Pa — 

— (P — J?i)x 2 — Pa — R^x^. 
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By comparing this equation with Eq. (a) we find that Mx^ <C 
< Ma- Thus, beginning with the section at which force P is applied, 
the bending moment diminishes, and at the right-hand «upport 
where Z, it will be Mi = Pa — R^l = 0; for when the beam 

is in equilibrium the algebraic sum of the moments iy relation to 
the left support, just as at any other point, is zero. 

Accordingly, the bending moment at the supports of the beam 
is equal to zero, while in the sections between the supports it 
increases up to the place where the external force P is acting; 
here the moment is the greatest. Hence this is the critical section 
where normal stresses are greatest. 

If the beam is rectangular, the greatest tensile and compressive 
stresses — on the convex and concave surfaces respec^ivfly — are 
determined through Eq. (222): 


a — R^a : 


6 


()JR,a _ Jija 

bh^ ■“ bh^ 


(226) 


Note must be made that whal has been said refers to bending 
caused by external for(‘cs applied to different sections of the beam 
without taking into account the weight of the Joeam itself. 


Illustrative Problem 113. The dimension of a wooden beam of reotan- 
^mlar cross-section lying on two supports (Fig. 323) are b = 140 mm, and 
h « 200 min throughout its length. Find the maximum stress at the 
critical section iJ the beam is loaded with a force P = 1 ton al a distance 
a = 1.5 III Irom llie left support, and the distance betwvcn supports 
is Z == 4 m. 

Solution: first wc caiculate the reaction at support /?i. Since the 
algebraic sum of the moments of the external forces with respect to the 
right support is equal lo zero, then 

/?i/ - P(l a) = 0, from which P, ^ 


1,000 v (400 
400 " 


150) 


= ()25 


kg. 


When this value enters Eq. (220) we obtain 


a 


0 X 625 X 150 
14 X 202 


= 100.5 kg/cm*. 


Illustrative Problem 114. In Illustrative Problem 13 (Fig. 38), work 
is done by a cutter fastened Lo a tool holder of rectangular cross-section 
whose dimensions b = 30 and h -= 40 mm (Fig. 322). Find the maximum 
normal stress at the ciitical section of the tool holder, using the numerical 
values given in Illustrative Problem 13. 


Solution: the maximum bending moment M = PJ = 5,400 kg-cm. 
With Eq. (226) we obLain 


. bh^ 5,400 X 6 
'6 3x4* 


675 kg/cm 
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234. Questions for Review 

1. What direction have the normal stresses in a bent beam with 
res?)oct to a section perpendicular to its longitudinal axis? 

2. What direction will the normal stresses in section mn have (Fig. 
320a) if we consider the right half of the beam as a free body and figura- 
tively discard the left? 

3. Are the stresses the same in sections mn and nxyiiy^ of the h^it 

beam shown in Fig. 320a? ^ 

4. Define the terms “neutral plane"’ and “neutral axis". What is 
their position in relation to each other? 

5. Assume that instead of force P,, indicated by a dolled line in P’ig. 
321c, a force equal and opposite to it is applied to the beain.AVhal change 
would there be in the maximum stress at the ciilical section? 

G. Under what circumstanci s will a rectangular beam (Fig. 322) 
best resist bending - when its bioad side h or its narrow sicle b is 
in c(f?j'??fct v.ith the supports? 

7. Why must the cutter on a lathe be sot with the smallest possible 
distance between the cutting edge and the base of the tool? 


(.11 A PI J‘ u \\\ 

GENERAL PRINCIPLES OF COMBINED STRAIN 

235. Sim pic and Combined Strain 

We have* iuvestigal(‘cl Ihe cliief kinds of simple strain - tension, 
compression, shear, torsion, and l)endlnJ^^ But it must not be 
(hoinrht that the elements of machines and other engineeriiiff 
structures umh'rf^o only one kind of strain in each separate 
instance. Very frec|ueritly members are subjeeled to the action of 
forces applied in such a way that several strains occur simulta- 
neously, accompanied by eorrespoiidiiift stresses which must be 
taken into account in ealculatirifj the dimensions required for 
slren.tjtb. In such cases we must deal with combined strain as 
distiiif^niislied from simple strain. Let ns examine a few examples 
of this kind. 

Assume that a force P is applied to the centre of gravity of a 
bar (Fig. *321). We will take section miii at a freely-chosen angle 
to the cross-section mn. By figuratively discarding the upper 
part of the bar, we obtain an internal force P' which is equal and 
opposite to force P. Resolving force P' into two components — 
Prt p(^rpe»dicular to section mn^ and Pf lying within ihe section — 
we find that, aside from elongation the bar is subject to shear 
strain in the sections not perpendicular to the axis of the bar. 

Assume that a rectangular wooden beam is resting on two 
supports (Fig. 325a). Under the action of force P it bends and 
its butt ends A and B turn relative to each other. Now assume 
the beam to be sawn in width into three boards along its entire 
length. When these boards are placed on the same supports and 
the former force P applied (Fig. 3256) we shall find that bending 
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is more pronounced and the ends of the three boards have not 
remained in the same plane but have formed steps. From this 
we conclude that the boards slide against each other when they 
are under a load, causing their resistance to bending to be ffess 
under the same load. 

Now if we cut transverse channels into the boards and place 
tightly-fitting keys into them as shown in Fig. 325c, we shall 
see that deflection under the same force P is just as for the whole 
uncut beam and that the ends of all the boards remain in the 
same plane. From this we deduce that shearing stresses have been 
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Fif<. 325 


set up in the Ijent beam, and d the keys are not strong enough 
they may shear along the hues and Moreover, if the beam 
consisted of several layers ot plate steel nvetted together to form 
its height h, the rivets would he subject to shearing strain where 
the planes of their shanks coincide with the planes of the plate 
steel layers. Hence, bending is a combination of tension, com- 
pression, and shear. 

236. Combined Tension, Compression, 
and Bending Strains 

Fig. 326 shows a spiked-head bolt. If this bolt is used to tightly 
fasten a joint with a force P, its shank will undergo tonsion. On 
the other hand, the bolt-head will be subjected, by the surface of 
the jointed part, 1o a reaction P' equal and opposite to force P. 
The bolt will therefore be also subjected to bending under the 
action of the moment of the couple P and P' equal to P'e, in which 
e is the eccentricity (the distance to the point of application of 
the resultant P' of the elementary forces exerted on the head of 
the bolt and coming from the direction of the parts being fas- 
tened). At the same time the combined action of tensile and bending 
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stresses will cause a considerable increase in tensile stresses in 
the shank of the bolt, which will increase as the arm of the mo- 
ment e increases. Hence, when there is eccentric tension and one 
of the tensile forces does not coincide with the longitudinal axis 
passing through the centre of gravity of a straight bolt, the 
resulting tensile stress will be greater than if there were simple 
tension. 

Now let us assume that the top of the square post of height 
h, represented in Fig. 327, is under the action of force P applied 
to its plane of symmetry. Under the action of force P the post 
will bend, the bending moment reaching its maximum equal to 
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Ph in section mn where there are (ensile stresses between the 
neutral axis i/y and edge and compressive stresses between 
yy and m^m^. Furthermore, compressive stresses are being caused 
by the weight of (he post equally distriJnUed over the cross-section. 
Here we have an instance of comliined compression and bending 
strain; in that p’art of the section between ijy and edge niim 2 the 
two kinds of stresses will combine, wlicreas between the neutral 
axis and edge the stresses at various points will be equal to 
their difference; whether the tensile or compressive stress prevails 
will depend on which is the greater. To preclude the possibility 
of tensile stresses ogcurring where they are undesirable (e.g., 
in brick construction, which offers poor resistance to tensile 
stresses) the cross-sectional dimensions of the post must be 
calculated so that the tensile stresses from bending along the 
edge wilt not be greater than the compressive stress due to 
the post’s own weight. 

237. Combined Torsion and Bending Strains 

Combined torsion and bending strains are frequently met with : 
when transmitting a definite torque, a shaft is also subjected to 
bending from its own weight, the weight of its sheaves or gears, 
and the pull of the belt or the peripheral force of the gears. 
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By way of illustration, let us investigate the work of shaft 
II ih Fig. ‘328a on which are mounted gears 2 and 3. Gear 2 
receives rotation from gear 1 on shaft I, and gear 3 tr|insmits 
rotation to gear 4 on shaft III. Let vector represent the effec- 
tive pull acting on gear 2, and vector be the effective pull acting 
on the driving gear 3 from the driven gear 4. ' 

We apply opposite forces PjandPa, which are each equal in mag- 
nitude to force Pj and parallel to it, to the centre 0^ of gear 2. As 
a result we obtain three forces P^, Pj, P^, of which the first two 

result in a couple with the arm 
of the couple equal to the radius 
Tjj of the pitch circle of gear 2. 
The moment of this couple is equal 
to Pi fg, i. e., to the tOr^e trans- 
mitted to shaft II. As concerns 
the third 

axial plane of the shaft. 

Let ns now consider gear 3. A 
force P^ equal in magnitude to 
the torque on ^shaft II divided 
by the radius of gear 3, i.e.. 



force Pg, it acts in the 




P.r, 


is acting on it from gear 


4. By applying to centre 0^ of 
gear 3 two equal and opposite 
forces Pg ande Pg, each equal to 
force P 4 and parallel to it, the 
resuH is again a couple P 4 and Pg 
with its moment equal and op- 
posite to the moment PjCg. Force 
Pg is applied to the shaft at sec- 
( ion Og. " 

Thus we have found that shaft II is under the action of torque 
Mt ~ I\r 2 - /Va the part between sections Og and O 3 , 

and of two forces Pg and Pg applied to these sections. In the 
present case these two forces are parallel. Fig. 3S86 contains a 
diagram of the system of forces applied to the shSaft: forces Pg 
and Pg and the reactions and Rb at the bearings. Under the 
action of this system of forces the shaft will bend throughout 
its length between the two bearings and also twist along length OgOg. 

In detailed courses of Strength of Materials and machine parts, 
methods are given for calculating the dimensions of heavily 
loaded shafts. These methods of calculation take into account 
the stresses arising from combined torque and bending. But when 
the bending moment is small, as compared to torque (as for 
example in transmission shafts), bending is ignored and, by in- 
corporating the smallest allowable stresses, calculations are based 
only on twist strain. 


F'' Hi mt 
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Supplement 1 


Coefficieut of Sliding Friction / (for dry bodies) 




Materials 

i 

Materials 

/ 

Mild steel on mild 


Leathei on cast iron . 

0.56"* 

steel 

0.14-0.19 

Leather on oak 

0.37-0.48 

Cast iron on cast iron 

0.16 

Steel on jce (skates) . . 

0.02-0.03 

Bronze on bronze . . . 

0.20 

Steel runners on smooth 


Mild steel on bi onze . 

0.18 

wooden or stone floor 

0.4 

Cast iiononbron/e . 

0.21 

Wooden runners on 


Cast iron on oak . . . 

0.49 

snow and ice ... 

0.035 

Wood on wood 

0.32-0.60 

The same but runners 


Oak^T^ak (along the 


faced with steel . . 

0.02 

grain of both bo- 




dies) 

0.48 



Oak on oak (one body 




along the giain, tlie 




other acioss the 




gram) 

0 34 






Supplement II 

(.oclfieloiit of IloHlng Friction A (in centimetres) 


Materials 

r 

Materials 

i 

r 

Wood on wood , . 

0 05 0.08 

Steel railway-car wheels 


Steel on steel 

0.005 

on lails 

0.05 

Steel ball on steel . . . 

0.0005 0.001 




Modules of Gears 


Supplement III 


0.3; 0.4; 0.5; 0 6; 0.7; 0.8; 1; 1.25; 1.5; 1.75; 2; 2 25; 2.5; (2.75); 3; 
(3.25); .3.5; (.3.75); 4; (4.25;; 4.5; 5.5; 6; 6.5; 7; «; 9; 10; 11; 12; 13; 
14; 15; 16; 18; 20; 22; 26; 28; 30; 33; 36; 39; 42; 45; 50. 


Modules in parenthesis should not be used if possible. 

For bevel gears the module refers to the external diameter. 
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Supplement IV 


The Greek \lphahet 


Letter 

Name of 

I etlcr 

I ctUi 

Name of 

Letter 

m 

a 

Alpha 

N t 

Nil 

R p 

BeU( 

s ^ 

Xi 

I y 

Gajnma 

0 0 

Omul on 

1 d 

Delia 

11 n 

Vi 

E t 

r psiion 

P Q 

Uho 

Z C 

/eU 

L a 

Sigma 

H 71 

l.la 

7 T 

1 ail 

f> 0 0 

Ihela 

V V 

1 psilon 

I L 

Iota 

0 (I 

Phi 

K X 

Kappa 

xx 

C hi 

A A 1 

Lambda 

W y> 

Psi 

M fi 

Mu 

^ fi) 

Omega 



Answers to exercises 


Stailies 

4! 141 kg; 5. P = 429 kg; 6. = 245 kg, Py = 350 kg; 7. Support 

AB is compressed with a force of 600 kg, support BC is stretched with 
a force of 1,082 kg; B. Bar is stretched by a force of 150 kg, and bar is 
stretched by a force of 250 kg; 9. The system is in equilibrium; 10. ^t 
a distance of 90 mm from Ihe line of force P ^ : II. 60 mm to the right of 
the line of force P^; 12. R = 300 kg (downwards), its line of action is 
1,583 mm from the exlreme left-hand force; 13. A couple with a moment 
of 120 kg-m; 14. Ra == 190 kg and R^ = 800kg, both reactions being 
directed upwards; 15. P^ = 34.5 kg, R = 214.5 kg; 22. 2.515 kg; 
23. Tipping moment = 727.4 kg m, cocllicicnt of stability = 1.73; 
25. 187.5 limes; 2fi. P = 5.2 and 7.5 kg; 27. 7> = 12.1 kg; 2«. P = 1 1 kg; 

29. n j.J7.6r3 kf>; :10. tan a = . 


Kineiiiafies 

35. Vp = 15 m/min, Vy=:'M) m/min; 36. a= 0.25 iii/sec‘“, v= 54 km/hr; 
,37. n = 0.123 m/scc-, T ^ 10 min 50 sec, = 55.8 km/hr; 38. h = 
- 78.48 m, / = 8 sec; II. 18 km: 12. p=- 100 nim/min, Pi=r=608 mm 'min; 
43. = 1.2 m/sec, m = 0.21 ni/scc-, a„ = 0.72 m/sec=*, = 0.76 m/sec-*; 

4.5.^ 1,000 rpiTi; 4(5. D =- 280 mm; 17. a = 215 m/min; 48.?:^2,740 
rpm; 49. / = 1.64 dog/sec^ at 0.02 m/sec , ro = 881 deg/sec, v = 10.8 
m/scc; 50. t = 21.33 deg/sec-, at == 0.238 m/scc-, v = 16.7 m/sec; 
51. £ *= 4.8 deg/sec-, it ^ 460 rpm. 


R.\iiaiiiies 

52. 200 kg-m -'sec-; 53. G- 1,177.2 Ions, a==6.75 in/scc; 51. P = 20,194 
kg; 55. P = 13,551 kg; 50. S = 26.5 m; 57. N = 0.102 kg; 58. 20,680 

kg; 59. At its highesl position 1.67 Kg, at its lowest position 3.17 kg; 
00. 'A, == 0.215 kg, -- 112 kg; 01. a =- 7 20'; 02. W = 2 PS; 03. 
2.67 hp; 04. .30 kg-m /see; 05. N = 1,778 hp; 00. G 750 tons, P = 5,625 
kg; 07. A = 3(1.2 hp, il/g = 108 kg-m; 08. Mt == 3.56 kg-m, P = 39,5 kg; 
09. n = 240 rjlni; 70. xV = 13.3 hp, P. - 800 kg; 71. a 0.34 m/sec; 
72. 2,618,700 kg-m, 5,297,400 kg-nf; 73. 4 min, S = 2,119 m; 

74. P == 7,097 kg, A = 916 hp, F = 4,078 kg; 75. 7/ = 0.78. 


/ Eleiiieiils of llio Tlieor\ of Miieliiiies 

70. P ==T17.3 kg; 77. ly = 0.85; 78. 19'^28'; 79. G^ ^ lAUG^; 

80. X = 200 mm; 83. P = 1 kg; 85. 18 limes; 80. Pp^ 21.9 kg; 87. ru = 
_ P,. 


D, 


88. 714 = 200 rpm, M4 


109.5 kg-ni; 89. 

^0 . 


21.92 kg-m, 
92. /la = 36, 


ng = 1,000 rpm; 90. Pi = 200 mm; 91. — 

Its — 450, 7?4 = 100 rpm; 93. il/4 == 10.74 kg-m'; 94. /ij = G, /ig = 50, 
=« 450 rpm; 95.327 and 467 rpm; 90.772=53,200 rpm; 97. 0.094 m/sec; 

98. 20 rpm; 99. 60 rpm; ^ ^ ■ 


too. 77j= 77, or Hi 


Z2Z7 


or 77. 


ZgZs 


^ ZiZ a£ ii Zi»,. N = 0.036 hp; 102. P « 324 kg, 

V = 14L!?^m/min ; 103. v,, = 31.4 m/min, = 0.5 m/min, n, = 15 rpih. 
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105. a - 497 kg/cm'; 106. 
108. a = 5^4.5 kg/cm*, P = 45 
kg/cm*; lll.ff = 495kg/cm2 
mm; 113. a = 675 kg/cm^ 

T 


Stress and Strain 

= 4.24 mm; 107. a = 1.000 kg/cm‘; 
t5,900 kg; 109. 5 km 96 m; 110. R:f 1,000J)00 
; 112. dt = 19 mm, d* = 13.5 mm, dg 
_ __ „ r -= 502 kg/cm*; 114 . t = 62.5 kg/cm^; 115. 

T =*’81.5”kg/cm*; ”H6l t - 393 kg/cm*; 117. <^1 = ^ “ 
—30 mm' the first variant is more advantageous ; 118. di =• 43r^ 45 mm, 
d?5'= 38 40 mm, the least advantageous variant. 



TO THE READER 


The Eoreigrt J^ctngizciQes JR Lib- 
lishing llaixse would he glctd to hcwe 
goLir opirtion of the fro nslcit lori 
CLTid the design, of this hoolc. 

JRleuse send oil suggest ion<i to :? / , 
Ziihoushij Roiilcuord, jVI<jscoio, 

U. S, S. R. 



Jl E JIEBliHCOH 

OCHOBbl TEXHHMECKOt) MEXAHHKM 

ITcz ahiejiui4t 
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